
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❊①❛t❛s ❡ ❚❡❝♥♦❧♦❣✐❛

❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛

▼❡str❛❞♦ Pr♦✜ss✐♦♥❛❧ ❞❡ ▼❛t❡♠át✐❝❛ ❡♠ ❘❡❞❡ ◆❛❝✐♦♥❛❧ ✲ P❘❖❋▼❆❚

❈❖◆●❘❯✃◆❈■❆ ▼❖❉❯▲❆❘ ◆❖ ❊◆❙■◆❖ ❇➪❙■❈❖

❘♦s✐❛♥❡ ❇❛rr♦s ❋❡rr❡✐r❛

❏❛♥❡✐r♦ ❞❡ ✷✵✶✽

❙ã♦ ▲✉✐s ✲ ▼❆



❘♦s✐❛♥❡ ❇❛rr♦s ❋❡rr❡✐r❛

❈❖◆●❘❯✃◆❈■❆ ▼❖❉❯▲❆❘ ◆❖ ❊◆❙■◆❖ ❇➪❙■❈❖

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ Pr♦❣r❛♠❛ ❞❡

Pós✲❣r❛❞✉❛çã♦ P❘❖❋▼❆❚ ✭▼❡str❛❞♦ Pr♦✲

✜ss✐♦♥❛❧ ❡♠ ▼❛t❡♠át✐❝❛ ❡♠ ❘❡❞❡ ◆❛❝✐♦✲

♥❛❧✮ ♥❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦

♦❢❡r❡❝✐❞♦ ❡♠ ❛ss♦❝✐❛çã♦ ❝♦♠ ❛ ❙♦❝✐❡❞❛❞❡

❇r❛s✐❧❡✐r❛ ❞❡ ▼❛t❡♠át✐❝❛✱ ❝♦♠♦ r❡q✉✐s✐t♦

♣❛r❛ ♦❜t❡♥çã♦ ❞♦ ❚ít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

❏❛♥❡✐r♦✱ ✷✵✶✽

❙ã♦ ▲✉✐s ✲ ▼❆



❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❇✐❜❧✐♦t❡❝❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦

❋❡rr❡✐r❛✱ ❘♦s✐❛♥❡ ❇❛rr♦s

❈♦♥❣r✉ê♥❝✐❛ ♠♦❞✉❧❛r ♥♦ ❊♥s✐♥♦ ❇ás✐❝♦

❘♦s✐❛♥❡ ❇❛rr♦s ❋❡rr❡✐r❛ ✳ ✷✵✶✽✳ ✹✻❢✳

■♠♣r❡ss♦ ♣♦r ❈♦♠♣✉t❛❞♦r ✭❋♦t♦❝♦♣✐❛✮

❖r✐❡♥t❛❞♦r❛✿ ❱❛❧❞✐❛♥❡ ❙❛❧❡s ❆r❛ú❥♦

❉✐ss❡rt❛çã♦ ✭▼❡str❛❞♦✮ ✕ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦✱

Pr♦❣r❛♠❛ ❞❡ ▼❡str❛❞♦ Pr♦✜ss✐♦♥❛❧ ❡♠ ❘❡❞❡ ◆❛❝✐♦♥❛❧✱ ✷✵✶✽✳

✶✳❈♦♥❣r✉ê❝✐❛ ✷✳❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ✸✳▼❛t❡♠át✐❝❛ ✹✳ ❘❡s♦❧✉çã♦ ❞❡

♣r♦❜❧❡♠❛s

■✳ ❚✐t✉❧♦✳



❘♦s✐❛♥❡ ❇❛rr♦s ❋❡rr❡✐r❛

❈❖◆●❘❯✃◆❈■❆ ▼❖❉❯▲❆❘ ◆❖ ❊◆❙■◆❖ ❇➪❙■❈❖

❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ Pr♦❣r❛♠❛ ❞❡ Pós✲

●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ❡♠ ❘❡❞❡ ◆❛❝✐♦♥❛❧ ✭P❘❖❋▼❆❚✮

❞♦ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦

▼❛r❛♥❤ã♦✱ ❝♦♠♦ ♣❛rt❡ ❞♦s r❡q✉✐s✐t♦s ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡

▼❡str❡ ❡♠ ▼❛t❡♠át✐❝❛✳

❈❖▼■❙❙➹❖ ❊❳❆▼■◆❆❉❖❘❆

Pr♦❢✭❛✮✳ ❉r❛✳ ❱❛❧❞✐❛♥❡ ❙❛❧❡s ❆r❛✉❥♦ ✭❖r✐❡♥t❛❞♦r❛✮
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦

Pr♦❢✳ ❉r✳ ❋❧❛✉s✐♥♦ ▲✉❝❛s ◆❡✈❡s ❙♣✐♥❞♦❧❛
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦

Pr♦❢✳ ❉r✳ ❏♦sé ❆♥t♦♥✐♦ P✐r❡s ❋❡rr❡✐r❛ ▼❛rã♦
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞♦ ▼❛r❛♥❤ã♦

❙ã♦ ▲✉✐s
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❆●❘❆❉❊❈■▼❊◆❚❖

❆ ❉❡✉s ♣♦r s✉❛ ✐♥✜♥✐t❛ ❜♦♥❞❛❞❡ ❡ ✐♥ú♠❡r❛s ❜ê♥çã♦s r❡❝❡❜✐❞❛s✳

❆ ♠✐♥❤❛ ❢❛♠í❧✐❛ ❡ ❛♠✐❣♦s q✉❡ s❡♠♣r❡ ♠❛♥t✐✈❡r❛♠✲♠❡ ❡♠ s✉❛s ♦r❛çõ❡s✱ ❡♠ ❡s♣❡❝✐❛❧✱

❛♦ ♠❡✉ ♣❛✐ ❉✐❧❡r♠❛♥❞♦ ❡ ♠✐♥❤❛ ♠ã❡ ❘✉t✐♥é❛✱ q✉❡ tr❛❜❛❧❤❛♠ t♦❞♦s ♦s ❞✐❛s ♣❛r❛ ❣❛r❛♥t✐r

♦s ♠❡✉s ❡st✉❞♦s ❡ ♦ ❢✉t✉r♦ ❞♦s ♠❡✉s três ❛♠❛❞♦s ✐r♠ã♦s✳

❆♦ ❝♦❧❡❣❛ ❡ ♥❛♠♦r❛❞♦ ♣r♦❢❡ss♦r ❖r❧❛♥❞♦ q✉❡ ♥✉♥❝❛ ♠❡❞✐✉ ❡s❢♦rç♦s ♣❛r❛ ❛❥✉❞❛r✲♠❡

s❡♥❞♦ s❡♠♣r❡ ♠✉✐t♦ ❝♦♠♣❛♥❤❡✐r♦✳

❆ t✉r♠❛ P❘❖❋▼❆❚ ✷✵✶✺✱ ♣❡❧♦ ❝♦♠♣❛♥❤❡✐r✐s♠♦ ❡ ❛♠✐③❛❞❡ ❡♠ t♦❞♦s ♦s ♠♦♠❡♥t♦s✳

❈♦♠ ❡❧❡s ♦ ❝❛♠✐♥❤♦ t♦r♥♦✉✲s❡ ♠❛✐s ❧❡✈❡ ❡ ♠❛✐s ❜♦♥✐t♦✱ ♣❡❧❛ ❛♠✐③❛❞❡ q✉❡ ❝♦♥str✉í♠♦s✳

❆♦s ♠❡✉s ♣r♦❢❡ss♦r❡s✱ ❞❡ ❢♦r♠❛ ❡s♣❡❝✐❛❧ ❛ ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛ ❱❛❧❞✐❛♥❡✱ ♣r♦✜ss✐♦♥❛❧

❡①tr❡♠❛♠❡♥t❡ ❝♦♠♣❡t❡♥t❡✱ ❧✉t❛❞♦r❛ ❡ ❤✉♠❛♥❛✳

❆♦s ♠❡✉s ❛❧✉♥♦s✱ ♦s q✉❛✐s ♠❡ ❢❛③❡♠ s❡♥t✐r r❡❛❧✐③❛❞❛ q✉❛♥❞♦ ❛♣r❡♥❞❡♠✳

✐



❘❊❙❯▼❖

❊st❛ ❞✐ss❡rt❛çã♦ ❛❜♦r❞❛ ❛ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ❝♦♠♦ ✉♠❛ ❢❡rr❛♠❡♥t❛ ♣♦ssí✈❡❧ ❞❡ s❡r

✉t✐❧✐③❛❞❛ ♥❛s sér✐❡s ✐♥✐❝✐❛✐s ❞♦ ❡♥s✐♥♦ ❜ás✐❝♦✱ ❛ ♣❛rt✐r ❞♦ s❡①t♦ ❛♥♦✳ ❖ ❡♠❜❛s❛♠❡♥t♦ t❡ór✐❝♦

s❡rá ♣❛✉t❛❞♦ ♥❛s ♣r♦♣r✐❡❞❛❞❡s ♦♣❡r❛tór✐❛s ❡❧❡♠❡♥t❛r❡s ❞❡ ❝♦♥❣r✉ê♥❝✐❛✱ ❝♦♠ ♦ ❝✉✐❞❛❞♦ ❞❡

♥ã♦ ❡①❝❡❞❡r♠♦s ❛♦ q✉❡ é r❡❛❧♠❡♥t❡ ♥❡❝❡ssár✐♦✱ ♥❡st❛ ❡t❛♣❛ ❞♦ ❛♣r❡♥❞✐③❛❞♦✳ ❊st❛ ♣r♦♣♦st❛

❜❛s❡✐❛✲s❡ ♥♦ ❢❛t♦ ❞❡ q✉❡✱ ❞❡s❞❡ ❛s sér✐❡s ✐♥✐❝✐❛✐s✱ ♦s ❛❧✉♥♦s tê♠ ❝♦♥t❛t♦ ❝♦♠ ❝♦♥❝❡✐t♦s

r❡❧❛❝✐♦♥❛❞♦s ❛ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r✳ ❆ ❢♦r♠❛❧✐③❛çã♦ ❞❡st❡s ❝♦♥❝❡✐t♦s t♦r♥❛r✐❛ ♣♦ssí✈❡❧

✉♠ ❛♣r❡♥❞✐③❛❞♦ ♠❛✐s ❝♦♥❝r❡t♦✱ ❜❡♠ ❝♦♠♦✱ ❛ ✉t✐❧✐③❛çã♦ ❞❡st❡s ❝♦♥❝❡✐t♦s ♥❛ r❡s♦❧✉çã♦ ❞❡

♣r♦❜❧❡♠❛s ❞♦s ♠❛✐s ✈❛r✐❛❞♦s ❞❡s❞❡ ♦s ❛♥♦s ✐♥✐❝✐❛✐s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❈♦♥❣r✉ê♥❝✐❛ ♠♦❞✉❧❛r✳ ❘❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✳ ❆r✐t♠ét✐❝❛ ✳ ❊♥s✐♥♦

❇ás✐❝♦✳

✐✐



❆❇❙❚❘❆❈❚

❚❤✐s t❡①t ❞❡❛❧s ✇✐t❤ ♠♦❞✉❧❛r ❛r✐t❤♠❡t✐❝ ❛s ❛ ♣♦ss✐❜❧❡ t♦♦❧ t♦ ❜❡ ✉s❡❞ s✐♥❝❡ t❤❡ ✐♥✐t✐❛❧

❣r❛❞❡s ♦❢ ❡❧❡♠❡♥t❛r② ❡❞✉❝❛t✐♦♥✱ ❢r♦♠ t❤❡ s✐①t❤ ②❡❛r✳ ❚❤❡ t❤❡♦r❡t✐❝❛❧ ❜❛s✐s ✐s ❜❛s❡❞ ♦♥

t❤❡ ❡❧❡♠❡♥t❛r② ♣r♦♣❡rt✐❡s ♦❢ ❝♦♥❣r✉❡♥❝❡✳ ❚❤✐s ♣r♦♣♦s❛❧ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t✱ ❢r♦♠

t❤❡ ✐♥✐t✐❛❧ st❛❣❡s✱ st✉❞❡♥ts ❤❛✈❡ ❝♦♥t❛❝t ✇✐t❤ ❝♦♥❝❡♣ts r❡❧❛t❡❞ t♦ ♠♦❞✉❧❛r ❛r✐t❤♠❡t✐❝✳

❚❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡s❡ ❝♦♥❝❡♣ts ✇♦✉❧❞ ♠❛❦❡ ♣♦ss✐❜❧❡ ❛ ♠♦r❡ ❝♦♥❝r❡t❡ ❧❡❛r♥✐♥❣ ❛s ✇❡❧❧

❛s t❤❡ ✉s❡ ♦❢ t❤❡s❡ ❝♦♥❝❡♣ts ✐♥ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ♠♦r❡ ✈❛r✐❡❞ ♣r♦❜❧❡♠s ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ②❡❛rs✳

❑❡②✇♦r❞s✿ ▼♦❞✉❧❛r ❆r✐t❤♠❡t✐❝✱ r❡s♦❧✉t✐♦♥ ♣r♦❜❧❡♠s✱ ❡❧❡♠❡♥t❛r② ❡❞✉❝❛t✐♦♥

✐✐✐



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ❘❡❧ó❣✐♦ ❛♥❛❧ó❣✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✸✳✶ ❈ó❞✐❣♦ ❞❡ ❜❛rr❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✷ Pr♦❞✉t♦s ❝♦♠ ❝ó❞✐❣♦s ❞❡ ❜❛rr❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✐✈



▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✷✳✶ ❚❛❜❡❧❛ ❞❡ ❞✐✈✐s✐❜✐❧✐❞❛❞❡ ♣♦r ✺ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✷ ❚❛❜❡❧❛ ❞❡ ❛❞✐çã♦ ♠♦❞ ✺ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
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❙✉♠ár✐♦

✶ ❈♦♥❣r✉ê♥❝✐❛s ✺
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✷ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ♥♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧ ✶✾
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✹ ❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s ✸✻

❘❡❢❡rê♥❝✐❛s ✸✼



■♥tr♦❞✉çã♦

❆ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ❝♦♥st✐t✉✐ ✉♠ ❞♦s r❛♠♦s ♠❛✐s ❛♥t✐❣♦s ❞❛ ▼❛t❡♠át✐❝❛ ❡ t❡♠

❝♦♠♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ♦ ❡st✉❞♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ♥ú♠❡r♦s ❡♠ ❣❡r❛❧✳ ❯♠❛ ❞❛s s✉❛s

♣r✐♥❝✐♣❛✐s ✈❡rt❡♥t❡s é ❛ ❆r✐t♠ét✐❝❛ q✉❡ é ♦ r❛♠♦ ❞❛ ♠❛t❡♠át✐❝❛ q✉❡ ❡st✉❞❛ ❛s ♣r♦♣r✐❡❞❛❞❡s

❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s✳ ❆ ♣❛❧❛✈r❛ ❆r✐t♠ét✐❝❛ é ♣r♦✈❡♥✐❡♥t❡ ❞♦ ❣r❡❣♦ ❛r✐t❤♠❡t✐❦é q✉❡

s✐❣♥✐✜❝❛ ✧❝✐ê♥❝✐❛ ❞♦s ♥ú♠❡r♦s✧✳

❆ ❆r✐t♠ét✐❝❛ s❡ ❞❡s❡♥✈♦❧✈❡✉ ❛ ♣❛rt✐r ❞♦ ♣r♦❝❡ss♦ ❞❡ ❡✈♦❧✉çã♦ ❞♦ s❡r ❤✉♠❛♥♦ ❡♠

s♦❝✐❡❞❛❞❡ q✉❡✱ ❛♦s ♣♦✉❝♦s✱ ❝r✐♦✉ ♠ét♦❞♦s ❞❡ ❝♦♥t❛❣❡♠✳ ◆♦ ✐♥í❝✐♦✱ ♣❛r❛ ❛✉①✐❧✐❛r ♥♦

♣r♦❝❡ss♦ ❞❡ ❝♦♥t❛❣❡♠✱ ✉s❛✈❛♠ ♣❡❞❛ç♦s ❞❡ ♣❛✉s✱ ♣❡❞r❛s ❡ ♦ss♦s ♣❛r❛ r❡❣✐str❛r q✉❛♥t✐❞❛❞❡s✳

❉❡ss❛ ❢♦r♠❛✱ ❛ ✐❞❡✐❛ ❞❡ ❝♦♥t❛❣❡♠ s✉r❣❡ ❛♥t❡s ♠❡s♠♦ ❞❛ ❞❡✜♥✐çã♦ ❢♦r♠❛❧ ❞❡ ♥ú♠❡r♦✳ ❖s

♥ú♠❡r♦s ❡ ♦s sí♠❜♦❧♦s q✉❡ ♦s r❡♣r❡s❡♥t❛✈❛♠ s♦❢r❡r❛♠ ❣r❛♥❞❡s tr❛♥s❢♦r♠❛çõ❡s ❛♦ ❧♦♥❣♦

❞♦s sé❝✉❧♦s ❛té ❝❤❡❣❛r❡♠ ❛♦ ♠♦❞♦ ❝♦♠♦ sã♦ ❝♦♥❤❡❝✐❞♦s ❛t✉❛❧♠❡♥t❡✳ ❉❡✈✐❞♦ ❛ ❝♦♥st❛♥t❡

❡✈♦❧✉çã♦ ❞♦ s❡r ❤✉♠❛♥♦ ❡ ❞❛s ✈ár✐❛s ❛t✐✈✐❞❛❞❡s q✉❡ ❡st❡ ❞❡s❡♥✈♦❧✈❡✉ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✱

❡♥tr❡ ❡❧❛s ♦ ❝♦♠ér❝✐♦✱ ♦ ❝♦♥❝❡✐t♦ ❞❡ ♥ú♠❡r♦ s❡ ❛♠♣❧✐♦✉ s✉r❣✐♥❞♦ ❡♥tã♦ ❛ ✐❞❡✐❛ ❞❡ ♥ú♠❡r♦

♥❡❣❛t✐✈♦✳

❉❡✜♥✐❞♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ ❝♦♥t❛❣❡♠ ❡ ❞❡ ♥ú♠❡r♦ ❛♦s ♣♦✉❝♦s s✉r❣❡♠ s♦❜r❡ ❡❧❡s ❛s

♣r✐♠❡✐r❛s ♦♣❡r❛çõ❡s q✉❡ ❢♦r❛♠ s❡♥❞♦ ❞❡♥♦♠✐♥❛❞❛s ♦♣❡r❛çõ❡s ❛r✐t♠ét✐❝❛s✳ ❉✐❢❡r❡♥t❡s

❝✐✈✐❧✐③❛çõ❡s ❛♦ ❧♦♥❣♦ ❞❛ ❤✐stór✐❛ ❝r✐❛r❛♠ ❛ ❆r✐t♠ét✐❝❛ s♦❜ ❞❡♥♦♠✐♥❛çõ❡s ❡ r♦✉♣❛❣❡♥s

❞✐❢❡r❡♥t❡s ✉t✐❧✐③❛♥❞♦ ❡ss❡♥❝✐❛❧♠❡♥t❡ ♦s ♠❡s♠♦s ♣r♦❝❡ss♦s ♠❛t❡♠át✐❝♦s✳ ❊♠ ❛❧❣✉♠❛s

❝✉❧t✉r❛s ❛ ♣❛❧❛✈r❛ ❛r✐t♠ét✐❝❛ t♦r♥♦✉✲s❡ s✐♥ô♥✐♠♦ ❞❡ ♠❛t❡♠át✐❝❛✳

❆ ❆r✐t♠ét✐❝❛ s❡ ♦❝✉♣❛ ❞❛s q✉❛tr♦ ♦♣❡r❛çõ❡s ❜ás✐❝❛s ♠❛s✱ ♥❡st❛ ❞✐ss❡rt❛çã♦ ❞❛r❡♠♦s

✉♠❛ ❛t❡♥çã♦ ❡s♣❡❝✐❛❧ ❛ ❞✐✈✐sã♦ ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s ❡ ❛ s❡✉s r❡s♣❡❝t✐✈♦s r❡st♦s✳ ◆❡st❡

t❡①t♦ r❡ss❛❧t❛r❡♠♦s ✉♠❛ ✈❡rt❡♥t❡ ❞❛ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❆r✐t✐♠ét✐❝❛

▼♦❞✉❧❛r ❝✉❥❛s ❜❛s❡s t❡ór✐❝❛s t✐✈❡r❛♠ ✐♥í❝✐♦ ♣♦r ✈♦❧t❛ ❞♦s ❛♥♦s ❞❡ ✶✼✺✵ ❝♦♠ ♦s tr❛❜❛❧❤♦s

❞♦ ♠❛t❡♠át✐❝♦ s✉✐ç♦ ▲❡♦♥❤❛r❞ ❊✉❧❡r✭✶✼✵✼✲✶✼✽✸✮✳ ◆♦ ❡♥t❛♥t♦✱ ✉♠❛ ❞❛s ❝♦♥tr✐❜✉✐çõ❡s

♠❛✐s ❢❡❝✉♥❞❛s✱ ❛ ✧❚❡♦r✐❛ ❞❛s ❈♦♥❣r✉ê♥❝✐❛s✧✱ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ❡♠ ✶✽✵✶✱ ♣♦r ❈❛r❧ ❋r✐❡❞❡r✐❝❤

●❛✉ss✭✶✼✼✼✲✶✽✺✺✮ ✉♠ ❞♦s ♠❛✐♦r❡s ♠❛t❡♠át✐❝♦s ❞❡ t♦❞♦s ♦s t❡♠♣♦s✱ ♥♦ s❡✉ ❧✐✈r♦

❉✐sq✉✐s✐t✐♦♥❡s ❆r✐t❤♠❡t✐❝❛❡✱ ♥♦ q✉❛❧ ❞❡✉ s❡q✉ê♥❝✐❛ ❛♦s ❡st✉❞♦s ❞❡ ❊✉❧❡r s♦❜r❡ ❛ ❞✐✈✐sã♦

❡✉❝❧✐❞✐❛♥❛ ❞❡ ✉♠ ✐♥t❡✐r♦ ♣♦r ✉♠ ♥ú♠❡r♦ ✜①♦✱ ❛♦ q✉❛❧ ❝❤❛♠♦✉ ❞❡ ♠ó❞✉❧♦✳ ❊♠ s✉❛ ♦❜r❛

●❛✉✉s ❛❞♦t♦✉ s✐♠❜♦❧♦❣✐❛ ❡ ❞❡✜♥✐çõ❡s q✉❡ sã♦ ✉t✐❧✐③❛❞❛s ❛té ❤♦❥❡✳

✶



✷

❊♠❜♦r❛ ♦ t❡r♠♦ ❆r✐t♠ét✐❝❛ ❛✐♥❞❛ s❡❥❛ ✉s❛❞♦ ❡♠ r❡❢❡rê♥❝✐❛ ❛ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s✱ ❡st❛

❢♦✐ ❞✐✈✐❞✐❞❛ ❡♠ ✈ár✐♦s ❝❛♠♣♦s ❞❡ ❡st✉❞♦ ❡ ♦ t❡r♠♦ ♣❛ss♦✉ ❛ s❡ r❡❢❡r✐r ❛♣❡♥❛s ❛♦ r❛♠♦ ❞❛

♠❛t❡♠át✐❝❛ q✉❡ ❡st✉❞❛ ♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s✱ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ♦♣❡r❛çõ❡s✳ ❉❡ss❛ ❢♦r♠❛✱

é ♦ r❛♠♦ ❞❛ ♠❛t❡♠át✐❝❛ q✉❡ ✉s❛♠♦s t♦❞♦s ♦s ❞✐❛s ❡♠ t❛r❡❢❛s ❞♦ ❝♦t✐❞✐❛♥♦✱ ❝á❧❝✉❧♦s

❝✐❡♥tí✜❝♦s ♦✉ ♥❡❣ó❝✐♦s✳ ❆ ❆r✐t♠ét✐❝❛ ❢❛③ ♣❛rt❡ ❞♦ ❝✉rrí❝✉❧♦ ❞♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧ ❡ é

❡♥s✐♥❛❞❛ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♣r♦♠♦✈❡r ✉♠ ❡♠❜❛s❛♠❡♥t♦ t❡ór✐❝♦ ✈♦❧t❛❞♦ ♣❛r❛ ❛ ♣r♦❞✉çã♦

❞❡ s✐❣♥✐✜❝❛❞♦s✱ ♣❛r❛ q✉❡ ❛ss✐♠✱ ♦ ❡st✉❞❛♥t❡ ♣♦ss❛ ❞❡s❡♥✈♦❧✈❡r ❤❛❜✐❧✐❞❛❞❡s q✉❡ ❝♦♥tr✐❜✉❛♠

♣❛r❛ s✉❛ ✈✐❞❛ s♦❝✐❛❧ ❡ ❡s❝♦❧❛r✳

❆♣❡s❛r ❞❛s ♠✉✐t❛s ✉t✐❧✐❞❛❞❡s ❞❛ ❆r✐t♠ét✐❝❛ ❛ s✉❛ ❛♣r❡♥❞✐③❛❣❡♠ ❡♠ ♥♦ss❛s ❡s❝♦❧❛s

❛✐♥❞❛ ♥ã♦ ❛❧❝❛♥ç♦✉ ✉♠ ♥í✈❡❧ s❛t✐s❢❛tór✐♦ ❡ ♣❡sq✉✐s❛s ✈ê♠ ❝♦♥st❛♥t❡♠❡♥t❡ ❛❧❡rt❛♥❞♦ ♣❛r❛

♦ ❜❛✐①♦ r❡♥❞✐♠❡♥t♦ ❞♦s ❛❧✉♥♦s ❡♠ ♠❛t❡♠át✐❝❛✳ ❈♦♠ r❡❧❛çã♦ ❛♦ ❛ss✉♥t♦✱ ❖ ❥♦r♥❛❧ ❖♣✐♥✐ã♦

❊st❛❞ã♦ ❞✐✈✉❧❣♦✉ r❡❝❡♥t❡♠❡♥t❡ ✉♠ r❡❧❛tór✐♦✱ ❡♥❝♦♠❡♥❞❛❞♦ ♣❡❧♦ ♠♦✈✐♠❡♥t♦ ❚♦❞♦s P❡❧❛

❊❞✉❝❛çã♦ ❬✸❪✱ ♦ q✉❛❧ r❡✈❡❧❛ q✉❡

✧✳✳✳❞❡ ❝❛❞❛ ✶✵✵ ❝r✐❛♥ç❛s q✉❡ ✐♥❣r❡ss❛♠ ♥♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱

s♦♠❡♥t❡ ✻✺ ❝♦♥❝❧✉❡♠ ♦ ❡♥s✐♥♦ ♠é❞✐♦✳ ❊ ❡♥tr❡ ❡st❛s ♦ ♣❛♥♦r❛♠❛

é ❛✐♥❞❛ ♠❛✐s ❣r❛✈❡✿ ❛♣❡♥❛s ✼✪ ❝♦♠ ❛♣r❡♥❞✐③❛❣❡♠ ❛❞❡q✉❛❞❛ ❡♠

▼❛t❡♠át✐❝❛ ❡ ✷✽✪ ❡♠ P♦rt✉❣✉ês✳ ❊♥tr❡ ❡ss❛s ✻✺✱ só ✼ ❞ã♦

s❡q✉ê♥❝✐❛ à s✉❛ tr❛❥❡tór✐❛ ❡s❝♦❧❛r ❡ r✉♠❛♠ ♣❛r❛ ♦ ❡♥s✐♥♦ s✉♣❡r✐♦r✳

❖ r❡st❛♥t❡ ✜❝❛ ♣❡❧♦ ❝❛♠✐♥❤♦✧✳✭ ❈❘❯❩✱ ✷✵✶✽✮

■ss♦ ♥♦s ❧❡✈❛ ❛ ❝♦♥❝❧✉✐r q✉❡✱ ❛ ❣r❛♥❞❡ ♠❛✐♦r✐❛ ❞♦s ❛❧✉♥♦s ❞✉r❛♥t❡ ❛ s✉❛ ❢♦r♠❛çã♦

✐♥✐❝✐❛❧✱ ❞♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧ ❛♦ ▼é❞✐♦✱ ❞❡✐①❛ ❞❡ ❛♣r❡♥❞❡r ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡

▼❛t❡♠át✐❝❛✳ ■ss♦ ♥♦s ❛❧❡rt❛ ♣❛r❛ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠ ❡♥s✐♥♦ ♠❛✐s ❡✜❝❛③ ♦♥❞❡ ♦s ❛❧✉♥♦s

❝♦♠♣r❡❡♥❞❛♠ ❝♦♥❝❡✐t♦s ✐♠♣♦rt❛♥t❡s ❝♦♠♦ ♦s ❝♦♥❝❡✐t♦s ❛r✐t♠ét✐❝♦s✱ q✉❡ sã♦ ❡ss❡♥❝✐❛s

♣❛r❛ ❛ ❛♣r❡♥❞✐③❛❣❡♠ ❞❡ ♦✉tr♦s ❝♦♥t❡ú❞♦s✱ ❡ ❞❡ss❛ ❢♦r♠❛ ❢❛③❡r ❝♦♠ q✉❡ ♦ ❡♥s✐♥♦ ❞❛

♠❛t❡♠át✐❝❛ ❛✈❛♥❝❡✳ ◆♦ ❛t✉❛❧ ♠♦♠❡♥t♦ ❡✈♦❧✉t✐✈♦ ❞♦ ♣❧❛♥❡t❛ ♥ã♦ ❤á ❝♦♠♦ ✈✐✈❡r♠♦s ♥✉♠

♣❛ís s♦❝✐❛❧♠❡♥t❡ ❥✉st♦✱ ❡❝♦♥♦♠✐❝❛♠❡♥t❡ ♠❛✐s ❝♦♠♣❡t✐t✐✈♦✱ ✐♥♦✈❛❞♦r ❡ ét✐❝♦ s❡♠ ❡❞✉❝❛çã♦

❞❡ q✉❛❧✐❞❛❞❡ ♣❛r❛ t♦❞♦s✳ ❆♣❡s❛r ❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ár❡❛ ❞❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛ ♥❛

❢♦r♠❛çã♦ ❞❡ ✉♠ ❝✐❞❛❞ã♦ ♣♦✐s✱ ❜❡♠ s❛❜❡♠♦s q✉❡ é ❞✐❢í❝✐❧ s♦❜r❡✈✐✈❡r ❞✐❣♥❛♠❡♥t❡ ♦✉ ❜✉s❝❛r

❡q✉✐❞❛❞❡ s❡♠ t❡r ♦ ❞♦♠í♥✐♦ ❞❡ ❝♦♠♣❡tê♥❝✐❛s ❜ás✐❝❛s ❝♦♠♦ ❛q✉❡❧❛s q✉❡ ♦ ❡♥s✐♥♦ ❞❛

♠❛t❡♠át✐❝❛ ♣r♦♣♦r❝✐♦♥❛✱ ♦ ♣❛♥♦r❛♠❛ ❛t✉❛❧ r❡✢❡t❡ ❛♥♦s ❞❡ ❞❡s❝❛s♦ ❡ ♥❡❣❧✐❣ê♥❝✐❛ ❝♦♠

♦ ❡♥s✐♥♦ ❞❛ ♠❛t❡♠át✐❝❛ ❡ ❝♦♠ ❛ ❊❞✉❝❛çã♦ ❝♦♠♦ ✉♠ t♦❞♦✳

❊♠ ❡♥tr❡✈✐st❛ ❝♦♥❝❡❞✐❞❛ ❛ ❘❡✈✐st❛ ❞♦ Pr♦❢❡ss♦r ❞❡ ▼❛t❡♠át✐❝❛✱ ♦ ♣r♦❢❡ss♦r ❊❧♦♥ ▲✐♠❛

❛✜r♠❛✿



✸

✧ ❖ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠át✐❝♦ é✱ ♣♦r ♥❛t✉r❡③❛✱ ❡♥❝❛❞❡❛❞♦ ❡

❝✉♠✉❧❛t✐✈♦✳ ❯♠ ❛❧✉♥♦ ♣♦❞❡✱ ♣♦r ❡①❡♠♣❧♦✱ s❛❜❡r ♣r❛t✐❝❛♠❡♥t❡ t✉❞♦

s♦❜r❡ Pr♦❝❧❛♠❛çã♦ ❞❛ ❘❡♣ú❜❧✐❝❛ ❜r❛s✐❧❡✐r❛ ❡ ✐❣♥♦r❛r ❝♦♠♣❧❡t❛♠❡♥t❡

❛s ❈❛♣✐t❛♥✐❛s ❍❡r❡❞✐tár✐❛s ♠❛s✱ ♥ã♦ s❡rá ❝❛♣❛③ ❞❡ ❡st✉❞❛r

❚r✐❣♦♥♦♠❡tr✐❛ s❡ ♥ã♦ ❝♦♥❤❡❝❡r ♦s ❢✉♥❞❛♠❡♥t♦s ❞❛ ➪❧❣❡❜r❛✱ ♥❡♠

❡♥t❡♥❞❡rá ❡ss❛ ú❧t✐♠❛ s❡ ♥ã♦ s♦✉❜❡r ❛s ♦♣❡r❛çõ❡s ❛r✐t♠ét✐❝❛s✱ ❡t❝✳

❊ss❡ ❛s♣❡❝t♦ ❞❡ ❞❡♣❡♥❞ê♥❝✐❛ ❛❝✉♠✉❧❛❞❛ ❞♦s ❛ss✉♥t♦s ♠❛t❡♠át✐❝♦s

❧❡✈❛ à ✉♠❛ s❡q✉ê♥❝✐❛ ♥❡❝❡ssár✐❛✱ q✉❡ t♦r♥❛ ❞✐❢í❝✐❧ ♣❡❣❛r ♦ ❜♦♥❞❡

❛♥❞❛♥❞♦✧✭▲■▼❆✱ ✶✾✾✺✮✳

❉❡ ❢❛t♦✱ é ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ♦♣❡r❛çõ❡s ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s

♣r♦♣♦r❝✐♦♥❛❞♦s ♣❡❧❛ ❆r✐t♠ét✐❝❛ q✉❡ ♣r❡♣❛r❛ ♦ ❛❧✉♥♦ ♣❛r❛ ♦ ❛♣r❡♥❞✐③❛❞♦ ❞❛ ➪❧❣❡❜r❛✱

❞❛ ●❡♦♠❡tr✐❛ ❡ ♦✉tr♦s r❛♠♦s ❞❛ ▼❛t❡♠át✐❝❛✳

❘❡❝♦♥❤❡❝❡r ❛ ♣❡rt✐♥❡♥❝✐❛ ❞♦ ❡♥s✐♥♦ ❞❛s ❈♦♥❣r✉ê♥❝✐❛s ▼♦❞✉❧❛r❡s ♥♦ ❡♥s✐♥♦ ❜ás✐❝♦✱ ❢♦✐

❛ ♣r✐♥❝✐♣❛❧ ♠♦t✐✈❛çã♦ ♣❛r❛ ❛ ❡s❝♦❧❤❛ ❞♦ t❡♠❛ ❈♦♥❣r✉ê♥❝✐❛ ▼♦❞✉❧❛r ♥♦ ❊♥s✐♥♦ ❇ás✐❝♦

♣❛r❛ ❡st❛ ❞✐ss❡rt❛çã♦✱ ♣♦✐s s❡✉s ❝♦♥❝❡✐t♦s ♣♦❞❡r✐❛♠ ❝♦♥tr✐❜✉✐r ♠✉✐t♦ ♣❛r❛ ❛ ❛♣r❡♥❞✐③❛❣❡♠

❞♦ ❛❧✉♥♦ ❛❧é♠ ❞♦ q✉❡✱ ♣♦ss✉❡♠ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s ❡♠ ♣r♦❜❧❡♠❛s ❛t✉❛✐s ❛❧é♠ ❞❡ ❡st❛r❡♠

♣r❡s❡♥t❡s ♥♦ ❝r❡s❝❡♥t❡ ✉s♦ ❞❛s t❡❝♥♦❧♦❣✐❛s✳

◆❡st❡ tr❛❜❛❧❤♦ ✈❡r❡♠♦s ❝♦♠♦ ❛ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r✱ s❡✉s ❝♦♥❝❡✐t♦s ❡ ♣r♦♣r✐❡❞❛❞❡s

❝♦♥tr✐❜✉❡♠ ♣❛r❛ ❛ ❞✐♥â♠✐❝❛ ❞❛ ✈✐❞❛ ♠♦❞❡r♥❛✳ ❊❧❛ é ✉t✐❧✐③❛❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♥♦s ❞✐❢❡r❡♥t❡s

❝ó❞✐❣♦s ♥✉♠ér✐❝♦s ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❝♦♠♦ ❝ó❞✐❣♦s ❞❡ ❜❛rr❛s✱ ♥ú♠❡r♦s ❞♦s ❞♦❝✉♠❡♥t♦s ❞❡

✐❞❡♥t✐❞❛❞❡✱ ❈P❋✱ ❈◆P❏✱ ■❙❇◆✱ ❝r✐♣t♦❣r❛✜❛s✱ ❝❛❧❡♥❞ár✐♦s ❡♥tr❡ ♦✉tr♦s✳

❉❡✈✐❞♦ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ❡st✉❞♦ ❡ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❛s ❝♦♥❣r✉ê♥❝✐❛s ♠♦❞✉❧❛r❡s q✉❡

❡st✐♠✉❧❛♠ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❤❛❜✐❧✐❞❛❞❡s ❡ss❡♥❝✐❛✐s ♥❛ ❢♦r♠❛çã♦ ❞♦ ❛❧✉♥♦✱ ♣r♦♣♦♠♦s

♦ ❡♥s✐♥♦ ❞❡ ❈♦♥❣r✉ê♥❝✐❛s ▼♦❞✉❧❛r❡s ❛ ♣❛rt✐r ❞♦ 6o ❛♥♦ ❞♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧✳ ❖

❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ss❛ t❡♦r✐❛ ♣♦❞❡r✐❛ ❝♦♥tr✐❜✉✐r ♣❛r❛ q✉❡ ❛ ♠❛t❡♠át✐❝❛ s❡ ❛♣r♦①✐♠❡ ❞❡ ✉♠

❞♦s ♣r✐♥❝✐♣❛✐s ♦❜❥❡t✐✈♦s ❞♦ ❡♥s✐♥♦✱ ♥❡st❛ ❢❛s❡ ❡s❝♦❧❛r✱ q✉❡ é ❢❛③❡r ❝♦♠ q✉❡ ♦s ❛❧✉♥♦s s❡❥❛♠

❝❛♣❛③❡s ❞❡ ✧s❛❜❡r ✉t✐❧✐③❛r ❞✐❢❡r❡♥t❡s ❢♦♥t❡s ❞❡ ✐♥❢♦r♠❛çã♦ ❡ r❡❝✉rs♦s t❡❝♥♦❧ó❣✐❝♦s ♣❛r❛

❛❞q✉✐r✐r ❡ ❝♦♥str✉✐r ❝♦♥❤❡❝✐♠❡♥t♦s✧✭❇❘❆❙■▲✱ ✶✾✾✽✱ ♣✳✼✮✳

❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛ ❛t✐♥❣✐r♠♦s ❡st❡ ♦❜❥❡t✐✈♦ ♣r♦♣♦♠♦s ❢❛③❡r ❛ ✐♥tr♦❞✉çã♦ ❞❛ t❡♦r✐❛ ❞❛s

❈♦♥❣r✉ê♥❝✐❛s ▼♦❞✉❧❛r❡s ❛tr❛✈és ❞♦ ✉s♦ ❞❡ t❛❜❡❧❛s ❞❡ ❞✐✈✐s✐❜✐❧✐❞❛❞❡✱ ❛❧é♠ ❞❡ ❞❡♠♦♥str❛r

❛❧❣✉♠❛s ❞❡ s✉❛s ❛♣❧✐❝❛çõ❡s ♥♦ ❞✐❛ ❛ ❞✐❛ ♣❛r❛ q✉❡ ♦s ❛❧✉♥♦s ♣♦ss❛♠ ♣❡r❝❡❜❡r ♦ q✉❛♥t♦ ❛

❆r✐t♠ét✐❝❛ ❡st❛ ♣r❡s❡♥t❡ ♥❛ ✈✐❞❛ ❞❛s ♣❡ss♦❛s ♣r♦♣♦r❝✐♦♥❛♥❞♦ ♠❛✐s ♣r❛t✐❝✐❞❛❞❡✳

❊st❛ ❞✐ss❡rt❛çã♦ é ❝♦♥st✐t✉✐❞❛ ❞❡ q✉❛tr♦ ❝❛♣ít✉❧♦s✳ ◆♦ ❝❛♣ít✉❧♦ ✶✱ ♣❛r❛ ❢❛✈♦r❡❝❡r

✉♠❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞♦ t❡♠❛✱ tr❛③❡♠♦s ♣❛r❛ ♦ ❧❡✐t♦r ❝♦♥❝❡✐t♦s t❡ór✐❝♦s ✐♠♣♦rt❛♥t❡s

❡ ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❝♦♥❣r✉ê♥❝✐❛ ♠♦❞✉❧❛r✱ ♦ ♣❡q✉❡♥♦ ❚❡♦r❡♠❛ ❞❡ ❋❡r♠❛t✱ ❝r✐tér✐♦s ❞❡

❞✐✈✐ss✐❜✐❧✐❞❛❞❡ ❡ r❡st♦ ❞❡ ♣♦tê♥❝✐❛s✳ ◆♦ ❝❛♣ít✉❧♦ ✷✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛♣❧✐❝❛çõ❡s ❞❡



✹

❝♦♥❣r✉ê♥❝✐❛s ♥♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧✳ ❆♣r❡s❡♥t❛r❡♠♦s ❛ ♥♦ss❛ ♣r♦♣♦st❛ ❞❡ ✐♥tr♦❞✉③✐r

♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛ ❛tr❛✈és ❞❡ t❛❜❡❧❛s✱ ❝♦♠♦ é ❢❡✐t❛ ♣❡❧❛ ❛♣♦st✐❧❛ ❞♦ P■❈✭Pr♦❣r❛♠❛

❞❡ ■♥✐❝✐❛çã♦ ❈✐❡♥t✐✜❝❛ ❞❛ ❖❇▼❊P✮✱ ✧❉✐✈✐s✐❜✐❧✐❞❛❞❡ ❡ ◆ú♠❡r♦s ✐♥t❡✐r♦s✧✳ ▼♦str❛r❡♠♦s

❝♦♠♦ é ♣♦ssí✈❡❧ ✉s❛r ♦ r❡❧ó❣✐♦ ❛♥❛❧ó❣✐❝♦ ♣❛r❛ ❡♥s✐♥❛r ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ ❝♦♥❣r✉ê♥❝✐❛s✳

◆♦ ❝❛♣ít✉❧♦ ✸✱ ❞❡st❛❝❛♠♦s ❛❧❣✉♠❛s ❞❛s ❛♣❧✐❝❛çõ❡s ♠❛✐s ❝♦♥❤❡❝✐❞❛s ❞❛ ❛r✐t♠ét✐❝❛ ♠♦❞✉❧❛r

♥♦ ♥♦ss♦ ❝♦t✐❞✐❛♥♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❞✐❢❡r❡♥t❡s ❝ó❞✐❣♦s ♥✉♠ér✐❝♦s ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❛❧é♠

❞♦s ❞í❣✐t♦s ✈❡r✐✜❝❛❞♦r❡s ❞❡ ❈ó❞✐❣♦ ❞❡ ❇❛rr❛s✱ ❈P❋✱ ❈◆P❏✱ ■♥t❡r♥❛t✐♦♥❛❧ ❙t❛♥❞❛r❞ ❇♦♦❦

◆✉♠❜❡r✭■❙❇◆✮✳ ◆♦ ❈❛♣t✉❧♦ ✹✱ ❢❛r❡♠♦s ✉♠❛ ❛♥á❧✐s❡ ❣❡r❛❧ ❞♦s t❡♠❛s ♣r♦♣♦st♦s ❜❡♠ ❝♦♠♦

r❡s❛❧t❛r❡♠♦s ❛ s✉❛ r❡❧❡✈â♥❝✐❛ ❡ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ♣❛r❛ ♦ ❛❧✉♥♦ ❞♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧✳



❈❛♣ít✉❧♦ ✶

❈♦♥❣r✉ê♥❝✐❛s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ❝♦♥❝❡✐t♦s ❡ ❞❡✜♥✐çõ❡s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ♥♦s ♣ró①✐♠♦s

❝❛♣ít✉❧♦s✳ ❚♦❞❛s ❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ❛q✉✐ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠

❙❛♥t♦s✭✷✵✵✾✮✳ ❚❛♠❜é♠ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ✐♥❡r❡♥t❡s à t❡♦r✐❛

❝♦♠♦ ♦ P❡q✉❡♥♦ ❚❡♦r❡♠❛ ❞❡ ❋❡r♠❛t✱ ❝r✐tér✐♦s ❞❡ ❞✐✈✐ss✐❜✐❧✐❞❛❞❡ ❡ r❡st♦s ❞❡ ♣♦tê♥❝✐❛s✳

❉❡✜♥✐çã♦ ✶✳ ❙❡ a ❡ b sã♦ ✐♥t❡✐r♦s ❞✐③❡♠♦s q✉❡ a é ❝♦♥❣r✉❡♥t❡ ❛ b ♠ó❞✉❧♦ ♠✱ m > 0✱ s❡

m|(a− b)✱ ❧ê✲s❡✿ ✧♠ ❞✐✈✐❞❡ a− b✧✳ ❉❡♥♦t❛♠♦s ✐st♦ ♣♦r a ≡ b(mod m)✳

❊①❡♠♣❧♦ ✶✳✶✳ 8 ≡ 3(mod 5)✱ 12 ≡ 2(mod 10)✱ 27 ≡ 1(mod 13)✳

❈❛s♦ ❛ ❝♦♥❣r✉ê♥❝✐❛ ♥ã♦ s❡ ✈❡r✐✜q✉❡ ❡s❝r❡✈❡♠♦s a 6≡ b(mod m)

Pr♦♣♦s✐çã♦ ✶✳✶✳ ❙❡ a ❡ b sã♦ ✐♥t❡✐r♦s t❡♠♦s q✉❡ a ≡ b(mod m) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st✐r

k t❛❧ q✉❡ a = b+ km✳

❉❡♠♦♥str❛çã♦✳ ❙❡ a ≡ b(mod m) ❡♥tã♦ m|(a − b) ♦ q✉❡ ✐♠♣❧✐❝❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠

✐♥t❡✐r♦ k t❛❧ q✉❡ a− b = km✱ ✐st♦ é✱ a = b+ km✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ ❡①✐st❡ k s❛t✐s❢❛③❡♥❞♦

a = b+ km✱ t❡♠♦s km = a− b✱ ♦✉ s❡❥❛✱ m|(a− b) ✐st♦ é✱ a ≡ b(mod m)✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❞✐③ q✉❡ ❛ r❡❧❛çã♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛✱ ❞❡✜♥✐❞❛ ♥♦ ❝♦♥❥✉♥t♦ ❞♦s

♥ú♠❡r♦s ✐♥t❡✐r♦s é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱ ♣♦✐s ❡❧❛ é r❡✢❡①✐✈❛✱ s✐♠étr✐❝❛ ❡ tr❛♥s✐t✐✈❛✳

Pr♦♣♦s✐çã♦ ✶✳✷✳ ❙❡❥❛♠ m ∈ Z✱ m > 0✳ P❛r❛ t♦❞♦ a, b ❡ c ∈ Z t❡♠♦s ❛s s❡❣✉✐♥t❡s

r❡❧❛çõ❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ q✉❡ t❛♠❜é♠ sã♦ ♣r♦♣r✐❡❞❛❞❡s ❞❛s ❝♦♥❣r✉ê♥❝✐❛s✿

✶✳ ❘❡✢❡①✐✈❛✿ a ≡ a(mod m)✳

✷✳ ❙✐♠étr✐❝❛✿ s❡ a ≡ b(mod m) ❡♥tã♦ b ≡ a(mod m)✳

✸✳ ❚r❛♥s✐t✐✈❛✿ s❡ a ≡ b(mod m) ❡ b ≡ c(mod m) ❡♥tã♦ a ≡ c(mod m)✳

✺



❈♦♥❣r✉ê♥❝✐❛s ✻

❉❡♠♦♥str❛çã♦✳ ✶✳ a ≡ a (mod m) ⇔ m|(a − a) ⇔ a − a = m0✳ ❖ q✉❡ ♣r♦✈❛ ❛

r❡✢❡①✐✈✐❞❛❞❡ ❞❛ ❝♦♥❣r✉ê♥❝✐❛✱ ♣♦✐s ③❡r♦ é ♠ú❧t✐♣❧♦ ❞❡ q✉❛❧q✉❡r ♥ú♠❡r♦✳

✷✳ a ≡ b(mod m) ⇔ a − b = km, k ∈ Z✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ a − b = km ♣♦r ✲✶ ♦❜t❡♠♦s

b−a = (−k)m ❡ ❛ss✐♠ b ≡ a(mod m)✳ ❖ q✉❡ ❡q✉✐✈❛❧❡ ❞✐③❡r q✉❡ s❡ ✉♠ ❞❛❞♦ ♥ú♠❡r♦

é ❞✐✈✐sí✈❡❧ ♣♦r m s❡✉ s✐♠étr✐❝♦ t❛♠❜é♠ ♦ é✳

✸✳ a ≡ b(mod m) ❡ b ≡ c(mod m)✳ ❊s❝r❡✈❡♥❞♦ ♥❛ ❢♦r♠❛ ❞❡ ✐❣✉❛❧❞❛❞❡s t❡♠♦s✿ a− b =

k1m ❡ b− c = k2m✱ ❝♦♠ k1 ❡ k2 ∈ Z✳ ❙♦♠❛♥❞♦ ❛s ❡q✉❛çõ❡s

a− b+ b− c = k1m+ k2m

a− b+ b− c = m(k1 + k2),

♦❜t❡♠♦s

a− c = m(k1 + k2)

q✉❡ ❡q✉✐✈❛❧❡ ❛

a ≡ c (mod m).

Pr♦♣♦s✐çã♦ ✶✳✸✳ ❙❡ a, b, c ❡ m sã♦ ✐♥t❡✐r♦s t❛✐s q✉❡ a ≡ b(mod m)✱ ❡♥tã♦✿

✶✳ a+ c ≡ b+ c(mod m)

✷✳ a− c ≡ b− c(mod m)

✸✳ ac ≡ bc(mod m)

❉❡♠♦♥str❛çã♦✳ ✶✳ ❉❡ a ≡ b(mod m) t❡♠♦s a− b = km ❡ ❝♦♠♦ a− b = (a+ c)− (b+ c)

r❡s✉❧t❛ q✉❡ a+ c ≡ b+ c(mod m)✳

✷✳ ❈♦♠♦ (a− c)− (b− c) = a− b ❡ a− b = km t❡♠♦s a− c ≡ b− c(mod m)✳

✸✳ ❉❡ a ≡ b(mod m) t❡♠♦s a− b = km ❡♥tã♦ ac− bc = ckm✱ ❝♦♠ c ∈ Z✱ ♦ q✉❡ ✐♠♣❧✐❝❛

m|(ac− bc)✱ ❧♦❣♦ ac ≡ bc(mod m)✳

Pr♦♣♦s✐çã♦ ✶✳✹✳ ❙❡ a, b, c, d ❡ m sã♦ ✐♥t❡✐r♦s t❛✐s q✉❡ a ≡ b(mod m) ❡ c ≡ d(mod m)✱

❡♥tã♦✿

✶✳ a+ c ≡ b+ d(mod m)

✷✳ a− c ≡ b− d(mod m)



❈♦♥❣r✉ê♥❝✐❛s ✼

✸✳ ac ≡ bd(mod m)

❉❡♠♦♥str❛çã♦✳ ✶✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ a ≡ b(mod m) ❡ c ≡ d(mod m)✱ t❡♠♦s a − b = k1m

❡ c− d = k2m✳ ❙♦♠❛♥❞♦✲s❡ ♠❡♠❜r♦ ❛ ♠❡♠❜r♦✱ ♦❜t❡♠♦s

a− b+ c− d = k1m+ k2m

a+ c− b− d = k1m+ k2m

a+ c− (b+ d) = (k1 + k2)m

♦ q✉❡ r❡s✉❧t❛

a+ c ≡ b+ d(mod m).

✷✳ P❛r❛ ♣r♦✈❛r ♦ ✐t❡♠ ✷ ❜❛st❛ s✉❜tr❛✐r ♠❡♠❜r♦ ❛ ♠❡♠❜r♦ a− b = k1m ❡ c− d = k2m

❡ ♦❜t❡♠♦s

a− b− c+ d = k1m− k2m

a− c− b+ d = k1m− k2m

a− c− (b− d) = (k1 − k2)m

❧♦❣♦

a− c ≡ b− d(mod m).

✸✳ ▼✉❧t✐♣❧✐❝❛♠♦s ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❡ a− b = k1m ♣♦r c ❡ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ c− d =

k2m ♣♦r b✳ ❖❜t❡♠♦s ac − bc = ck1m ❡ bc − bd = bk2m✳ ❇❛st❛ ❛❣♦r❛ s♦♠❛r♠♦s

♠❡♠❜r♦ ❛ ♠❡♠❜r♦ ❡st❛s ú❧t✐♠❛s ✐❣✉❛❧❞❛❞❡s✿

ac− bc+ bc− bd = ac− bd = (ck1 + bk2)m

♦ q✉❡ ✐♠♣❧✐❝❛

ac ≡ bd (mod m).

❊st❡ r❡s✉❧t❛❞♦ é ❞❡ ❣r❛♥❞❡ ✈❛❧✐❛✱ ♣♦✐s ❝♦♥s✐❞❡r❛♥❞♦ q✉❛✐sq✉❡r ❞♦✐s ✐♥t❡✐r♦s a = k1m+r1

❡ b = k2m+ r2✱ ♦♥❞❡ r1 ❡ r2 sã♦ ♦s r❡st♦s ❞❛ ❞✐✈✐sã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ t❡♠♦s q✉❡ a± b ≡

r1 ± r2(mod m) ♦ q✉❡ ✈❡r✐✜❝❛ q✉❡ ♦ r❡st♦ ❞❡ a± b ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦s r❡st♦s ❞❛ ❞✐✈✐sã♦

❞❡ a ❡ b ♣♦r m✳

Pr♦♣♦s✐çã♦ ✶✳✺✳ ❙❡ a, b, c ❡ m sã♦ ✐♥t❡✐r♦s ❡ ac ≡ bc(mod m)✱ ❡♥tã♦



❈♦♥❣r✉ê♥❝✐❛s ✽

a ≡ b(mod m/d) ♦♥❞❡ d = mdc(c,m).

❉❡♠♦♥str❛çã♦✳ ❉❡ ac ≡ bc(mod m) t❡♠♦s ac − bc = c(a − b) = km✳ ❙❡ ❞✐✈✐❞✐r♠♦s ♦s

❞♦✐s ♠❡♠❜r♦s ♣♦r d✱ t❡r❡♠♦s (c/d)(a − b) = k(m/d)✳ ▲♦❣♦ (m/d)|(c/d)(a − b) ❡✱ ❝♦♠♦

(m/d, c/d) = 1✱ t❡♠♦s q✉❡ (m/d)|(a− b) ♦ q✉❡ ✐♠♣❧✐❝❛ a ≡ b(mod m/d)✳

❖✉tr♦ r❡s✉❧t❛❞♦ ♠✉✐t♦ út✐❧ ❡ ✐♠♣♦rt❛♥t❡ ❞❡ss❛ t❡♦r✐❛ é ❞❛❞♦ ♣❡❧❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✻✳ ❙❡❥❛♠ a m✱ b ∈ Z ❝♦♠ m > 0✳ ❙❡ a ≡ b(mod m)✱ ❡♥tã♦ t❡♠✲s❡ q✉❡

an ≡ bn(mod m)✳

❉❡♠♦♥str❛çã♦✳ ❆ ♣r♦✈❛ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ✐❞❡♥t✐❞❛❞❡

an − bn = (a− b)(an−1 + an−2b+ an−3b2 + · · ·+ abk−2 + bk−1)

❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s✿

❊①❡♠♣❧♦ ✶✳✷✳ ❈❛❧❝✉❧❡ ♦ r❡st♦ ❞❛s ❞✐✈✐sõ❡s ❞❡ 156 + 910✱ 910 − 156 ❡ 156 · 910 ♣♦r ✼✳

❙♦❧✉çã♦✳ ❯s❛♥❞♦ ❛s ♣r♦♣♦s✐çõ❡s ❛♣r❡s❡♥t❛❞❛s ♣♦❞❡♠♦s ♦❜t❡r ♦s r❡s✉❧t❛❞♦s ❢❛❝✐❧♠❡♥t❡✳

❙❛❜❡♠♦s q✉❡ 15 ≡ 1(mod 7) ❡ 9 ≡ 2(mod 7)✳

❉❛í t❡♠♦s✱ 156 ≡ 16 ≡ 1(mod 7) ❡ 910 ≡ 210 ≡ 1024 ≡ 2(mod 7).

❙♦♠❛♥❞♦ ♠❡♠❜r♦ ❛ ♠❡♠❜r♦ ❛s ❝♦♥❣r✉ê♥❝✐❛s ❛❝✐♠❛✱ t❡♠♦s✿

156 + 910 ≡ 1 + 2 ≡ 3(mod 7)

✳

▲♦❣♦✱ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❛ s♦♠❛ 156 + 910 ♣♦r ✼ é ✸✳

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s s✉❜tr❛✐r ❛s ❝♦♥❣r✉ê♥❝✐❛s ♦❜t✐❞❛s✿

910 − 156 ≡ 2− 1 ≡ 1(mod 7)

❧♦❣♦✱ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❛ ❞✐❢❡r❡♥ç❛ ❞❡ 910 − 156 ♣♦r ✼ é ✶✳

❋✐♥❛❧♠❡♥t❡ ♦❜t❡♠♦s 910 · 156 ≡ 1 · 2 ≡ 2(mod 7)✳

❊①❡♠♣❧♦ ✶✳✸✳ ❙❡❥❛♠ a ❡ b ❞♦✐s ♥ú♠❡r♦s ✐♥t❡✐r♦s ❝✉❥♦s r❡st♦s ❞❛ ❞✐✈✐sã♦ ♣♦r ✶✸ sã♦✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✼ ❡ ✺✳ ❉❡t❡r♠✐♥❡ ♦s r❡st♦s ❞❛ ❞✐✈✐sã♦ ❞❡ a+ b✱ a− b ❡ a · b ♣♦r ✶✸✳

❙♦❧✉çã♦✳ ❊s❝r❡✈❡♥❞♦ ♦s ❞❛❞♦s ❞♦ ♣r♦❜❧❡♠❛ ❡♠ ❢♦r♠❛ ❞❡ ❝♦♥❣r✉ê♥❝✐❛✱ t❡♠♦s

a ≡ 7 (mod 13) ❡ b ≡ 5 (mod 13).
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❆ss✐♠✱

a+ b ≡ 7 + 5 ≡ 12 (mod 13); a− b ≡ 7− 5 ≡ 2 (mod 13)

❡

a · b ≡ 7 · 5 ≡ 35 ≡ 9 (mod 13).

▲♦❣♦ ♦s r❡st♦s ❞❛ ❞✐✈✐sã♦ ❞❡ a+ b✱ a− b ❡ a · b ♣♦r ✶✸ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✶✷✱ ✷ ❡ ✾✳

✶✳✶ ❖ P❡q✉❡♥♦ ❚❡♦r❡♠❛ ❞❡ ❋❡r♠❛t

❖ ♣ró①✐♠♦ r❡s✉❧❞❛❞♦ ♥♦s ❞✐③ q✉❡ s❡ p é ♣r✐♠♦ ❡ p ♥ã♦ ❞✐✈✐❞❡ a✱ ❡♥tã♦ p ❞✐✈✐❞❡ ap−1−1✳

❉❡ ❢❛t♦✱ ✐ss♦ é ❢❛❝✐❧♠❡♥t❡ ❝♦♥st❛t❛❞♦ s❡ ❝♦♥s✐❞❡r❛r♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ p = 11 ❡ a = 5✳

❆ss✐♠ t❡r❡♠♦s✿

1× 5 ≡ 5(mod11)

2× 5 ≡ 10(mod11)

3× 5 ≡ 4(mod11)

4× 5 ≡ 9(mod11)

5× 5 ≡ 3(mod11)

6× 5 ≡ 8(mod11)

7× 5 ≡ 2(mod11)

8× 5 ≡ 7(mod11)

9× 5 ≡ 1(mod11)

10× 5 ≡ 6(mod11)

❖❜s❡r✈❡ q✉❡ ✶✶ ♥ã♦ ❞✐✈✐❞❡ ♥❡♥❤✉♠ ❞♦s ♣r♦❞✉t♦s q✉❡ ❡stã♦ ♥❛ ❝♦❧✉♥❛ ❞❛ ❡sq✉❡r❞❛ ♥❛s

❝♦♥❣r✉ê♥❝✐❛s ❛❝✐♠❛✳ ❖❜s❡r✈❡✱ t❛♠❜é♠✱ q✉❡ t♦❞♦s ❡❧❡s sã♦ ✐♥❝♦♥❣r✉ê♥t❡s ♠ó❞✉❧♦ ✶✶✳ ▲♦❣♦✱

❝♦♠♦ ♥❡♥❤✉♠ é ❝♦♥❣✉❡♥t❡ ❛ ③❡r♦ ♠ó❞✉❧♦ ✶✶ ❡ t♦❞♦s sã♦ ✐♥❝♦♥❣r✉❡♥t❡s ♠ó❞✉❧♦ ✶✶ ❡♥t❡s s✐✱

❡❧❡s ❞❡✈❡♠ s❡r ❝♦♥❣r✉❡♥t❡s ❛ ❞✐❢❡r❡♥t❡s ♥ú♠❡r♦s ❞❡♥tr❡ ✶✱ ✷✱ ✸✱ ✳✳✳✱ ✶✵✳ ❖❜s❡r✈❡ q✉❡ t♦❞♦s

❡st❡s ♥ú♠❡r♦s ❛♣❛r❡❝❡♠✱ s❡♠ r❡♣❡t✐çõ❡s✱ ♥❛ ❝♦❧✉♥❛ ❞❛ ❞✐r❡✐t❛ ♥❛s ❝♦♥❣r✉ê♥❝✐❛s ❛❝✐♠❛✳

❆❣♦r❛ ♣♦❞❡♠♦s ♠✉❧t✐♣❧✐❝❛r✱ ♠❡♠❜r♦ ❛♠❡♠❜r♦ ❡st❛s ❝♦♥❣r✉ê♥❝✐❛s ❡ ♦❜t❡r

(1× 5)(2× 5) · · · (10× 5) ≡ 5× 10× 4× 9× 3× 8× 2× 7× 6(mod11)

❡✱ ♣♦rt❛♥t♦✱ 51010! ≡ 10!(mod11)✳ ▼❛s✱ ❝♦♠♦ mdc(10!, 11) = 1 t❡♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✺✱

q✉❡

510 ≡ 1(mod11)



❈♦♥❣r✉ê♥❝✐❛s ✶✵

♦ q✉❡ ♠♦str❛ ❛ ✈❛❧✐❞❛❞❡ ❞♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r q✉❛♥❞♦ a = 5 ❡ p = 11✳

❚❡♦r❡♠❛ ✶✳✼ ✭❋❡r♠❛t✮✳ ❙❡ p é ✉♠ ♥ú♠❡r♦ ♣r✐♠♦ ❡ a ∈ N✱ ❡♥tã♦ ap ≡ a mod p ❡ s❡✱

❛❧é♠ ❞✐ss♦✱ a ❡ p ❢♦r❡♠ ♣r✐♠♦s ❡♥tr❡ s✐ ❡♥tã♦ ap−1 ≡ 1 (mod p)✳

❉❡♠♦♥str❛çã♦✳ ❙❡ ap ≡ a mod p ⇔ p|a(ap−1 − 1) ⇒ p|a ♦✉ p|(ap−1 − 1)✳ ▼❛s✱ ❝♦♠♦ p ∤ a

t❡♠✲s❡ p|(ap−1 − 1) ⇒ ap−1 ≡ 1 mod p✳

❱❡❥❛♠♦s ❛ s❡❣✉✐r ❛❧❣✉♥s ❡①❡♠♣❧♦s ❡♠ q✉❡ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦ ♠❛✐s ❢❛❝✐❧♠❡♥t❡ ♣❡❧❛

❛♣❧✐❝❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❋❡r♠❛t✳

❊①❡♠♣❧♦ ✶✳✹✳ ❈❛❧❝✉❧❡ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❡ 2100 ♣♦r ✼✳

❙♦❧✉çã♦✳ ❈♦♠♦ ✼ ❡ ✷ sã♦ ♥ú♠❡r♦s ♣r✐♠♦s t❡♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❋❡r♠❛t✱ ❛ ❝♦♥❣r✉ê♥❝✐❛

26 ≡ 1 mod 7✳ ❉❡ss❛ ❢♦r♠❛✱ ✉s❛♥❞♦ ♦ t❡♦r❡♠❛ ❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❡

♣♦t❡♥❝✐❛çã♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛s ♣♦❞❡♠♦s ❝❤❡❣❛r ❢❛❝✐❧♠❡♥t❡ ❛♦ r❡s✉❧t❛❞♦✳ ▲♦❣♦✱ é ❝♦♥✈❡♥✐❡♥t❡

❢❛③❡r ❛ ❞✐✈✐sã♦ ❊✉❝❧✐❞✐❛♥❛ ❞♦ ❡①♣♦❡♥t❡ ✶✵✵ ♣♦r ✻✱ 100 = 16 × 6 + 4✳ ❊❧❡✈❛♥❞♦ ♦s ❞♦✐s

♠❡♠❜r♦s ❞❛ ❝♦♥❣r✉ê♥❝✐❛ 26 ≡ 1 mod 7 ❛♦ ❡①♣♦❡♥t❡ ✶✻ ❡♥❝♦♥tr❛♠♦s (26)16 ≡ 1 mod 7 ❡✱

♠✉❧t✐♣❧✐❝❛♥❞♦✲❛ ♣♦r 24✱ ♦❜t❡♠♦s✿

(26)16 · 24 ≡ 23 · 2 ≡ 8 · 2 ≡ 2 mod 7

q✉❡ ♥♦s ❧❡✈❛ ❛♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ q✉❡ é ✷✳

❊①❡♠♣❧♦ ✶✳✺✳ ❈❛❧❝✉❧❡ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❡ 1351 ♣♦r ✺✳

❙♦❧✉çã♦✳ ❈♦♠♦ ✶✸ ❡ ✺ sã♦ ♥ú♠❡r♦s ♣r✐♠♦s✱ ♣♦rt❛♥t♦ ♣r✐♠♦s ❡♥tr❡ s✐✱ t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛

❞❡ ❋❡r♠❛t ❛ ❝♦♥❣r✉ê♥❝✐❛ 134 ≡ 1 mod 5✳ ❉❡ss❛ ❢♦r♠❛✱ ✉s❛♥❞♦ ♦ t❡♦r❡♠❛ ❡ ❛s ♣r♦♣r✐❡❞❛❞❡s

❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❡ ♣♦t❡♥❝✐❛çã♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛s ♣♦❞❡♠♦s ❝❤❡❣❛r ❢❛❝✐❧♠❡♥t❡ ❛♦ r❡s✉❧t❛❞♦✳

▲♦❣♦✱ ♥♦s é ❝♦♥✈❡♥✐❡♥t❡ ❢❛③❡r ❛ ❞✐✈✐sã♦ ❡✉❝❧✐❞✐❛♥❛ ❞♦ ❡①♣♦❡♥t❡ ✺✶ ♣♦r ✹ ♦ q✉❡ ♥♦s ❢♦r♥❡❝❡

51 = 12 × 4 + 3✳ ❊ ❛ss✐♠✱ ❡❧❡✈❛♥❞♦ ♦s ❞♦✐s ♠❡♠❜r♦s ❞❛ ❝♦♥❣r✉ê♥❝✐❛ 134 ≡ 1 mod 5

❛♦ ❡①♣♦❡♥t❡ ✶✷ ❡♥❝♦♥tr❛♠♦s (134)12 ≡ 1 mod 7 ❡✱ ♠✉❧t✐♣❧✐❝❛♥❞♦✲❛ ♣♦r 133✱ ♦❜t❡♠♦s✿

(134)12 · 133 ≡ 133 ≡ 13 · 13 · 13 ≡ 3 · 3 · 3 ≡ 27 ≡ 2 mod 5 q✉❡ ♥♦s ❧❡✈❛ ❛♦ r❡st♦ ✷✳

❊①❡♠♣❧♦ ✶✳✻✳ ❈❛❧❝✉❧❡ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❡ 875 ♣♦r ✶✶✳

❙♦❧✉çã♦✳ ❈♦♠♦ ✽ ❡ ✶✶ sã♦ ♥ú♠❡r♦s ♣r✐♠♦s ❡♥tr❡ s✐✱ t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❋❡r♠❛t ❛

❝♦♥❣r✉ê♥❝✐❛ 810 ≡ 1 (mod 11)✳ ❉❡ss❛ ❢♦r♠❛✱ ✉s❛♥❞♦ ♦ t❡♦r❡♠❛ ❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡

♠✉❧t✐♣❧✐❝❛çã♦ ❡ ♣♦t❡♥❝✐❛çã♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛s ♣♦❞❡♠♦s ❝❤❡❣❛r ❢❛❝✐❧♠❡♥t❡ ❛♦ r❡s✉❧t❛❞♦✳

❋❛③❡♥❞♦ ❛ ❞✐✈✐sã♦ ❊✉❝❧✐❞✐❛♥❛ ❞♦ ❡①♣♦❡♥t❡ ✼✺ ♣♦r ✶✵ t❡♠♦s 75 = 7 × 10 + 5✳ ❆❣♦r❛✱

❡❧❡✈❛♥❞♦ ♦s ❞♦✐s ♠❡♠❜r♦s ❞❛ ❝♦♥❣r✉ê♥❝✐❛ 810 ≡ 1 (mod 11) ❛♦ ❡①♣♦❡♥t❡ ✼ ❡♥❝♦♥tr❛♠♦s

(810)7 ≡ 1 (mod 11) ❡✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ♥♦✈❛ ❝♦♥❣r✉ê♥❝✐❛ ♣♦r 85✱ ♦❜t❡♠♦s (810)7 · 85 ≡
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85 ≡ 82 · 82 · 8 ≡ 64 · 64 · 8 ≡ (−2) · (−2) · 8 ≡ 32 ≡ −1 ≡ 10 (mod 11) q✉❡ ♥♦s ❧❡✈❛ ❛♦

r❡st♦ ❞❛ ❞✐✈✐sã♦ q✉❡ é ✶✵✳

✶✳✷ ❈r✐tér✐♦s ❞❡ ❉✐✈✐s✐❜✐❧✐❞❛❞❡

❆❧❣✉♠❛s r❡❣r❛s ♥♦s ♣❡r♠✐t❡♠ ❞❡t❡r♠✐♥❛r s❡ ✉♠ ♥ú♠❡r♦ n ∈ N é ❞✐✈✐sí✈❡❧ ♦✉ ♥ã♦ ♣♦r

♦✉tr♦✱ ❡ ❡✈✐❞❡♥t❡♠❡♥t❡✱ ❛ ✉♠ ❝✉st♦ ❜❡♠ ♠❡♥♦r q✉❡ ❡❢❡t✉❛r ❛ ❞✐✈✐sã♦✳ ❉❡ss❛ ❢♦r♠❛✱ ❛s

❝♦♥❣r✉ê♥❝✐❛s ❛ss♦❝✐❛❞❛s ❛ ❡s❝r✐t❛ ❞❡ t♦❞♦ ♥ú♠❡r♦ n = ar ... a2a1a0 ❡♠ s✉❛ ❢♦r♠❛ ❞❡❝✐♠❛❧

n = ar10
r + ... + a210

2 + a110
1 + a0 é ✉♠❛ ❢❡rr❛♠❡♥t❛ ♠✉✐t♦ út✐❧ ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦s

❝r✐tér✐♦s ❞❡ ❞✐✈✐s✐❜✐❧✐❞❛❞❡✳ ❉❡s❝r❡✈❡r❡♠♦s ❛ s❡❣✉✐r ❛❧❣✉♠❛s ❞❡ss❛s r❡❣r❛s✳

✶✳✷✳✶ ❉✐✈✐s✐❜✐❧✐❞❛❞❡ ♣♦r ✷ ❡ ♣♦r ✺

❆ ♣❛rt✐r ❞❛ ❡s❝r✐t❛ ❞❡❝✐♠❛❧ ❞❡ n✱ ♣♦❞❡♠♦s ❝♦❧♦❝❛r ✶✵ ❡♠ ❡✈✐❞ê♥❝✐❛ ❛ ♣❛rt✐r ❞♦ ❛❧❣❛r✐s♠♦

❞❛s ❞❡③❡♥❛s ❡ ❡s❝r❡✈❡r✿ n = (ar10
r−1 + ... + a210

1 + a1)10 + a0✱ ♦♥❞❡ a0 é ♦ ❛❧❣❛r✐s♠♦

❞❛s ✉♥✐❞❛❞❡s✳ ❖❜s❡r✈❛♥❞♦✱ q✉❡ ♥♦ s❡❣✉♥❞♦ ♠❡♠❜r♦ ♦ ♣r✐♠❡✐r♦ ✈❛❧♦r é ❞✐✈✐sí✈❡❧ ♣♦r ✷✱ ✺

❡ ✶✵✳ P♦rt❛♥t♦✱ ♣❛r❛ ✉♠ n q✉❛❧q✉❡r s✉❛ ❞✐✈✐sã♦ ♣♦r ✺ ♦✉ ♣♦r ✷ só ✈❛✐ ❞❡♣❡♥❞❡r ❞♦ s❡✉

❛❧❣❛r✐s♠♦ ❞❛s ✉♥✐❞❛❞❡s ❡✱ ❞❡ss❛ ❢♦r♠❛✱ t❡♠♦s ❞♦✐s ❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✿

• ❙❡ a0 ❢♦r ✵ ♦✉ ✺✱ n é ❞✐✈✐sí✈❡❧ ♣♦r ✺✱ ❧♦❣♦✿ t♦❞♦ ♥ú♠❡r♦ q✉❡ t❡r♠✐♥❛ ❡♠ ✵ ♦✉ ✺ é

❞✐✈✐sí✈❡❧ ♣♦r ✺✳

• ❙❡ a0 ❢♦r ✵✱ ✷✱ ✹✱ ✻ ♦✉ ✽✱ n é ❞✐✈✐sí✈❡❧ ♣♦r ✷✱ ❧♦❣♦✿ t♦❞♦ ♥ú♠❡r♦ q✉❡ t❡r♠✐♥❛ ❡♠ ✵✱ ✷✱

✹✱ ✻ ♦✉ ✽ é ❞✐✈✐sí✈❡❧ ♣♦r ✷✳

✶✳✷✳✷ ❉✐✈✐s✐❜✐❧✐❞❛❞❡ ♣♦r ✸ ❡ ♣♦r ✾

■♥✐❝✐❛❧♠❡♥t❡ t❡♠♦s ❛s s❡❣✉✐♥t❡s ❝♦♥❣r✉ê♥❝✐❛s✿

10 ≡ 1 mod 3 ❡ 10 ≡ 1 mod 9

102 ≡ 1 mod 3 ❡ 102 ≡ 1 mod 9

103 ≡ 1 mod 3 ❡ 103 ≡ 1 mod 9
✳✳✳

✳✳✳

10r ≡ 1 mod 3 ❡ 10r ≡ 1 mod 9

♦ q✉❡ ♥♦s ❞✐③ q✉❡ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞❡ r✱ 10r − 1 é ❞✐✈✐sí✈❡❧ ♣♦r ✸ ❡ ✾✳ ❉❡ ❢❛t♦✱

10− 1 = 9 = 1× 9,
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102 − 1 = 100− 1 = 99 = 11× 9,

103 − 1 = 1000− 1 = 999 = 111× 9,

✳✳✳
✳✳✳

10n − 1 = 11 · · · 1
︸ ︷︷ ︸

nvezes

×9.

❆❣♦r❛✱ s✉❜tr❛✐♥❞♦ ❞❡ n = ar10
r + ... + a210

2 + a110
1

+ a0 ❛ s♦♠❛ ❞♦s ❛❧❣❛r✐s♠♦s

ar, . . . , a2, a1, a0✱ t❡♠♦s✿

n− (ar + . . .+ a2 + a1 + a0) = ar10
r − ar + . . .+ a110

1 − a1 + a0 − a0

= (10r − 1)ar + . . .+ (101 − 1)a1

◆♦t❡ q✉❡ ❛ ú❧t✐♠❛ ❡①♣r❡ssã♦ é s❡♠♣r❡ ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✾ ✭ ❡ ♣♦rt❛♥t♦✱ ❞❡ ✸✮✳ ❆ss✐♠✱ t❡♠♦s

q✉❡ n é ♠✉❧t✐♣❧♦ ❞❡ ✾✱ ♦✉ ❞❡ ✸ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ♥ú♠❡r♦ ar + · · ·+ a1 + a0 é ♠✉❧t✐♣❧♦ ❞❡

✾ ♦✉ ❞❡ ✸✳

P♦rt❛♥t♦✱ ♣r♦✈❛♠♦s q✉❡✿ ✉♠ ♥ú♠❡r♦ n é ❞✐✈✐sí✈❡❧ ♣♦r ✸✱ ♦✉ ♣♦r ✾✱ q✉❛♥❞♦ ❛ s♦♠❛ ❞❡

s❡✉s ❛❧❣❛r✐s♠♦s r❡s✉❧t❛ ❡♠ ✉♠ ♥ú♠❡r♦ ❞✐✈✐sí✈❡❧ ♣♦r ✸✱ ♦✉ ♣♦r ✾✳

✶✳✷✳✸ ❉✐✈✐s✐❜✐❧✐❞❛❞❡ ♣♦r ✻

❖❜s❡r✈❛♥❞♦ ❛s ❝♦♥❣r✉ê♥❝✐❛s✿

10 ≡ 4 (mod 6)

102 ≡ 16 ≡ 4 (mod 6)

103 ≡ 64 ≡ 4 (mod 6)
✳✳✳

✳✳✳

10r ≡ 4 (mod 6)

P❡r❝❡❜❡♠♦s q✉❡ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞❡ r ❛s ♣♦t❡♥❝✐❛s ❞❡ ❜❛s❡ ✶✵ ❞❡✐①❛♠ r❡st♦ ✹ ♥❛ ❞✐✈✐sã♦

♣♦r ✻✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✿

n = (ar10
r + ... + a210

2 + a110
1 + a0) ≡ (4ar + . . .+ 4a2 + 4a1 + a0)

n ≡ (4ar + . . .+ 4a2 + 4a1 + a0) (mod 6)

n ≡ (4(ar + . . .+ a2 + a1) + a0) (mod 6)
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❉❡ss❛ ❢♦r♠❛✱ ✜❝❛ ♣r♦✈❛❞♦ q✉❡✿ ✉♠ ♥ú♠❡r♦ é ❞✐✈✐sí✈❡❧ ♣♦r ✻ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ❛❧❣❛r✐s♠♦

❞❛s ✉♥✐❞❛❞❡s ♠❛✐s ♦ ♣r♦❞✉t♦ ❞❛ s♦♠❛ ❞♦s ♦✉tr♦s ❛❧❣❛r✐s♠♦s ♣♦r q✉❛tr♦ ❢♦r ❞✐✈✐sí✈❡❧ ♣♦r

✻✳

✶✳✷✳✹ ❉✐✈✐s✐❜✐❧✐❞❛❞❡ ♣♦r ✼

❈♦♥s✐❞❡r❡♠♦s n ♥❛ s✉❛ ❢♦r♠❛ ❞❡❝✐♠❛❧ n = (ar10
r−1 + ... + a210

1 + a1)10 + a0 ❡

b = (ar10
r−1 + ... + a210

1 + a1)✳ ❊♥tã♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r n = 10b+ a0✳

❉❛ ❝♦♥❣r✉ê♥❝✐❛ 10 ≡ 3 (mod 7) r❡s✉❧t❛ q✉❡

n ≡ 10b+ a0 ≡ 3b+ a0 (mod 7).

P♦❞❡♠♦s ♠✉❧t✐♣❧✐❝❛r ❛ ❝♦♥❣r✉ê♥❝✐❛ ❛❝✐♠❛ ♣♦r −2 ≡ −2 (mod 7) ♦ q✉❡ r❡s✉❧t❛

−2n ≡ −6b− 2a0 (mod 7).

❈♦♠♦ 6 ≡ −1 (mod 7)✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

−2n ≡ b− 2a0 (mod 7).

❉❡ss❡ ♠♦❞♦✱ s❡ n é ❞✐✈✐sí✈❡❧ ♣♦r ✼ t❡♠♦s 0 ≡ b− 2a0 (mod 7)✳

❉❛í✱ ❝♦♥❝❧✉í♠♦s q✉❡✿ ✧✉♠ ♥ú♠❡r♦ é ❞✐✈✐sí✈❡❧ ♣♦r ✼ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ❞♦❜r♦ ❞♦

❛❧❣❛r✐s♠♦ ❞❛s ✉♥✐❞❛❞❡s s✉❜tr❛í❞♦ ❞❛ s♦♠❛ ❞♦s ❞❡♠❛✐s ❛❧❣❛r✐s♠♦s r❡s✉❧t❛r ❡♠ ✉♠ ♥ú♠❡r♦

❞✐✈✐sí✈❡❧ ♣♦r ✼✧✳

✶✳✷✳✺ ❉✐✈✐s✐❜✐❧✐❞❛❞❡ ♣♦r ✶✶

❖❜s❡r✈❛♥❞♦ ❛s ❝♦♥❣r✉ê♥❝✐❛s ❛❜❛✐①♦ ♣❡r❝❡❜❡♠♦s q✉❡ ♦ r❡st♦ ❞❡ ✉♠❛ ♣♦tê♥❝✐❛ ❞❡ ❜❛s❡

✶✵ ♣♦r ✶✶ ❞❡♣❡♥❞❡ ❞❛ ♣❛r✐❞❛❞❡ ❞♦ ❡①♣♦❡♥t❡ ♣❛r❛ s❡r ✶ ♦✉ ✲✶✳

10 ≡ −1 (mod 11)

102 ≡ +1 (mod 11)

103 ≡ −1 (mod 11)
✳✳✳

✳✳✳

10r ≡ +1 (mod 11)

▲♦❣♦✱ s❡ n é ❞✐✈✐sí✈❡❧ ♣♦r ✶✶✱ ♣❡❧❛s ❝♦♥❣r✉ê♥❝✐❛s ❛❝✐♠❛ ♣♦❞❡♠♦s ❡s❝r❡✈❡r n ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛

n = (ar10
r + ... + a210

2 + a110
1 + a0) ≡ (ar − ar−1 + . . .− a3 + a2 − a1 + a0) (mod 11)
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❆ss✐♠✱

n ≡ (ar − ar−1 + . . .− a3 + a2 − a1 + a0) (mod 11)

♦ q✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛✐♥❞❛ ❝♦♠♦

n ≡ (. . .+ a4 + a2 + a0)− (. . . a5 + a3 + a1) (mod 11).

P♦rt❛♥t♦✱ ✧✉♠ ♥ú♠❡r♦ n é ❞✐✈✐sí✈❡❧ ♣♦r ✶✶ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ♥ú♠❡r♦ a0−a1+a2−· · ·

é ❞✐✈✐sí✈❡❧ ♣♦r ✶✶✳✧

❖✉tr♦s ❝r✐tér✐♦s ❞❡ ❞✐✈✐s✐❜✐❧✐❞❛❞❡ ♣♦❞❡♠ s❡r ❞❡❞✉③✐❞♦s ❛ ♣❛rt✐r ❞❡ ❝♦♥❣r✉ê♥❝✐❛s✳

✶✳✸ ❈♦♥❣r✉ê♥❝✐❛ ▼♦❞✉❧❛r ❡ ❢❡♥ô♠❡♥♦s ♣❡r✐ó❞✐❝♦s

❆ ❈♦♥❣r✉ê♥❝✐❛ ▼♦❞✉❧❛r é ✉♠❛ ❢❡rr❛♠❡♥t❛ ♣♦❞❡r♦s❛ ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s

❡♥✈♦❧✈❡♥❞♦ ❢❡♥ô♠❡♥♦s ♣❡r✐ó❞✐❝♦s✳ ❖s ❡①❡♠♣❧♦s ❛ s❡❣✉✐r ♠♦str❛♠ ❝♦♠♦ ♦ ✉s♦ ❝♦♥❣r✉ê♥❝✐❛

❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ♣♦❞❡♠ s✐♠♣❧✐✜❝❛r ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦ t❡♠♣♦✳

❊①❡♠♣❧♦ ✶✳✼ ✭❊♥❝♦♥tr♦s ❞❡ ❆r✐t♠ét✐❝❛✮✳ ❆♥❛ ❞❡❝✐❞✐✉ ♥❛❞❛r ❞❡ três ❡♠ três ❞✐❛s✳ ❖

♣r✐♠❡✐r♦ ❞✐❛ q✉❡ ❡❧❛ ♥❛❞♦✉ ❢♦✐ sá❜❛❞♦✱ ♦ s❡❣✉♥❞♦ ❞✐❛ ❢♦✐ t❡rç❛✲❢❡✐r❛✱ ♦ t❡r❝❡✐r♦ ❞✐❛ ❢♦✐

✉♠❛ s❡①t❛✲❢❡✐r❛✱ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳ ❊♠ q✉❛❧ ❞✐❛ ❞❛ s❡♠❛♥❛ ❆♥❛ ❡st❛rá ♥❛❞❛♥❞♦ ♣❡❧❛

❝❡♥tés✐♠❛ ✈❡③❄

❙♦❧✉çã♦✳ ◆❛ t❛❜❡❧❛ ❛ s❡❣✉✐r✱ ❧✐st❛♠♦s ♦s ❞✐❛s ❞❛ s❡♠❛♥❛ q✉❡ ❆♥❛ ❡stá ♥❛❞❛♥❞♦ ♣❡❧❛s

♣r✐♠❡✐r❛s ✷✶ ✈❡③❡s✳

❞♦♠ s❡❣ t❡r q✉❛ q✉✐ s❡① s❛❜

✻ ✹ ✷ ✼ ✺ ✸ ✶

✶✸ ✶✶ ✾ ✶✹ ✶✷ ✶✵ ✽

✷✵ ✶✽ ✶✻ ✷✶ ✶✾ ✶✼ ✶✺

❆♥❛❧✐s❛♥❞♦ ❛ t❛❜❡❧❛ ✈❡♠♦s q✉❡ ♦s ♠ú❧t✐♣❧♦s ❞❡ ✼ s❡♠♣r❡ ❡stã♦ ♥❛ q✉❛rt❛✲❢❡✐r❛✱ q✉❡ ♦s

♥ú♠❡r♦s q✉❡ ❞❡✐①❛♠ r❡st♦ ✶ q✉❛♥❞♦ ❞✐✈✐❞✐❞♦s ♣♦r ✼ ❡stã♦ ♥♦ sá❜❛❞♦ ❡ q✉❡ ♦s ♥ú♠❡r♦s

q✉❡ ❞❡✐①❛♠ r❡st♦ ✷ q✉❛♥❞♦ ❞✐✈✐❞✐❞♦s ♣♦r ✼ ❡stã♦ ♥❛ t❡rç❛✲❢❡✐r❛✳ ❉✐✈✐❞✐♥❞♦ ✶✵✵ ♣♦r ✼

♦❜t❡♠♦s q✉♦❝✐❡♥t❡ ✶✹ ❡ r❡st♦ ✷ ✭100 = 14× 7+ 2✮✳ ❉❛í ❝♦♥❝❧✉í♠♦s q✉❡ ♥❛ ❝❡♥tés✐♠❛ ✈❡③✱

❆♥❛ ❡st❛rá ♥❛❞❛♥❞♦ ❡♠ ✉♠❛ t❡rç❛✲❢❡✐r❛✳

❙♦❧✉çã♦ ✉t✐❧✐③❛♥❞♦ ❝♦♥❣r✉ê♥❝✐❛

P♦❞❡♠♦s r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠❛♥❡✐r❛ ♠❛✐s ❢á❝✐❧✳ ❇❛st❛ ✉t✐❧✐③❛r ❝♦♥❣r✉ê♥❝✐❛ mod 7✱



❈♦♥❣r✉ê♥❝✐❛s ✶✺

♣♦✐s ❛ s❡♠❛♥❛ t❡♠ ✼ ❞✐❛s✳ ❆ss✐♠✱

100 ≡ a(mod 7)

❢❛③❡♥❞♦ ❛ ❞✐✈✐sã♦ ❞❡ ✶✵✵ ♣♦r ✼ ❡♥❝♦♥tr❛♠♦s a = 2✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ❆♥❛ ♥❛❞❛rá ♣❡❧❛

❝❡♥tés✐♠❛ ✈❡③ ♥♦ ♠❡s♠♦ ❞✐❛ ❞❛ s❡♠❛♥❛ ❡♠ q✉❡ ♥❛❞♦✉ ♣❡❧❛ s❡❣✉♥❞❛ ✈❡③✱ ♦✉ s❡❥❛✱ t❡rç❛✲

❢❡✐r❛✳

❯♠ ❢❛t♦ s✉r♣r❡❡♥❞❡♥t❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣❛r❛ ❛s ♣❡ss♦❛s ♠❛✐s ❧❡✐❣❛s ❡♠ ♠❛t❡♠át✐❝❛✱ é

❝♦♥st❛t❛r ❛ ❢❛❝✐❧✐❞❛❞❡ ✧❡①tr❛♦r❞✐♥ár✐❛✧❞❡ ❛❧❣✉♥s ✐♥❞✐✈í❞✉♦s ❡♠ ❝❛❧❝✉❧❛r ♦ ❞✐❛ ❞❛ s❡♠❛♥❛

❡♠ q✉❡ ♦❝♦rr❡✉ ❛❧❣✉♠ ❡✈❡♥t♦ ♣❛ss❛❞♦✱ ❝♦♠♦ ❞❛t❛ ❞❡ ♥❛s❝✐♠❡♥t♦ ❡ ❢❛t♦s ❤✐stór✐❝♦s✳ ❆❧❣✉♥s

✐♥❞✐✈í❞✉♦s✱ ❛té ♠❡s♠♦✱ ❞❡✐①❛♠ tr❛♥s♣❛r❡❝❡r ❛ ♦✉tr♦s q✉❡ s❡ tr❛t❛ ❞❡ ✉♠ ❞♦♠ ❡s♣❡❝✐❛❧✱

❝♦♠♦ s❡ ❢♦ss❡♠ ✏❛❞✐✈✐♥❤❛s✑ ♦✉✱ ♥♦ ♠í♥✐♠♦✱ ❞❡t❡♥t♦r❡s ❞❡ ✉♠❛ ♠❡♠ór✐❛ ❢♦r♠✐❞á✈❡❧✳ ▼❛s✱

♥❛ ✈❡r❞❛❞❡✱ ♦ q✉❡ ♣r♦✈❛✈❡❧♠❡♥t❡ ♦❝♦rr❡✱ é ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ❛❧❣✉♠ ❛❧❣♦rít♠♦ ♣♦r ♣❛rt❡ ❞♦

✐♥❞✐✈✐❞✉♦✱ ❛tr❛✈és ❞♦ q✉❛❧✱ s❡♠ ❣r❛♥❞❡s ❞✐✜❝✉❧❞❛❞❡s✱ ❡❧❡ ❝♦♥s❡❣✉❡ ❝❛❧❝✉❧❛r ♦ ❞✐❛ ❞❛ s❡♠❛♥❛

❡♠ q✉❡ ♦❝♦rr❡✉ q✉❛❧q✉❡r ❞❛t❛ ♣❛ss❛❞❛✱ ❜❛st❛♥❞♦ ♣❛r❛ ✐ss♦✱ t❡r ❛❧❣✉♥s ❝♦♥❤❡❝✐♠❡♥t♦s✱

❝♦♠♦✿

• ❈♦♥❤❡❝❡r ♦ ❞✐❛ ❞❛ s❡♠❛♥❛ ❡♠ q✉❡ ♦❝♦rr❡✉ ❛❧❣✉♠❛ ❞❛t❛ ❛♥t❡r✐♦r✳ ❉❡ ♣r❡❢❡rê♥❝✐❛✱

s❛❜❡r q✉❡ ❞✐❛ ❞❛ s❡♠❛♥❛ ❢♦✐ 1o ❞❡ ❥❛♥❡✐r♦ ❞❡ ❛❧❣✉♠ ❛♥♦ ❛♥t❡r✐♦r✱ ❛ ❡ss❛ ❞❛t❛

❝❤❛♠❛r❡♠♦s ❞❡ ❞❛t❛ ✜①❛✳

• ❙❛❜❡r q✉❡ ✉♠ ❡✈❡♥t♦✱ ❛ ❝❛❞❛ ❛♥♦ ❝♦♠✉♠✭✸✻✺ ❞✐❛s✮✱ ❛❝♦♥t❡❝❡ ❡♠ ✉♠ ❞✐❛ ❞❛ s❡♠❛♥❛

❛ ❢r❡♥t❡ ❡ q✉❡✱ ❡♠ ❛♥♦s ❜✐ss❡①t♦s ✭✸✻✻ ❞✐❛s✮✱ ♦❝♦rr❡♠ ❞♦✐s ❞✐❛s ❛ ❢r❡♥t❡✳

❖ ❢❛t♦ s❡ ❡✈✐❞❡♥❝✐❛ q✉❛♥❞♦ ❞✐✈✐❞✐♠♦s ♦ ♥ú♠❡r♦ ❞❡ ❞✐❛s ❞❡ ✉♠ ❛♥♦ ❡♠ s❡♠❛♥❛s✳ ❈♦♠♦

s❛❜❡♠♦s✱ ✉♠❛ s❡♠❛♥❛ ❝♦♠♣❧❡t❛ ✐♥✐❝✐❛ ❡♠ ✉♠ ❞❛❞♦ ❞✐❛ ❡ t❡r♠✐♥❛ ❡♠ ✉♠ ❞✐❛ ❛♥t❡r✐♦r✱ ♣♦r

❡①❡♠♣❧♦✱ s❡ ✉♠❛ s❡♠❛♥❛ ❝♦♠❡ç❛r ♥♦ ❞♦♠✐♥❣♦ ❡❧❛ t❡r♠✐♥❛ ♥♦ sá❜❛❞♦❀ s❡ ❝♦♠❡ç❛r ♥❛ t❡rç❛

❢❡✐r❛ t❡r♠✐♥❛ ♥❛ s❡❣✉♥❞❛ ❢❡✐r❛✱ ❡ ❛ss✐♠ s❡❣✉❡✳ ▲♦❣♦✱ s❡ ✉♠ ❛♥♦ ❝♦♠✉♠✱ ♣♦r ❡①❡♠♣❧♦✱ s❡

✐♥✐❝✐❛ ❡♠ ✉♠❛ s❡❣✉♥❞❛ ❢❡✐r❛✱ ❢❛③❡♥❞♦ ❛ ❞✐✈✐sã♦ ❡✉❝❧✐❞✐❛♥❛ ❞♦s ✸✻✺ ❞✐❛s ❞♦ ❛♥♦ ♣❡❧♦s ✼

❞✐❛s ❞❡ ✉♠❛ s❡♠❛♥❛ ♦❜t❡♠♦s 365 = 52× 7 + 1 ❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡✱ ♦ ❛♥♦ ❝♦♠✉♠ t❡♠

✺✷ s❡♠❛♥❛s ❝♦♠♣❧❡t❛s✱ ♦✉ s❡❥❛✱ s❡♠❛♥❛s q✉❡ ❝♦♠❡ç❛♠✱ ♣♦r ❡①❡♠♣❧♦✱ ♥❛ s❡❣✉♥❞❛ ❢❡✐r❛ ❡

t❡r♠✐♥❛♠ ♥♦ ❞♦♠✐♥❣♦✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦ ❛ ❞✐✈✐sã♦ ♥ã♦ é ❡①❛t❛✱ ♦ r❡st♦ ✶✱ ✐♥❞✐❝❛ q✉❡

❛❧é♠ ❞❛s ✺✷ s❡♠❛♥❛s ❛✐♥❞❛ ❤á ✉♠ ❞✐❛ ❛ ♠❛✐s ❛ s❡r ❝✉♠♣r✐❞♦ ❡✱ ♥♦ ❝❛s♦✱ ❞♦ ♥♦ss♦ ❛♥♦

❤✐♣♦tét✐❝♦ ♦❝♦rr❡ ♥❛ s❡❣✉♥❞❛✳ P♦rt❛♥t♦✱ t♦❞♦ ❛♥♦ ❝♦♠✉♠ ❝♦♠❡ç❛ ❡ t❡r♠✐♥❛ ♥♦ ♠❡s♠♦

❞✐❛ ❞❛ s❡♠❛♥❛✱ ❞❡ss❛ ❢♦r♠❛✱ ♦ ♣ró①✐♠♦ ❛♥♦ ✈❛✐ ✐♥✐❝✐❛r ✉♠ ❞✐❛ ❛ ❢r❡♥t❡✱ ♦✉ s❡❥❛✱ ❝♦♠❡ç❛rá

♥❛ t❡rç❛ ❡ t❡r♠✐♥❛rá ♥❛ t❡rç❛✱ s❡ ❢♦r ❝♦♠✉♠✳ P❡❧♦ ♠❡s♠♦ ♠♦t✐✈♦✱ ♦s ❛♥♦s ❜✐ss❡①t♦s✱ q✉❡

❞❡✐①❛♠ r❡st♦ ✷ ♥❛ ❞✐✈✐sã♦ ❞♦s ✸✻✻ ❞✐❛s ♣♦r ✼✱ ✐♥✐❝✐❛♠ ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ❞✐❛ ❞❛ s❡♠❛♥❛



❈♦♥❣r✉ê♥❝✐❛s ✶✻

❡ t❡r♠✐♥❛♠ ✉♠ ❞✐❛ ❛♣ós✱ ♦✉ s❡❥❛✱ ❞♦✐s ❞✐❛s ❛♣ós ♦ ú❧t✐♠♦ ❞✐❛ ❞❛ s❡♠❛♥❛✱ ♣♦r ❡①❡♠♣❧♦✱ s❡

✉♠ ❛♥♦ ❜✐ss❡①t♦ ✐♥✐❝✐❛r ♥❛ q✉❛rt❛ ❢❡✐r❛ ❛ s❡♠❛♥❛ t❡r♠✐♥❛ ♥❛ t❡rç❛✱ ❧♦❣♦ ♦ ú❧t✐♠♦ ❞✐❛ ❞♦

❛♥♦ s❡rá ❞♦✐s ❞✐❛s ❛♣ós t❡rç❛✱ ♣♦rt❛♥t♦ ♥❛ q✉✐♥t❛✳

• ❙❛❜❡r♠♦s q✉❡ ✉♠ ♠ês ✐♥✐❝✐❛ ❡♠ ✉♠ ❞❛❞♦ ❞✐❛ ❞❛ s❡♠❛♥❛ ❡ t❡r♠✐♥❛ t❛♥t♦s ❞✐❛s ❞❡♣♦✐s

❞♦ ú❧t✐♠♦ ❞✐❛ ❞❛ s❡♠❛♥❛ q✉❛♥t♦ ❢♦r ♦ ✈❛❧♦r ❞♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❞✐❛s

❞❡ss❡ ♠ês ♣♦r ✼✳ P♦r ❡①❡♠♣❧♦✱ ♦s ♠❡s❡s ❞♦ ❛♥♦ ♥♦ ♥♦ss♦ ❝❛❧❡♥❞ár✐♦ ●r❡❣♦r✐❛♥♦ tê♠

✸✶✱ ✸✵✱ ✷✾✭❡♠ ❛♥♦s ❜✐ss❡①t♦s✮ ❡ ✷✽ ❞✐❛s✳ ❋❛③❡♥❞♦ ❛ ❞✐✈✐sã♦ ❞♦s ✸✶✱ ✸✵✱ ✷✾ ❡ ✷✽ ❞✐❛s

♣♦r ✼ ♦❜t❡♠♦s r❡s♣❡❝t✐✈❛♠❡♥t❡✿ 31 = 4 × 7 + 3✱ 30 = 4 × 7 + 2✱ 29 = 4 × 7 + 1 ❡

28 = 4× 7 + 0 ✳

❉❡ss❛ ❢♦r♠❛✱ ✈❡r✐✜❝❛♠♦s q✉❡✿

✶✳ ❙❡ ✉♠ ♠ês ❞❡ ✸✶ ❞✐❛s ✐♥✐❝✐❛ ♥♦ ❞♦♠✐♥❣♦✱ ❡st❡ ♠ês t❡rá ✹ s❡♠❛♥❛s ❝♦♠♣❧❡t❛s q✉❡

s❡ ✐♥✐❝✐❛rã♦ ♥♦ ❞♦♠✐♥❣♦ ❡ t❡r♠✐♥❛rã♦ ♥♦ sá❜❛❞♦ ♠❛✐s ✸ ❞✐❛s ♣♦rt❛♥t♦✱ ❡ss❡ ♠ês

t❡r♠✐♥❛rá ♥❛ t❡rç❛ ❢❡✐r❛✳

✷✳ ❙❡ ✉♠ ♠ês ❞❡ ✸✵ ❞✐❛s ✐♥✐❝✐❛ ♥♦ ❞♦♠✐♥❣♦✱ ❡st❡ ♠ês t❡rá ✹ s❡♠❛♥❛s ❝♦♠♣❧❡t❛s q✉❡

s❡ ✐♥✐❝✐❛rã♦ ♥♦ ❞♦♠✐♥❣♦ ❡ t❡r♠✐♥❛rã♦ ♥♦ sá❜❛❞♦ ♠❛✐s ✷ ❞✐❛s ♣♦rt❛♥t♦✱ ❡ss❡ ♠ês

t❡r♠✐♥❛rá ♥❛ s❡❣✉♥❞❛✲❢❡✐r❛✳

✸✳ ❙❡ ✉♠ ♠ês ❞❡ ✷✾ ❞✐❛s ✐♥✐❝✐❛ ♥♦ ❞♦♠✐♥❣♦✱ ❡st❡ ♠ês t❡rá ✹ s❡♠❛♥❛s ❝♦♠♣❧❡t❛s q✉❡

s❡ ✐♥✐❝✐❛rã♦ ♥♦ ❞♦♠✐♥❣♦ ❡ t❡r♠✐♥❛rã♦ ♥♦ sá❜❛❞♦ ♠❛✐s ✶ ❞✐❛ ♣♦rt❛♥t♦✱ ❡ss❡ ♠ês

t❡r♠✐♥❛rá ♥♦ ❞♦♠✐♥❣♦✳

✹✳ ❙❡ ✉♠ ♠ês ❞❡ ✷✽ ❞✐❛s ✐♥✐❝✐❛ ♥♦ ❞♦♠✐♥❣♦✱ ❡st❡ ♠ês t❡rá ❛♣❡♥❛s ✹ s❡♠❛♥❛s ❝♦♠♣❧❡t❛s

q✉❡ s❡ ✐♥✐❝✐❛rã♦ ♥♦ ❞♦♠✐♥❣♦ ❡ t❡r♠✐♥❛rã♦ ♥♦ sá❜❛❞♦✳ ❊ss❛ ♦❜s❡r✈❛çã♦ é ✐♠♣♦rt❛♥t❡

♣♦rq✉❡ ♥♦s ♠♦str❛ q✉❡ ♦ 1o ❞✐❛ ❞❛ s❡♠❛♥❛ ❞❡ ❝❛❞❛ ♠ês✱ ❛ ♣❛rt✐r ❞♦ 2o ♠ês ❞♦ ❛♥♦✱ é

✏❡♠♣✉rr❛❞♦ ♣❛r❛ ❢r❡♥t❡✑ ❡♠ r❡❧❛çã♦ ❛♦ ❞✐❛ ❞❛ s❡♠❛♥❛ ❡♠ q✉❡ ♦❝♦rr❡✉ ♦ ♣r✐♠❡✐r♦ ❞✐❛

❞♦ ❛♥♦✱ 1o ❞❡ ❏❛♥❡✐r♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ s♦♠❛ ❞♦s r❡st♦s ❞❛ ❞✐✈✐sã♦ ♣♦r ✼ ❞♦ ♥ú♠❡r♦

❞❡ ❞✐❛s ❞❡ ❝❛❞❛ ♠ês ❛♥t❡r✐♦r✳ P♦r ❡①❡♠♣❧♦✱ ❡♠ ✉♠ ❛♥♦ ❝♦♠✉♠ ❤✐♣♦tét✐❝♦✱ ♦♥❞❡

1o ❞❡ ❥❛♥❡✐r♦ é ✉♠ ❞♦♠✐♥❣♦✱ ❝♦♠♦ ❏❛♥❡✐r♦ t❡♠ ✸✶ ❞✐❛s ❡ ❞❡✐①❛ r❡st♦ ✸ ♥❛ ❞✐✈✐sã♦

♣♦r ✼✱ ❡st❡ ♠ês✱ ✏❡♠♣✉rr❛rá✑ ♦ ✐♥✐❝✐♦ ❞❡ ❢❡✈❡r❡✐r♦ ♣❛r❛ três ❞✐❛s ❛♣ós ♦ ❞♦♠✐♥❣♦✭1o

❞❡ ❥❛♥❡✐r♦✮✱ ♦✉ s❡❥❛✱ ❢❡✈❡r❡✐r♦ ✐♥✐❝✐❛rá ♥❛ q✉❛rt❛✲❢❡✐r❛✳ ❆ss✐♠✱ ❢❡✈❡r❡✐r♦✭✷✽ ❞✐❛s✮✱

❡♠ ❛♥♦s ❝♦♠✉♥s✱ ❞❡✐①❛ r❡st♦ ✵ ♥❛ s✉❛ ❞✐✈✐sã♦ ♣♦r ✼✱ ✐ss♦ s✐❣♥✐✜❝❛ q✉❡ ♥♦ ♥♦ss♦

❛♥♦ ❤✐♣♦tét✐❝♦✱ ❡st❡ ❝♦♠❡ç❛ ♥❛ q✉❛rt❛ ❡ t❡r♠✐♥❛ ♥❛ t❡rç❛✱ ♥ã♦ ✧❡♠♣✉rr❛♥❞♦ ♣❛r❛

❢r❡♥t❡✧♦ ♣ró①✐♠♦ ♠ês✱ ♠❛rç♦✱ ❡♠ ♥❡♥❤✉♠ ❞✐❛✱ q✉❡ s❡ ✐♥✐❝✐❛r❛ t❛♠❜é♠ ♥❛ q✉❛rt❛✲

❢❡✐r❛✱ ♣♦✐s ❛ s♦♠❛ ❞♦s r❡st♦s ❞❛ ❞✐✈✐sã♦ ❞♦s ♠❡s❡s ❛♥t❡r✐♦r❡s ♣♦r ✼✱ ❞❡ ❥❛♥❡✐r♦ ❡

❢❡✈❡r❡✐r♦✱ ♣❡r♠❛♥❡❝❡ 3(3 + 0 = 3)✳ ❙❡ ❢❡✈❡r❡✐r♦ ❢♦ss❡ ❛♥♦ ❜✐ss❡①t♦✱ ❝♦♠♦ ♦s ✷✾ ❞✐❛s

❞❡✐①❛♠ r❡st♦ ✶ ♥❛ ❞✐✈✐sã♦ ♣♦r ✼✱ ♠❛rç♦ ✐r✐❛ s❡ ❞❡s❧♦❝❛r ♠❛✐s ✶ ❞✐❛ ❛ ❢r❡♥t❡✱ ❛❧é♠ ❞♦s
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✸ ❞✐❛s ❞❡✐①❛❞♦s ♣♦r ❥❛♥❡✐r♦✱ ♦✉ s❡❥❛✱ ♦ ♠ês ❞❡ ♠❛rç♦ ❛✈❛♥ç❛r✐❛ (3+1 = 4) ✹ ❞✐❛s ❛♣ós

♦ 1o ❞✐❛ ❞♦ ❛♥♦✭❞♦♠✐♥❣♦✮✱ ♣♦rt❛♥t♦ s❡ ❝♦♠❡ç❛r✐❛ ♥❛ q✉✐♥t❛✳ ▼❛s✱ ❝♦♥t✐♥✉❛♥❞♦ ❝♦♠

✉♠ ❛♥♦ ❤✐♣♦tét✐❝♦ ❝♦♠✉♠✱ ♠❛rç♦✭✸✶ ❞✐❛s✮ ❞❡✐①❛ r❡st♦ ✸ ♥❛ ❞✐✈✐sã♦ ♣♦r ✼✱ s✐❣♥✐✜❝❛

q✉❡ s♦♠❛♥❞♦ ♦s r❡st♦s ❞❛s ❞✐✈✐sõ❡s ♣♦r ✼ ❞♦s ♠❡s❡s ❞❡ ❥❛♥❡✐r♦✱ ❢❡✈❡r❡✐r♦ ❡ ♠❛rç♦✱

t❡♠♦s q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❞✐❛s ❞❛ s❡♠❛♥❛ q✉❡ ❛❜r✐❧ ✐rá s❡ ❞❡s❧♦❝❛r é 6(3 + 0 + 3 = 6)✱

♦✉ s❡❥❛✱ ♦ 1o ❞✐❛ ❞❛ s❡♠❛♥❛ ❞❡ ❛❜r✐❧ é sá❜❛❞♦✳

❈♦♠ ❝❡rt❡③❛✱ ♦s ❡①❡♠♣❧♦s ♥♦s ✜③❡r❛♠ ❛t❡♥t❛r ♣❛r❛ ♦ ❢❛t♦ ❞❡ q✉❡ ♦s r❡st♦s ❞♦s ♠❡s❡s

❛♥t❡r✐♦r❡s ❞❡s❧♦❝❛♠ ♦ ❞✐❛ ❞♦ ✐♥✐❝✐♦ ❞❡ ✉♠ ❞❛❞♦ ♠ês ❡♠ q✉❡stã♦✳ P♦r ✐ss♦✱ s❛❜❡♥❞♦ q✉❛❧ ❢♦✐

♦ ❞✐❛ ❞❛ s❡♠❛♥❛ ❡♠ q✉❡ ♦ ❛♥♦ s❡ ✐♥✐❝✐♦✉ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r q✉❡ ❞✐❛ ❞❛ s❡♠❛♥❛ s❡ ✐♥✐❝✐♦✉

q✉❛❧q✉❡r ♠ês ♣♦st❡r✐♦r✳ ◆❛ ✈❡r❞❛❞❡✱ é ❢á❝✐❧ ♦❜s❡r✈❛r q✉❡ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❡ ❝❛❞❛ ♠ês

♣♦r ✼ é ♦ ♠❡s♠♦ ✈❛❧♦r ❞♦s ❞✐❛s ❞❡ ❝❛❞❛ ♠ês q✉❡ ✉❧tr❛♣❛ss❛ ✷✽ ❞✐❛s✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s

✉s❛r ✉♠❛ ❝♦♥❣r✉ê♥❝✐❛ ♠ó❞✉❧♦ ✼ ♣❛r❛ ♥♦s ❛❥✉❞❛r ❛ ❝❛❧❝✉❧❛r ❛ s♦♠❛ ❞♦s r❡st♦s ❞♦ ♥ú♠❡r♦

❞❡ ❞✐❛s ❞❡ ❝❛❞❛ ♠ês ❞♦ ❛♥♦ ♣♦r ✼ ❞❡ ♠❛♥❡✐r❛ ♠❛✐s ♣rát✐❝❛✱ ✉s❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❛❜❛✐①♦✳

(dias de janeiro−28)+(dias de fevereiro−28)+···+(dias de dezembro−28) ≡ r(mod 7).

❱❡❥❛♠♦s ✉♠ ❡①❡♠♣❧♦✿

❊①❡♠♣❧♦ ✶✳✽✳ ❙❡ 1o ❞❡ ❥❛♥❡✐r♦ ❞❡ ✶✾✽✹ ❢♦✐ ❞♦♠✐♥❣♦✱ q✉❡ ❞✐❛ ❞❛ s❡♠❛♥❛ ❢♦✐ 1o ❞❡ s❡t❡♠❜r♦

❞♦ ♠❡s♠♦ ❛♥♦✳

❙♦❧✉çã♦✳ ❉❛❞♦ q✉❡ ♦ ❛♥♦ é ❜✐ss❡①t♦ ❡ s❛❜❡♥❞♦ q✉❡ ♦s ♠❡s❡s q✉❡ ❛♥t❡❝❡❞❡♠ s❡t❡♠❜r♦ ❝♦♠

s❡✉s r❡s♣❡❝t✐✈♦s ♥ú♠❡r♦s ❞❡ ❞✐❛s sã♦✿ ❏❛♥❡✐r♦✭✸✶✮✱ ❢❡✈❡r❡✐r♦✭✷✾✮✱ ♠❛rç♦✭✸✶✮✱ ❛❜r✐❧✭✸✵✮✱

♠❛✐♦✭✸✶✮✱ ❥✉♥❤♦✭✸✵✮✱ ❥✉❧❤♦✭✸✶✮ ❡ ❛❣♦st♦✭✸✶✮✱ ✉s❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ t❡♠♦s

(31−28)+(29−28)+(31−28)+(30−28)+(31−28)+(30−28)+(31−28)+(31−28) ≡ r (mod 7)

20 ≡ r (mod 7)

6 ≡ (r mod 7)

❆ss✐♠✱ 1o ❞❡ s❡t❡♠❜r♦ ❞♦ ❛♥♦ ❞❡ ✶✾✽✹ ❢♦✐ ✻ ❞✐❛s ❛♣ós ❞♦♠✐♥❣♦✱ ♦ 1o ❞✐❛ ❞♦ ❛♥♦✳

P♦rt❛♥t♦ ❢♦✐ sá❜❛❞♦✳

❊①❡♠♣❧♦ ✶✳✾✳ ❙❡ 1o ❞❡ ❥❛♥❡✐r♦ ❞❡ ✷✵✵✵ ❢♦✐ sá❜❛❞♦✱ q✉❡ ❞✐❛ ❞❛ s❡♠❛♥❛ ❢♦✐ 1o ❞❡ ♥♦✈❡♠❜r♦

❞♦ ♠❡s♠♦ ❛♥♦✳
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❙♦❧✉çã♦✳ (31− 28) + (29− 28) + (31− 28) + (30− 28) + (31− 28) + (30− 28) + (31−

28) + (31− 28) + (30− 28) + (31− 28) ≡ r( mod 7)

(3 + 1 + 3 + 2 + 3 + 2 + 3 + 3 + 2 + 3) ≡ r (mod 7)

25 ≡ r mod 7

❆ss✐♠✱1o ❞❡ ♥♦✈❡♠❜r♦ ❞♦ ❛♥♦ ❞❡ ✷✵✵✵ ♦❝♦rr❡✉ ✹ ❞✐❛s ❛♣ós ♦ sá❜❛❞♦ q✉❡ ❢♦✐ ♦ 1o ❞✐❛

❞♦ ❛♥♦✳ P♦rt❛♥t♦ ❢♦✐ q✉❛rt❛✳

◆♦ ❡♥t❛♥t♦✱ ♥❡♠ s❡♠♣r❡ ❛ ❞❛t❛ q✉❡ s❡ q✉❡r s❛❜❡r é ♦ ♣r✐♠❡✐r♦ ❞✐❛ ❞❡ ✉♠ ❞❛❞♦ ♠ês✳

❙❡♥❞♦ ❛ss✐♠✱ é ✐♠♣♦rt❛♥t❡ ❧❡♠❜r❛r q✉❡ s❡ ♦ 1o ❞✐❛ ❞❛ s❡♠❛♥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❢♦✐ ❞♦♠✐♥❣♦✱

t❛♠❜é♠ s❡rã♦ ❞♦♠✐♥❣♦ ♦s ❞✐❛s ✶✱ ✽✱ ✶✺✱ ✷✷ ❡ ✷✾ ❞♦ ♠❡s♠♦ ♠ês✳ ■ss♦ ♥♦s ❛❥✉❞❛ ❛ ♥♦s

❛♣r♦①✐♠❛r♠♦s ❞❛ ❞❛t❛ q✉❡ ♣r♦❝✉r❛♠♦s✳

❊①❡♠♣❧♦ ✶✳✶✵✳ ❖ ❛♥♦ ❞❡ ✷✵✶✹ ❝♦♠❡ç♦✉ ❡♠ ✉♠❛ q✉❛rt❛✲❢❡✐r❛✳ ❊♠ q✉❡ ❞✐❛ ❞❛ s❡♠❛♥❛

❝❛✐rá ♦ ú❧t✐♠♦ ❞✐❛ ❞❡st❡ ❛♥♦❄



❈❛♣ít✉❧♦ ✷

❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ♥♦ ❊♥s✐♥♦

❋✉♥❞❛♠❡♥t❛❧

❆ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ❛❜r❛♥❣❡ ♣r♦♣r✐❡❞❛❞❡s ❡ t❡♦r❡♠❛s r❡❢❡r❡♥t❡s ❛♦ ❝♦♥❥✉♥t♦ ❞♦s

♥ú♠❡r♦s ✐♥t❡✐r♦s q✉❡ ✈❛r✐❛♠ ❞♦s ♥í✈❡✐s ♠❛✐s ❡❧❡♠❡♥t❛r❡s ❛♦s ♠❛✐s ❛✈❛♥ç❛❞♦s✳ ◆❡st❡

tr❛❜❛❧❤♦✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥♦s r❡s✉❧t❛❞♦s q✉❡ ♣♦ss✐❜✐❧✐t❛♠ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❜ás✐❝♦s

❝♦♠♦ ❛q✉❡❧❡s ❛❜♦r❞❛❞♦s ♥♦ ❡♥s✐♥♦ ❢✉♥❞❛♠♥❡t❛❧✳ Pr❡t❡♥❞❡♠♦s ❡st✐♠✉❧❛r ♦ ❡♥s✐♥♦ ❞❡

❝♦♥❣r✉ê♥❝✐❛ ❛ ♣❛rt✐r ❞♦ 6o ❛♥♦ ❞♦ ❡♥s✐♥♦ ❜ás✐❝♦ ❥á q✉❡✱ ♥❡ss❛s sér✐❡s ♦s ❛❧✉♥♦s ❥á s❡ ❞❡♣❛r❛♠

❝♦♠ s✐t✉❛çõ❡s ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❡♠ ❞✐✈✐s✐❜✐❧✐❞❛❞❡ ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s✱ r❡q✉✐s✐t♦ ❜ás✐❝♦

♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛s✳ ■♥s❡r✐r ♦s ❝♦♥❝❡✐t♦s ❡ ♠ét♦❞♦s ❞❛ ❈♦♥❣r✉ê♥❝✐❛ ▼♦❞✉❧❛r

♣♦❞❡r✐❛ s❡r ♠✉✐t♦ ♣❡rt✐♥❡♥t❡ ♣♦✐s ♣♦ss✐❜✐❧✐t❛r✐❛ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❝♦♥❝❡✐t♦s ❥á ❝♦♥❤❡❝✐❞♦s s♦❜

✉♠❛ ♥♦✈❛ ❛❜♦r❞❛❣❡♠✱ ♣r♦♠♦✈❡♥❞♦ ✉♠ ❛♣r❡♥❞✐③❛❞♦ ♠❛✐s ❝♦♥s✐st❡♥t❡ ❝♦♠ ❛ r❡❛❧✐❞❛❞❡ q✉❡

❧❤❡s é ❛♣r❡s❡♥t❛❞❛ ❤♦❥❡✳

❖s ❛❧✉♥♦s q✉❡ ♣❛rt✐❝✐♣❛♠ ❞♦ P■❈✱ ♦ Pr♦❣r❛♠❛ ❞❡ ■♥✐❝✐❛çã♦ ❈✐❡♥tí✜❝❛ ❏r✳ ❞❛

❖❇▼❊P✱ q✉❡ ❡st✉❞❛♠ ❞❡s❞❡ ♦ s❡①t♦ ❛♥♦ ♦s ❝♦♥❝❡✐t♦s ❡ ♣r♦♣r✐❡❞❛❞❡s r❡❢❡r❡♥t❡s ❛

❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r✱ tê♠ t✐❞♦ ❣r❛♥❞❡ ê①✐t♦ ♥❛ ❝♦♠♣r❡❡♥sã♦ ❡ ❛♣❧✐❝❛çã♦ ❞❡ t❛✐s ❝♦♥❝❡✐t♦s

❞❡s❡♥✈♦❧✈❡♥❞♦ s✉❛ ❝❛♣❛❝✐❞❛❛❞❡ ❞❡ ✐♥t❡r♣r❡t❛r ❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ♠❛t❡♠át✐❝♦s q✉❡ ✈ã♦

❞♦ ♥í✈❡❧ ❡❧❡♠❡♥t❛r ❛té ♣r♦❜❧❡♠❛s ♠❛✐s ❝♦♠♣❧❡①♦s✳

❯♠❛ ✐♥tr♦❞✉çã♦ ❜❛st❛♥t❡ s✐♠♣❧❡s é ❢❡✐t❛ ♣❡❧❛ ❛♣♦st✐❧❛ ❞♦ P■❈✱ ❉✐✈✐s✐❜✐❧✐❞❛❞❡ ❡

◆ú♠❡r♦s ■♥t❡✐r♦s ❞❡ ❙❛♠✉❡❧ ❏✉r❦✐❡✇✐❝③✭✷✵✵✻✮✱ ♥♦ q✉❛❧ ❛tr❛✈és ❞♦ ✉s♦ ❞❡ t❛❜❡❧❛s ❡①♣❧♦r❛

✈ár✐♦s ❝♦♥❝❡✐t♦s ❝♦♠♦ ❛❞✐çã♦✱ ♠✉❧t✐♣❧✐❝❛çã♦✱ ❞✐✈✐s✐❜✐❧✐❞❛❞❡ r❡❧❛❝✐♦♥❛❞♦s ❛ ❈♦♥❣r✉ê♥❝✐❛s

▼♦❞✉❧❛r❡s✳

◆❛s sér✐❡s ✐♥✐❝✐❛✐s✱ ❛♦ tr❛❜❛❧❤❛r ❛s ❤♦r❛s ✉t✐❧✐③❛♥❞♦ ✉♠ r❡❧ó❣✐♦ ❛♥❛❧ó❣✐❝♦ ♦ ♣r♦❢❡ss♦r

tr❛❜❛❧❤❛ ♦s ❢✉♥❞❛♠❡♥t♦s ❜ás✐❝♦s ❞❛ ❝♦♥❣r✉ê♥❝✐❛ ♠♦❞✉❧❛r✳

❆ ✜❣✉r❛ ❛❜❛✐①♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ r❡❧ó❣✐♦ ❛♥❛❧ó❣✐❝♦ ❝♦♠✉♠✳ ❖ ♣r♦❢❡ss♦r ♣♦❞❡rá ❝♦❧♦❝❛r

♣❛r❛ ♦s ❛❧✉♥♦s q✉❡stõ❡s ❞♦ t✐♣♦✿

❙❡ ✉♠❛ ♣❡ss♦❛ ❝♦♠❡ç❛ s✉❛ ❥♦r♥❛❞❛ ❞❡ tr❛❜❛❧❤♦ às s❡t❡ ❤♦r❛s ❞❛ ♠❛♥❤ã ❡ tr❛❜❛❧❤❛ s❡✐s

✶✾
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❤♦r❛s s❡❣✉✐❞❛s✱ q✉❡ ❤♦r❛s ❡❧❛ ❝♦♥❝❧✉✐rá s✉❛ ❥♦r♥❛❞❛ ❞❡ tr❛❜❛❧❤♦❄

❆ r❡s♣♦st❛ é s✐♠♣❧❡s✱ s❡ ❛ ♣❡ss♦❛ ❝♦♠❡ç♦✉ ❛ tr❛❜❛❧❤❛r ❛s s❡t❡ ❤♦r❛s ❞❛ ♠❛♥❤ã ❡

tr❛❜❛❧❤♦✉ s❡✐s ❤♦r❛s s❡❣✉✐❞❛s✱ ❡❧❛ t❡r♠✐♥❛rá ❛s tr❡③❡ ❤♦r❛s✳

◆♦t❡ q✉❡ tr❡③❡ ❤♦r❛s é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ ❤♦r❛ ♥♦ r❡❧ó❣✐♦✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ s❡

❛ ♣❡ss♦❛ t✐✈❡r ✐♥✐❝✐❛❞♦ s❡✉ t✉r♥♦ ❞❡ tr❛❜❛❧❤♦ ❛s ♦✐t♦ ❤♦r❛s ❞❛ ♠❛♥❤ã ❡❧❛ t❡r♠✐♥❛rá ❛s

q✉❛t♦r③❡ ❤♦r❛s✱ ♦✉ s❡❥❛✱ ❛s ✷✿✵✵ ❤♦r❛s ❞❛ t❛r❞❡✳ ❆ss✐♠✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s ❞❡

❝♦♥❣r✉ê♥❝✐❛✿

13 ≡ 1(mod 12) e 14 ≡ 2(mod 12)

❋✐❣✉r❛ ✷✳✶✿ ❘❡❧ó❣✐♦ ❛♥❛❧ó❣✐❝♦

❋♦♥t❡✿❤tt♣s✿✴✴♣✐①❛❜❛②✳❝♦♠✴r❡❧ó❣✐♦s✲❛♥❛❧ó❣✐❝♦s

❖ ❝♦♥❝❡✐t♦ ❞❡ ❈♦♥❣r✉ê♥❝✐❛ ♣♦❞❡ s❡r ✐♥tr♦❞✉③✐♥❞♦ ❞❡ ❢♦r♠❛ ❜❛st❛♥t❡ ♥❛t✉r❛❧ ❛tr❛✈és

❞♦ ✉s♦ ❞❡ t❛❜❡❧❛s✳ ◆❛ t❛❜❡❧❛ ✷✳✶ ❡stã♦ ❞✐str✐❜✉í❞♦s ♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s q✉❡ ✈ã♦ ❞❡ ✵ ❛

✺✹ ♦r❣❛♥✐③❛❞♦s ❡♠ ❝♦❧✉♥❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ✈❛❧♦r ❞❡ s❡✉s r❡s♣❡❝t✐✈♦s r❡st♦s ♥❛ ❞✐✈✐sã♦

❡✉❝❧✐❞✐❛♥❛ ♣♦r ✺✳ ❖s ♥ú♠❡r♦s q✉❡ ❞❡✐①❛♠ r❡st♦s ✐❣✉❛✐s ❡stã♦ ♦r❣❛♥✐③❛❞♦s ♥❛ ♠❡s♠❛

❝♦❧✉♥❛✳

❖❜s❡r✈❛✲s❡ ❢❛❝✐❧♠❡♥t❡ q✉❡ ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ é ❛ ❝♦❧✉♥❛ ❞♦s ♠ú❧t✐♣❧♦s ❞❡ ✺ ✐♥❝❧✉✐♥❞♦

♦ ✵✱ ♦✉ s❡❥❛✱ ♥❡ss❛ ❝♦❧✉♥❛ ❡stã♦ t♦❞♦s ♦s ✈❛❧♦r❡s q✉❡ ❞❡✐①❛♠ ✵ ❝♦♠♦ r❡st♦ ♥❛ s✉❛ ❞✐✈✐sã♦

♣♦r ✺✳ ❉❡ss❛ ❢♦r♠❛✱ ♣❡r❝❡❜❡✲s❡ q✉❡ ❛s ❞❡♠❛✐s ❝♦❧✉♥❛s ❢♦r♠❛♠ ❝♦♥❥✉♥t♦s ♥✉♠ér✐❝♦s q✉❡

❞❡✐①❛♠ ❝♦♠♦ r❡st♦ ❞❡ s✉❛ ❞✐✈✐sã♦ ♣♦r 5 ♦s ✈❛❧♦r❡s 1✱ 2✱ 3 ❡ 4✱ q✉❡ sã♦ ♦s ♣♦ssí✈❡✐s r❡st♦s

❞❡ ✉♠❛ ❞✐✈✐sã♦ ♣♦r ✺✳

❉❡♣♦✐s ❞❡ ❝♦♠♣r❡❡♥❞✐❞♦ ♣❡❧❛ t✉r♠❛ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s ♥ú♠❡r♦s ♥❛ t❛❜❡❧❛✱ ♦ ♣r♦❢❡ss♦r

♣♦❞❡rá ❢❛③❡r q✉❡st✐♦♥❛♠❡♥t♦s ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✿

✶✳ ❊♠ q✉❡ ❝♦❧✉♥❛ ✈♦❝ê ❝♦❧♦❝❛r✐❛ ♦s ✈❛❧♦r❡s ✼✺✱ ✻✶✱ ✼✷✱ ✽✸ ❡ ✾✹ ❄

✷✳ ❋❛③❡♥❞♦ ❛ ❛❞✐çã♦ ❡♥tr❡ ❞♦✐s ♥ú♠❡r♦s ❞❛ ♠❡s♠❛ ❝♦❧✉♥❛ ❡♠ q✉❡ ❝♦❧✉♥❛ ✜❝❛r✐❛ ♦

r❡s✉❧t❛❞♦❄

✸✳ ❋❛③❡♥❞♦ ❛ ❛❞✐çã♦ ❡♥tr❡ ❞♦✐s ♥ú♠❡r♦s ❞❡ ❝♦❧✉♥❛s ❞✐❢❡r❡♥t❡s ❡♠ q✉❡ ❝♦❧✉♥❛ ✜❝❛r✐❛ ♦

r❡s✉❧t❛❞♦❄
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✵ ✶ ✷ ✸ ✹
✺ ✻ ✼ ✽ ✾
✶✵ ✶✶ ✶✷ ✶✸ ✶✹
✶✺ ✶✻ ✶✼ ✶✽ ✶✾
✷✵ ✷✶ ✷✷ ✷✸ ✷✹
✷✺ ✷✻ ✷✼ ✷✽ ✷✾
✸✵ ✸✶ ✸✷ ✸✸ ✸✹
✸✺ ✸✻ ✸✼ ✸✽ ✸✾
✹✵ ✹✶ ✹✷ ✹✸ ✹✹
✹✺ ✹✻ ✹✼ ✹✽ ✹✾
✺✵ ✺✶ ✺✷ ✺✸ ✺✹

❚❛❜❡❧❛ ✷✳✶✿ ❚❛❜❡❧❛ ❞❡ ❞✐✈✐s✐❜✐❧✐❞❛❞❡ ♣♦r ✺

✹✳ ❋❛③❡♥❞♦ ❛ s✉❜tr❛çã♦ ❡♥tr❡ ✉♠ ✈❛❧♦r ♠❛✐♦r ❡ ✉♠ ♠❡♥♦r ❞❛ ♠❡s♠❛ ❝♦❧✉♥❛ ❡♠ q✉❡

❝♦❧✉♥❛ ✜❝❛r✐❛ ♦ r❡s✉❧t❛❞♦❄

✺✳ ◗✉❛✐s ♥ú♠❡r♦s ✜❝❛r✐❛♠ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛❜❛✐①♦ ❞❛ ú❧t✐♠❛ ❧✐♥❤❛❄

❈♦♠♦ ✈✐♠♦s✱ ♦ ✉s♦ ❞❡ t❛❜❡❧❛s ♣♦❞❡ ❛❥✉❞❛r ❛ ❝♦♠♣r❡❡♥❞❡r ❡ ❛ ❢♦r♠❛❧✐③❛r ❝♦♥❝❡✐t♦s

r❡❧❛t✐✈♦s à ❈♦♥❣r✉ê♥❝✐❛ ▼♦❞✉❧❛r✳ ❯s❛♥❞♦ ♦s ✈❛❧♦r❡s ❞❡ ✉♠❛ t❛❜❡❧❛ ❞❡ r❡st♦s ❝♦♠♦

❛ ❞♦ ❡①❡♠♣❧♦ ✷✳✶✳ ❉❡♥♦♠✐♥❛♥❞♦ ♦ ❞✐✈✐s♦r ❡♠ q✉❡stã♦ ❝♦♠♦ ♠ó❞✉❧♦✱ ❡ t✐r❛♥❞♦ ❞♦✐s

✈❛❧♦r❡s q✉❛✐sq✉❡r ❞❡ ✉♠❛ ♠❡s♠❛ ❝♦❧✉♥❛ ♣♦❞❡♠♦s ❡st❛❜❡❧❡❝❡r ❛ ❝♦♥❣r✉ê♥❝✐❛ ❡♥tr❡ ❡ss❡s

❞♦✐s ✈❛❧♦r❡s✳ P♦r ❡①❡♠♣❧♦✱ ✺✷ ❡ ✶✷ ♣❡rt❡♥❝❡♠ ❛ ♠❡s♠❛ ❝♦❧✉♥❛✱ ♣♦r ✐ss♦ ♣♦❞❡♠♦s ❝♦♥❝❡✐t✉❛r

✺✷ ❡ ✶✷ ❝♦♠♦ ♥ú♠❡r♦s ❝♦♥❣r✉❡♥t❡s ♠ó❞✉❧♦ ✺✱ ❥á q✉❡ ❞❡✐①❛♠ r❡st♦s ✐❣✉❛✐s ♥❛ ❞✐✈✐sã♦ ♣♦r

✺✳ ■ss♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r 52 ≡ 12(mod 5)✳ ❆ss✐♠✱ ✐♥tr♦❞✉③✲s❡ ❛ ♥♦t❛çã♦ ❢♦r♠❛❧

❞❡ ❝♦♥❣r✉ê♥❝✐❛ ❡♥tr❡ ❞♦✐s ♥ú♠❡r♦s✳

✷✳✶ ❆❞✐çã♦ ▼♦❞✉❧❛r

❉❡♣♦✐s ❞❡ ❝♦♠♣r❡❡♥❞❡r ♦s ❢✉♥❞❛♠❡♥t♦s ❞❛ ❈♦♥❣r✉ê♥❝✐❛ ▼♦❞✉❧❛r✱ ♦s ❛❧✉♥♦s ❡st❛rã♦

❛♣t♦s ❛ ❞❛r ✉♠ ♣❛ss♦ à ❢r❡♥t❡✳ P♦❞❡rã♦ ❡❢✉t❛r ♦♣❡r❛çõ❡s✱ ♥ã♦ ❛♣❡♥❛s ❝♦♠ ♥ú♠❡r♦s

✐♥t❡✐r♦s✱ ♠❛s t❛♠❜é♠ ❝♦♠ sí♠❜♦❧♦s q✉❡ ♦s r❡♣r❡s❡♥t❡♠✳

◆♦ ❈❛♣ít✉❧♦ ✷ ✈✐♠♦s q✉❡✱ s❡ a ≡ r1(mod d) ❡ b ≡ r2(mod d)✱ ❡♥tã♦ a + b ≡ r1 +

r2(mod d)✳ ❆ss✐♠✱ ♦ r❡st♦ ❞❛ s♦♠❛ ❞❡ ❞♦✐s ✈❛❧♦r❡s ♥❛ ❞✐✈✐sã♦ ♣♦r ✉♠ ♥ú♠❡r♦ d ❞❡♣❡♥❞❡

❛♣❡♥❛s ❞❛ s♦♠❛ ❞❡ s❡✉s r❡st♦s✿

a+ b ≡ r1 + r2 ≡ r(mod d)

P❛r❛ ✐❧✉str❛r ❡ss❛ ♣r♦♣r✐❡❞❛❞❡ é ✐♥t❡r❡ss❛♥t❡ ❛ ❝♦♥str✉çã♦ ❡ ♦ ✉s♦ ❞❡ t❛❜❡❧❛s ❞❡ ❛❞✐çã♦

❞❡ r❡st♦s✱ ❝♦♠♦ ❛ t❛❜❡❧❛ ❛ ✷✳✷✱ ♦♥❞❡ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ♦s ♣♦ssí✈❡✐s r❡st♦s ❞❡✐①❛❞♦s ♣❡❧❛



❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ♥♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧ ✷✷

❞✐✈✐sã♦ ❞❛ s♦♠❛ ❞❡ ❞♦✐s ♥ú♠❡r♦s ♥❛t✉r❛✐s q✉❛✐sq✉❡r✱ a ❡ b✱ ♣♦r ✉♠ ❞✐✈✐s♦r d > 0✱ ✐ss♦

❢❛❝✐❧✐t❛ ♦ ❝á❧❝✉❧♦ ❞❡ r❡s✉❧t❛❞♦s ❡ s♦❧✉çõ❡s ❞❡ ♣r♦❜❧❡♠❛s✳

◆❛ t❛❜❡❧❛ ✷✳✷✱ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s t♦❞♦s ♦s ♣♦ssí✈❡✐s r❡st♦s ❞❛ ❞✐✈✐sã♦ ❞❡ ✉♠❛ s♦♠❛

✭a + b✮ ♣♦r ✺✳ ❖❜s❡r✈❡ q✉❡ ♦ tr❛ç♦ ❛❝✐♠❛ ❞♦s ✈❛❧♦r❡s ✭r̄✮ ✐♥❞✐❝❛ q✉❡ ♥ã♦ s❡ tr❛t❛ ❞♦s

✈❛❧♦r❡s ✉s✉❛✐s✱ ♠❛s s✐♠ ❞❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠ ✈❛❧♦r q✉❛❧q✉❡r q✉❡ ❞❡✐①❛ ✧r❡st♦ r✧♣♦r ✉♠

❞❛❞♦ ❞✐✈✐s♦r d✱ ♥♦ ❝❛s♦ ❞❛ t❛❜❡❧❛ ❛ s❡❣✉✐r d = 5✳ ◆♦ ❡①❡♠♣❧♦ ❛ s❡❣✉✐r ♦ sí♠❜♦❧♦ 2̄ ❡stá

r❡♣r❡s❡♥t❛♥❞♦ q✉❛❧q✉❡r ✈❛❧♦r q✉❡ ❞❡✐①❛ r❡st♦ ✷ ♥❛ ❞✐✈✐sã♦ ♣♦r ✺✳

+ ♠♦❞ ✺ 0̄ 1̄ 2̄ 3̄ 4̄

0̄ 0̄ 1̄ 2̄ 3̄ 4̄

1̄ 1̄ 2̄ 3̄ 4̄ 0̄

2̄ 2̄ 3̄ 4̄ 0̄ 1̄

3̄ 3̄ 4̄ 0̄ 1̄ 2̄

4̄ 4̄ 0̄ 1̄ 2̄ 3̄

❚❛❜❡❧❛ ✷✳✷✿ ❚❛❜❡❧❛ ❞❡ ❛❞✐çã♦ ♠♦❞ ✺

◆♦t❡ q✉❡ ♦s r❡s✉❧t❛❞♦s ❞❛ ❛❞✐çã♦✱ ✉t✐❧✐③❛♥❞♦ ♥ú♠❡r♦s ā ❡ b̄ ❞❛ t❛❜❡❧❛✱ sã♦ ❞✐❢❡r❡♥t❡s

❞❛q✉❡❧❡s q✉❡ ❡♥❝♦♥tr❛rí❛♠♦s ✉t✐❧✐③❛♥❞♦ ❛ ❛r✐t♠ét✐❝❛ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s✳ P♦r ❡①❡♠♣❧♦✱

♥❛ t❛❜❡❧❛ ❛❝✐♠❛✱ 1̄ + 4̄ = 0̄✳

❊①❡♠♣❧♦ ✷✳✶✳ ❱❛♠♦s ❝❛❧❝✉❧❛r ♦ r❡st♦ ❞❛ s♦♠❛ ✹✺ ✰ ✸✹ ✰ ✼✽ ✰ ✾✽ ♣♦r ✺ ❡ ✈❡r✐✜❝❛r ❛

q✉❡ ❝♦❧✉♥❛✱ ♥❛ t❛❜❡❧❛ ✷✳✷✱ ♣❡rt❡♥❝❡r✐❛ ❡st❡ r❡s✉❧t❛❞♦✳

❙♦❧✉çã♦✳ ❯t✐❧✐③❛♥❞♦ ❛s Pr♦♣♦s✐çõ❡s ✈✐st❛s ♥♦ ❈❛♣ít✉❧♦ ✶ ♣♦❞❡♠♦s ❢❛③❡r ❛ s♦♠❛ ❞♦s ✈❛❧♦r❡s

❛♦s ♣❛r❡s✳ ❙♦♠❛♥❞♦ ✹✺ ✰ ✸✹ ❂ ✼✾✳ ◆❛ t❛❜❡❧❛✱ ♦ ♥ú♠❡r♦ ✼✾ ✜❝❛r✐❛ ♥❛ ❝♦❧✉♥❛ ✱ ♣♦✐s ♦ r❡st♦

♥❛ ❞✐✈✐sã♦ ♣♦r ✺ é ✹✳ ❙♦♠❛♥❞♦ ✼✽ ✰ ✾✽ ❂ ✶✼✻✳ ◆❛ t❛❜❡❧❛✱ ♦ ♥ú♠❡r♦ ✶✼✻ ❡st❛r✐❛ ♥❛ ❝♦❧✉♥❛

✱ ♣♦✐s ♦ r❡st♦ ♥❛ ❞✐✈✐sã♦ ♣♦r ✺ é ✶✳ ❈♦♠♦ ❛ s♦♠❛ é ✹ ✰ ✶ ❂ ✺ ♦ r❡st♦ é ✵ ❡ ♣♦rt❛♥t♦ ♦

✈❛❧♦r ❞❛ s♦♠❛ ✜❝❛r✐❛ ♥❛ ❝♦❧✉♥❛ ✳

✷✳✷ ▼✉❧t✐♣❧✐❝❛çã♦ ▼♦❞✉❧❛r

◆♦ ❈❛♣ít✉❧♦ ✶ ✈✐♠♦s q✉❡✱ s❡ a ≡ r1 (mod d) ❡ b ≡ r2(mod d)✱ ❡♥tã♦ a × b ≡ r1 ×

r2(mod d)✳ ❆ss✐♠✱ ♦ r❡st♦ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ❞♦✐s ✈❛❧♦r❡s ♥❛ ❞✐✈✐sã♦ ♣♦r ✉♠ ♥ú♠❡r♦ d

❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ s❡✉s r❡st♦s✿

a× b ≡ r1 × r2 ≡ r mod d.



❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ♥♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧ ✷✸

× ♠♦❞ ✺ 0̄ 1̄ 2̄ 3̄ 4̄
0̄ 0̄ 0̄ 0̄ 0̄ 0̄
1̄ 0̄ 1̄ 2̄ 3̄ 4̄
2̄ 0̄ 2̄ 4̄ 1̄ 3̄
3̄ 0̄ 3̄ 1̄ 4̄ 2̄
4̄ 0̄ 4̄ 3̄ 2̄ 1̄

❚❛❜❡❧❛ ✷✳✸✿ ❚❛❜❡❧❛ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♠♦❞ ✺

P❛r❛ ♦ ❡st✉❞♦ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦❞❡ s❡r ❝♦♥str✉✐❞❛ ✉♠❛ t❛❜❡❧❛ ❞❡ r❡st♦s s❡♠❡❧❤❛♥t❡

àq✉❡❧❛ ❝♦♥str✉✐❞❛ ♥♦ ❝❛s♦ ❞❛ ❛❞✐çã♦✳ ◆❡❧❛ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s t♦❞♦s ♦s ♣♦ssí✈❡✐s

r❡st♦s ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ❞♦✐s ♥ú♠❡r♦s✱ ♥❛ ❞✐✈✐sã♦ ♣♦r d✱ ✉s❛♥❞♦ ❛♣❡♥❛s ❛ ♠✉❧t✐♣❧✐❝❛çã♦

❞❡ s❡✉s r❡st♦s✳ ❆ t❛❜❡❧❛ ✷✳✸✱ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♠ó❞✉❧♦ ✺✱ ❛♣r❡s❡♥t❛ ♦s r❡st♦s ❞❛s ❞✐✈✐sõ❡s

❞♦s ♣r♦❞✉t♦s ❞❡ ❞♦✐s ♥ú♠❡r♦s ♣♦r ✺✳

❊①❡♠♣❧♦ ✷✳✷✳ ❙❡❥❛♠ a ❡ b ❞♦✐s ♥ú♠❡r♦s ✐♥t❡✐r♦s ❝✉❥♦s r❡st♦s ❞❛ ❞✐✈✐sã♦ ♣♦r ✼ sã♦

r❡s♣❡❝t✐✈❛♠❡♥t❡ ✻ ❡ ✷✳ ❉❡t❡r♠✐♥❡ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❡ a× b ♣♦r ✼✳

❙♦❧✉çã♦✳ ❈♦♠♦ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❡♣❡♥❞❡rá ❛♣❡♥❛s ❞❡ ✷ ❡ ✻ ♣♦✐s✱

a ≡ 6(mod 7) ❡ b ≡ 2(mod7)❛ss✐♠, a× b ≡ 2× 6 ≡ 12 ≡ 5(mod 7).

P♦rt❛♥t♦ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ é ✺✳

✷✳✸ ❘❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ✉t✐❧✐③❛♥❞♦ ❈♦♥❣r✉ê♥❝✐❛

▼♦❞✉❧❛r

❊♠❜♦r❛ ❡st❡ t❡♠❛ ♥ã♦ ❢❛ç❛ ♣❛rt❡ ❞❛ ❣r❛❞❡ ❝✉rr✐❝✉❧❛r ♦❜r✐❣❛tór✐❛ ❞❛s ❡s❝♦❧❛s ❜r❛s✐❧❡✐r❛✱

♠✉✐t❛s ♣r♦✈❛s ♥❛❝✐♦♥❛✐s ❞❡ ♦❧✐♠♣í❛❞❛s ❡ ❝♦♥❝✉rs♦s tr❛③❡♠ ♣r♦❜❧❡♠❛s q✉❡ s✉❣❡r❡♠ ♦ ✉s♦

❞❡ ❝♦♥❣r✉ê♥❝✐❛ ♠♦❞✉❧❛r ❡♠ s✉❛s r❡s♦❧✉çõ❡s✳ ❆ s❡❣✉✐r ❧✐st❛r❡♠♦s ❛❧❣✉♠❛s q✉❡stõ❡s ❞❡

♣r♦✈❛s ♥❛❝✐♦♥❛✐s q✉❡ ❛❜♦r❞❛♠ ❡st❡ t❡♠❛✳

❊①❡♠♣❧♦ ✷✳✸✳ ✭❈♦❧é❣✐♦ ◆❛✈❛❧ ✲✷✵✵✼✮◗✉❛❧ s❡rá ♦ ❞✐❛ ❞❛ s❡♠❛♥❛ ♥❛ ❞❛t❛ ✶✼ ❞❡ s❡t❡♠❜r♦

❞❡ ✷✵✵✾❄

❛✮s❡❣✉♥❞❛✲❢❡✐r❛ ❜✮t❡rç❛✲❢❡✐r❛ ❝✮q✉❛rt❛✲❢❡✐r❛ ❞✮q✉✐♥t❛✲❢❡✐r❛ ❡✮s❡①t❛ ✕❢❡✐r❛

❙♦❧✉çã♦✳ ❆ ♣r♦✈❛ ❞♦ ❈♦❧é❣✐♦ ◆❛✈❛❧ ♥❛q✉❡❧❡ ❛♥♦ ♦❝♦rr❡✉ ❡♠ ✉♠ ❞♦♠✐♥❣♦✱ ❞✐❛ ✷✾ ❞❡ ❥✉❧❤♦

❞❡ ✷✵✵✼❀ ✈❛♠♦s ✉s❛r ❡ss❛ ❞❛t❛ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ♣❛r❛ ♦s ❝❛♥❞✐❞❛t♦s✳ ❈♦♥t❛♥❞♦ ♦s ❞✐❛s q✉❡

❢❛❧t❛♠ ♣❛r❛ ❡♥❝❡rr❛r ♦ ❛♥♦ ❞❡ ✷✵✵✼✱ ♦❜t❡♠♦s✿ ✷ ✰ ✸✶ ✰ ✸✵ ✰ ✸✶ ✰✸✵ ✰ ✸✶ ❂ ✶✺✺ ❞✐❛s✱ ♠❛✐s

♦s ✸✻✻ ❞✐❛s ❞❡ ✷✵✵✽✱ ♠❛✐s ♦s ❞✐❛s ❞❡ ✷✵✵✾ ❛té ❝❤❡❣❛r ❛ ✶✼ ❞❡ s❡t❡♠❜r♦ q✉❡ sã♦✿ ✸✶ ✰ ✷✽ ✰ ✸✶

✰ ✸✵ ✰ ✸✶ ✰ ✸✵ ✰ ✸✶ ✰ ✸✶ ✰ ✶✼ ❂ ✷✻✵ ❞✐❛s❀ s♦♠❛♠ ✉♠ t♦t❛❧ ❞❡ ✼✽✶ ❞✐❛s✱ q✉❡ ❛❣r✉♣❛❞♦s ❞❡



❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ♥♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧ ✷✹

❞❡ ✼ ❡♠ ✼ ❞✐❛s✱ ❛ ♣❛rt✐r ❞❡ ✷✾ ❞❡ ❥✉❧❤♦ ✈♦❧t❛♠ ❛ ❝❛✐r ❡♠ ✉♠ ❞♦♠✐♥❣♦✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s

r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ♣♦r ❝♦♥❣r✉ê♥❝✐❛ ♠♦❞✉❧❛r✳ ❆ss✐♠✱ ♦❜t❡♠♦s 781 ≡ 4(mod7)✳ ❖ q✉❡

✐♥❞✐❝❛ q✉❡ ❛ ♣❛rt✐r ❞❡ ✷✾ ❞❡ ❥✉❧❤♦ ❞❡ ✷✵✵✼ ❤♦✉✈❡ ✶✶✶ s❡♠❛♥❛s ❝♦♠♣❧❡t❛s✱ q✉❡ ❝♦♠❡ç❛r❛♠

❡♠ ✉♠ ❞♦♠✐♥❣♦ ❡ ♠❛✐s ✹ ❞✐❛s✳ P♦rt❛♥t♦✱ ✶✼ ❞❡ s❡t❡♠❜r♦ ❞❡ ✷✵✵✾ ♦❝♦rr❡✉ ✹ ❞✐❛s ❛♣ós ♦

❞♦♠✐♥❣♦✱ ♣♦rt❛♥t♦ ♦❝♦rr❡✉ ❡♠ ✉♠❛ q✉✐♥t❛✲❢❡✐r❛✳

❊①❡♠♣❧♦ ✷✳✹✳ ✭❈♦❧é❣✐♦ ▼✐❧✐t❛r ❞❡ ❋♦rt❛❧❡③❛ ✲✷✵✶✶✮❉♦✐s ♥ú♠❡r♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s sã♦

t❛✐s q✉❡ ❛ ❞✐✈✐sã♦ ❞♦ ♣r✐♠❡✐r♦ ♣♦r ✼ ❞❡✐①❛ r❡st♦ ✻✱ ❡♥q✉❛♥t♦ ❛ ❞✐✈✐sã♦ ❞♦ s❡❣✉♥❞♦✱ t❛♠❜é♠

♣♦r ✼✱ ❞❡✐①❛ r❡st♦ ✺✳ ❙♦♠❛♥❞♦ ♦s ❞♦✐s ♥ú♠❡r♦s ❡ ❞✐✈✐❞✐♥❞♦ ♦ r❡s✉❧t❛❞♦ ♣♦r ✼✱ ♦ r❡st♦ s❡rá✿

❛✮✶ ❜✮✷ ❝✮✸ ❞✮✹ ❡✮✺

❙♦❧✉çã♦✳ ❚♦♠❡♠♦s ❛ ❡ ❜ ♣❛r❛ r❡♣r❡s❡♥t❛r ♦s ♥ú♠❡r♦s ❝✐t❛❞♦s ♥♦ ♣r♦❜❧❡♠❛ ❡ ✈❛♠♦s ✐♥❞✐❝❛r

s❡✉ r❡s♣❡❝t✐✈♦s r❡st♦s ♣❡❧❛ ❞✐✈✐sã♦ ♣♦r ✼ ♥❛ ❢♦r♠❛ ❞❡ ❝♦♥❣r✉ê♥❝✐❛✿

a ≡ 6(mod 7) ❡ b ≡ 5(mod 7)✳ ❉❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ❝♦♥❣✉rê♥❝✐❛s s❡❣✉❡ q✉❡✿ a + b =

6 + 5 = 11 ≡ 4(mod 7)✳ P♦rt❛♥t♦✱ s♦♠❛♥❞♦ ♦s ❞♦✐s ♥ú♠❡r♦s ❡ ❞✐✈✐❞✐♥❞♦ ♣♦r ✼✱ ♦ r❡st♦ é

✹✳

❊①❡♠♣❧♦ ✷✳✺✳ ✭❳❳■❱ ❈❖▼✲✷✵✵✹✮❙❡❥❛♠ a, b, c três ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s t❛✐s q✉❡ a2+b2 = c2✳

▼♦str❡ q✉❡ ✉♠ ❞❡❧❡s é ♠ú❧t✐♣❧♦ ❞❡ ✹✳

❙♦❧✉çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ♥❡♥❤✉♠ ❞❡❧❡s é ❞✐✈✐sí✈❡❧ ♣♦r ✹✳ ❊♥tã♦ ❡st❡s ♥ú♠❡r♦s sã♦ ❞❛ ❢♦r♠❛

4k + 1, 4k + 2, 4k + 3✳ ❊❧❡✈❛♥❞♦ ❝❛❞❛ ✉♠❛ ❞❡st❛s ❡①♣r❡ssõ❡s ❛♦ q✉❛❞r❛❞♦ ♦❜t❡♠♦s✿

(4k + 1)2 = 16k2 + 8k + 1 ≡ 1(mod 8)

(4k + 2)2 = 16k2 + 16k + 4 ≡ 4(mod 8)

(4k + 3)2 = 16k2 + 24k + 9 ≡ 1(mod 8)

❉❛í✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ a2, b2, c2 ≡ 1, 4(mod 8)✳ ❙❡❣✉❡ q✉❡ a2 + b2 ≡ 1 + 1, 1 +

4, 4 + 1, 4 + 4 ≡ 2, 5, 0(mod 8)✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦ ✱ ♣♦✐s c2 ♥ã♦ ♣♦❞❡ ❛ss✉♠✐r ♥❡♥❤✉♠

❞❡st❡s ✈❛❧♦r❡s ♠ó❞✉❧♦ ✽✳ ▲♦❣♦✱ ✉♠ ❞♦s ♥ú♠❡r♦s ❞❡✈❡ s❡r ♠ú❧t✐♣❧♦ ❞❡ ✹✳

❊①❡♠♣❧♦ ✷✳✻✳ ✭❖❇▼❊P 2a ❢❛s❡✱ ✷✵✶✼✮ ❏♦❛♥❛ r❡t✐r❛ ❜♦❧❛s✱ s❡♠ r❡♣♦s✐çã♦✱ ❞❡ ✉♠❛ ❝❛✐①❛

❝♦♠ ✷✵✶✼ ❜♦❧❛s ♥✉♠❡r❛❞❛s ❞❡ ✶ ❛ ✷✵✶✼✳

❛✮ ◗✉❛❧ é ❛ q✉❛♥t✐❞❛❞❡ ♠í♥✐♠❛ ❞❡ ❜♦❧❛s q✉❡ ❡❧❛ ❞❡✈❡ r❡t✐r❛r ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ♣❡❧♦ ♠❡♥♦s

❡♠ ✉♠❛ ❞❡❧❛s ❤❛❥❛ ✉♠ ♥ú♠❡r♦ ♠ú❧t✐♣❧♦ ❞❡ ✸❄

❜✮ ◗✉❛❧ ❛ q✉❛♥t✐❞❛❞❡ ♠í♥✐♠❛ ❞❡ ❜♦❧❛s q✉❡ ❡❧❛ ❞❡✈❡ r❡t✐r❛r ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ❡①✐st❛♠ ❞✉❛s

❜♦❧❛s ❝♦♠ ❛ s♦♠❛ ❞❡ s❡✉s ♥ú♠❡r♦s ✐❣✉❛❧ ❛ ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✸❄

❝✮ ◗✉❛❧ é ❛ q✉❛♥t✐❞❛❞❡ ♠í♥✐♠❛ ❞❡ ❜♦❧❛s q✉❡ ❡❧❛ ❞❡✈❡ r❡t✐r❛r ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ❡①✐st❛♠

❞✉❛s ❜♦❧❛s ❞❡ ♠♦❞♦ q✉❡ ❛ s♦♠❛ ❞❡ s❡✉s ♥ú♠❡r♦s s❡❥❛ ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✸ ❡ s✉❛ ❞✐❢❡r❡♥ç❛

s❡❥❛ ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✷❄
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❙♦❧✉çã♦✳ ✭❛✮ P♦❞❡♠♦s s❡♣❛r❛r ❛s ❜♦❧❛s ❡♠ três ❝♦♥❥✉♥t♦s q✉❡ ❞❡✐①❛♠ r❡st♦ ✵✱ ✶ ✱ ♦✉ ✷✱

♥❛ ❞✐✈✐sã♦ ♣♦r ✸✳ ❱❛♠♦s ❝❤❛♠❛r ❡ss❡s ❝♦♥❥✉♥t♦s ❞❡ ❆✱ ❇ ❡ ❈✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦

2017 = 3×672+1 ✱ ❆ t❡♠ ✻✼✷ ❡❧❡♠❡♥t♦s✱ ❇ t❡♠ ✻✼✸ ❡ ❈ t❡♠ ✻✼✷✳ P♦❞❡♠♦s ❛♥❛❧✐s❛r ♦ ✏♣✐♦r

❝❡♥ár✐♦✑✱ ✐st♦ é✱ ♣r♦❝✉r❛r ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❜♦❧❛s ❡♠ q✉❡ ♥❡♥❤✉♠❛ ❜♦❧❛ r❡t✐r❛❞❛ ♣♦ss✉✐

♥ú♠❡r♦ ♠ú❧t✐♣❧♦ ❞❡ ✸✳ ❙❡ ♣❡❣❛r♠♦s t♦❞❛s ❛s ❜♦❧❛s ❞♦s ❝♦♥❥✉♥t♦s ❇ ❡ ❈✱ ✉♠ t♦t❛❧ ❞❡ ✶✸✹✺

❜♦❧❛s✱ ♥ã♦ t❡r❡♠♦s ♥❡♥❤✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✸✳ ❆ ♣ró①✐♠❛ ❜♦❧❛✱ ♣♦rt❛♥t♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ s❡rá

❞♦ ❣r✉♣♦ ❆✱ q✉❡ é ♦ ❣r✉♣♦ ❞♦s ♠ú❧t✐♣❧♦s ❞❡ ✸✳ ❆ss✐♠✱ s❡ ♣❡❣❛r♠♦s ✶✸✹✻ ❜♦❧❛s t❡r❡♠♦s ❞❡

♣❡❣❛r ❞♦ ❣r✉♣♦ ❆✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡✳ P♦rt❛♥t♦✱ ♦ ♠í♥✐♠♦ ❞❡ ❜♦❧❛s q✉❡ ❞❡✈❡♠ s❡r r❡t✐r❛❞❛s

é ✶✸✹✻✳

✭❜✮ P❛r❛ q✉❡ ❛ s♦♠❛ ❞♦s ♥ú♠❡r♦s ❞❛s ❜♦❧❛s s❡❥❛ ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✸✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s

♣♦ss✐❜✐❧✐❞❛❞❡s✿

✶✳ ❞✉❛s ❞♦ ❣r✉♣♦ ❆❀

✷✳ ✉♠❛ ❜♦❧❛ ❞♦ ❣r✉♣♦ ❆ ❡ ✉♠❛ ❜♦❧❛ ❞♦ ❣r✉♣♦ ❈✳

◗✉❛❧ ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❜♦❧❛s q✉❡ ♣♦❞❡♠♦s ♣❡❣❛r ❞❡ t❛❧ ❢♦r♠❛ q✉❡r ❛ s♦♠❛ ❞❡ ❞✉❛s

q✉❛✐sq✉❡r ♥ã♦ s❡❥❛ ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✸❄ ❖ ♣✐♦r ❝❡♥ár✐♦ é✿ ♣❡❣❛r ✉♠❛ ❜♦❧❛ ❞♦ ❝♦♥❥✉♥t♦ ❆ ❡

t♦❞❛s ❞♦ ❝♦♥❥✉♥t♦ ❇ ✭q✉❡ t❡♠ ♠❛✐s ❜♦❧❛s q✉❡ ♦ ❣r✉♣♦ ❈✮✳ ❊♥tã♦✱ ♦ t♦t❛❧ é ✶ ✰ ✻✼✸ ❂ ✻✼✹✳

❙❡ ♣❡❣❛r♠♦s ✻✼✺ ❜♦❧❛s✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❛ s♦♠❛ ❞❡ ❞✉❛s ❞❡❧❛s s❡rá ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✸✳ ❉❡

❢❛t♦✱ ♥♦t❡ q✉❡ ♣❛r❛ q✉❛✐sq✉❡r ✻✼✺ ❜♦❧❛s q✉❡ ♣❡❣❛r♠♦s✱ s❡ ❞✉❛s ❡st✐✈❡r❡♠ ♥♦ ❝♦♥❥✉♥t♦ ❆✱

❡♥tã♦ ❡❧❛s ❢♦r♠❛♠ ✉♠ ♣❛r ❝✉❥❛ ❛ s♦♠❛ ❞❡ s❡✉s ♥ú♠❡r♦s é ✐❣✉❛❧ ❛ ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✸✳ ❙❡

❛♣❡♥❛s ✉♠❛ ❡st✐✈❡r ♥♦ ❝♦♥❥✉♥t♦ ❆ ♦✉ ♥❡♥❤✉♠❛ ❞❛s ❞✉❛s ❡st✐✈❡r ❡♠ ❆✱ ♣❡❧♦ ♠❡♥♦s ✻✼✹

❜♦❧❛s ❡st❛rã♦ ❡♠ B ∪ C✳ ❈♦♠♦ ❇ t❡♠ ✻✼✸ ❡❧❡♠❡♥t♦s✱ t❡♠♦s q✉❡ t❡r ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞♦

❝♦♥❥✉♥t♦ ❇ ❡ ✉♠❛ ❞♦ ❝♦♥❥✉♥t♦ ❈ ❡✱ ♥♦✈❛♠❡♥t❡✱ ❛ s♦♠❛ ❞♦s ♥ú♠❡r♦s ♥❡ss❛s ❜♦❧❛s s❡rá ✉♠

♠ú❧t✐♣❧♦ ❞❡ ✸✳ P♦rt❛♥t♦✱ ♥❡st❡ ❝❛s♦✱ ❛ q✉❛♥t✐❞❛❞❡ ♠í♥✐♠❛ ❞❡ ❜♦❧❛s é ✻✼✺✳

✭❝✮ ❚❡♠♦s três ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✿

A0 = {x; 1 ≤ x ≤ 2017, x ≡ 0(mod3)}

A1 = {x; 1 ≤ x ≤ 2017, x ≡ 1(mod3)}

A2 = {x; 1 ≤ x ≤ 2017, x ≡ 2(mod3)}

❖ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ A1 é ✻✼✸✱ ❥á ♦s ❝♦♥❥✉♥t♦s A0 ❡ A2 ♣♦ss✉❡♠ ✻✼✷ ❡❧❡♠❡♥t♦s✳

❈♦♠❡ç❛♠♦s ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❝♦♠ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s✳ ❊s❝♦❧❤❡♠♦s t♦❞♦s ♦s

í♠♣❛r❡s ❝♦♥t✐❞♦s ❡♠ A1 ❡ ❢♦r♠❛♠♦s ✉♠ ❝♦♥❥✉♥t♦ B1 ❝♦♠ ✸✸✼ ✐♥t❡✐r♦s ✭❝♦♠ ❝❡rt❡③❛ ❛ s♦♠❛

❞❡ q✉❛✐sq✉❡r ❞♦✐s ❞❡❧❡s ♥ã♦ é ♠ú❧t✐♣❧♦ ❞❡ ✸✮✳ ❊s❝♦❧❤❡♠♦s✱ ❛ s❡❣✉✐r t♦❞♦s ♦s ♣❛r❡s ❝♦♥t✐❞♦s

❡♠ A2 ❡ ❢♦r♠❛♠♦s ✉♠ ❝♦♥❥✉♥t♦ B2 ❝♦♠ ✸✸ ✐♥t❡✐r♦s✭❝♦♠ ❝❡rt❡③❛ ❛ s♦♠❛ ❞❡ q✉❛✐sq✉❡r ❞♦✐s
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❞❡❧❡s ♥ã♦ é ♠ú❧t✐♣❧♦ ❞❡ ✸✮✳ ❆ s♦♠❛ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ B1 ❝♦♠ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ B2 é

♠ú❧t✐♣❧❛ ❞❡ ✸✱ ♣♦ré♠ ✱ s✉❛ ❞✐❢❡r❡♥ç❛ ♥ã♦ é ♣❛r✳ ❊s❝♦❧❤❡♠♦s✱ ❛❣♦r❛ ✱ ❞♦✐s ❡❧❡♠❡♥t♦s ❞❡ A0✱

✉♠ ♣❛r ❡ ✉♠ ✐♠♣❛r ❡ ❞❡♥♦t❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ❡ss❡s ❡❧❡♠❡♥t♦s ♣♦r B0✳ ❚❡♠♦s

q✉❡ ❛ ✉♥✐ã♦ B0 ∪ B1 ∪ B2 é ✉♠ ❝♦♥❥✉♥t♦ ❡♠ q✉❡ q✉❛✐sq✉❡r ❞♦✐s ❡❧❡♠❡♥t♦s x ❡ y sã♦ t❛✐s

q✉❡ x+ y ♦✉ ♥ã♦ é ♠ú❧t✐♣❧♦ ❞❡ ✸ ♦✉ x˘y ♥ã♦ é ♣❛r ❡✱ ♣❛r❛ q✉❛❧q✉❡r ♦✉tr♦ ❡❧❡♠❡♥t♦ ❛ ❞♦

❝♦♥❥✉♥t♦ ❞✐❢❡r❡♥ç❛ (A0∪A1∪A2)− (BO ∪B1∪B2)✱ ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ b ❞❡ B0∪B1∪B2

t❛❧ q✉❡✿

a+ b ≡ (mod 3) ❡ a− b ≡ (mod 2)

P♦rt❛♥t♦✱ ❛ q✉❛♥t✐❞❛❞❡ ♠í♥✐♠❛ ❞❡ ❜♦❧❛s q✉❡ ❏♦❛♥❛ ❞❡✈❡ r❡t✐r❛r é ✸✸✼ ✰ ✸✸✻ ✰ ✷ ✰ ✶

❂ ✻✼✻✳



❈❛♣ít✉❧♦ ✸

❆♣❧✐❝❛çõ❡s ❞❛ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ❡♠

♥♦ss♦ ❝♦t✐❞✐❛♥♦

❖ ✉s♦ ❞❛ t❡❝♥♦❧♦❣✐❛ t❡♠ ✐♠♣❛❝t❛❞♦ ♠✉✐t♦ ❛ ✈✐❞❛ ❞❛s ♣❡ss♦❛s✳ ❙❡✉ ❛✈❛♥ç♦ ❝♦♥tr✐❜✉✐✉

♣❛r❛ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ ❡♠♣r❡s❛s ❡ ❞❡ ♠✉✐t❛s ❢❛❝✐❧✐❞❛❞❡s q✉❡ ✉s✉❢r✉✐♠♦s t♦❞♦s ♦s ❞✐❛s✳

❈❛❞❛ ✈❡③ ♠❛✐s s✉r❣❡♠ ✐♥♦✈❛çõ❡s ❞❡s♣❡rt❛♥❞♦ ❡♠ q✉❛s❡ t♦❞♦ ❝✐❞❛❞ã♦ ♦ ❞❡s❡❥♦ ❞❡ ♦❜t❡r

❛✐♥❞❛ ♠❛✐s ♣r❛t✐❝✐❞❛❞❡✳

❆♣❡s❛r ❞❡ ♥ã♦ ♥♦s ❞❛r♠♦s ❝♦♥t❛✱ sã♦ ♠✉✐t❛s ❛s ❛♣❧✐❝❛çõ❡s ❞❛ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r

♥❛s ✐♥♦✈❛çõ❡s t❡❝♥♦❧ó❣✐❝❛s q✉❡✱ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛✱ ❡stã♦ ♣r❡s❡♥t❡s ❡♠ ♥♦ss❛s ✈✐❞❛s✳ ❊ss❛s

❛♣❧✐❝❛çõ❡s ❡stã♦ ❡♠ ✈ár✐❛s ❝✐r❝✉stâ♥❝✐❛s ❡♠ ♥♦ss♦ ❝♦t✐❞✐❛♥♦ ♣♦✐s✱ t♦❞♦s ♣r❡❝✐s❛♠♦s ❢❛③❡r

❝♦♠♣r❛s✱ s❡❥❛ ♥♦ s✉♣❡r♠❡r❝❛❞♦ ♦✉ ♣❡❧❛ ✐♥t❡r♥❡t✱ ❢❛③❡r ♦♣❡r❛çõ❡s ❜❛♥❝ár✐❛s ❞❡ ❢♦r♠❛

s❡❣✉r❛✱ ❢❛③❡r ✉s♦ ❞❡ ❞♦❝✉♠❡♥t♦s ❝♦♠♦ ❘● ❡ ❈P❋ ♣❛r❛ ❞✐✈❡rs♦s ✜♥s✱ ❡ ♠✉✐t♦ ♠❛✐s✳

✸✳✶ ▲❡♥❞♦ ❈ó❞✐❣♦ ❞❡ ❇❛rr❛s

❱❡♠♦s ♥♦s ♣r♦❞✉t♦s ❞❛s ♣r❛t❡❧❡✐r❛s ❞♦s s✉♣❡r♠❡r❝❛❞♦s ✉♠❛ ♠❛r❝❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦

❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❝ó❞✐❣♦ ❞❡ ❜❛rr❛s✱ q✉❡ ♥❛ ✈❡r❞❛❞❡✱ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❢♦r♠❛❞❛

♣♦r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❧✐str❛s ❜r❛♥❝❛s ❡ ♣r❡t❛s ❛❧t❡r♥❛❞❛s✱ ❞❡ ❡s♣❡ss✉r❛s ✈❛r✐á✈❡✐s✳ ❍á

q✉❛tr♦ ❡s♣❡ss✉r❛s ♣♦ssí✈❡✐s ♣❛r❛ ❡ss❛s ❧✐str❛s✿ ✜♥❛s✱ ♠é❞✐❛s✱ ❣r♦ss❛s ♦✉ ♠✉✐t♦ ❣r♦ss❛s✳

❖ ❝ó❞✐❣♦ ❞❡ ❜❛rr❛s r❡♣r❡s❡♥t❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s✳ ❆ ❝❛❞❛ ♥ú♠❡r♦ ❝♦rr❡s♣♦♥❞❡

✉♠ ❡s♣❛ç♦ ❞❡ ❡s♣❡ss✉r❛ ✜①❛✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s❡t❡ ❞í❣✐t♦s ✐❣✉❛✐s ❛ ✶ ♦✉

✵✳ ❖ sí♠❜♦❧♦ ✵ é ✉t✐❧✐③❛❞♦ ♣❛r❛ ✐♥❞✐❝❛r ✉♠❛ ❧✐str❛ ❜r❛♥❝❛ ✜♥❛✱ ♦ sí♠❜♦❧♦ ✵✵ ♣❛r❛ ✉♠❛ ❧✐str❛

❜r❛♥❝❛ ♠é❞✐❛✱ ✵✵✵ ♣❛r❛ ✉♠❛ ❧✐str❛ ❜r❛♥❝❛ ❣r♦ss❛ ❡ ✵✵✵✵ ♣❛r❛ ✉♠❛ ❧✐str❛ ♠✉✐t♦ ❣r♦ss❛✳

❉❛ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ r❡♣r❡s❡♥t❛♠♦s ♣♦r ✶✱ ✶✶✱ ✶✶✶ ❡ ✶✶✶✶✱ ✉♠❛ ❧✐str❛ ♣r❡t❛ ✜♥❛✱ ♠é❞✐❛✱

❣r♦ss❛ ♦✉ ♠✉✐t♦ ❣r♦ss❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s s❡q✉ê♥❝✐❛s ❞❡ ③❡r♦s ❡ ✉♥s sã♦ tr❛♥❢♦r♠❛❞❛s

❡♠ s❡q✉ê♥❝✐❛s ❞❡ ❞í❣✐t♦s ❞❡ ✶ ❛ ✾✳ P❛r❛ ✉♠❛ ❞❡s❝r✐çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛ ♦ ❧❡✐t♦r ♣♦❞❡rá

❝♦♥s✉❧t❛r ❛ r❡❢❡rê♥❝✐❛ ❬✼❪✳ P❛r❛ ♣r❡✈✐♥✐r ❡rr♦s ♥❛ ❧❡✐t✉r❛ ❡ ❞❡❝♦❞✐✜❝❛çã♦ ❞❡ss❡s sí♠❜♦❧♦s

✷✼



❆♣❧✐❝❛çõ❡s ❞❛ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ❡♠ ♥♦ss♦ ❝♦t✐❞✐❛♥♦ ✷✽

❋✐❣✉r❛ ✸✳✶✿ ❈ó❞✐❣♦ ❞❡ ❜❛rr❛s
❋♦♥t❡✿❤tt♣s✿✴✴❝♦❞✐❣♦s❞❡❜❛rr❛❜r❛s✐❧✳❝♦♠✳❜r

❢♦✐ ❝r✐❛❞♦ ♦ ❞í❣✐t♦ ✈❡r✐✜❝❛❞♦r✱ q✉❡ ✜❝❛ ❧♦❝❛❧✐③❛❞♦ ♥♦ ✜♥❛❧ ❞❡ ❝❛❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❛❧❣❛r✐s♠♦s

q✉❡ ✈❡♠ ✐♠♣r❡ss❛ ❧♦❣♦ ❛❜❛✐①♦ ❞❛s ❜❛rr❛s✳

❋✐❣✉r❛ ✸✳✷✿ Pr♦❞✉t♦s ❝♦♠ ❝ó❞✐❣♦s ❞❡ ❜❛rr❛
❋♦♥t❡✿❤tt♣s✿✴✴✇✇✇✳♣r♦t❡st❡✳♦r❣✳❜r✴❢❛♠í❧✐❛✴♥❝✴♥♦t✐❝✐❛✴❡♥t❡♥❞❛✲♦s✲❝ó❞✐❣♦s✲❞❡✲❜❛rr❛s

❆t✉❛❧♠❡♥t❡✱ ♦ ❝ó❞✐❣♦ ❞❡ ❜❛rr❛s é ❛♣❧✐❝❛❞♦ ♣❛r❛ ❛❝❡❧❡r❛r ♦ ♣r♦❝❡ss♦ ❞❡ ✈❡r✐✜❝❛çã♦ ❡

❝♦♥tr♦❧❡ ❞❡ ♣r♦❞✉t♦s ❡♠ ♠✉✐t❛s ár❡❛s ❝♦♠♦ ❝♦♠ér❝✐♦✱ ✐♥❞ústr✐❛✱ ❜♦❧❡t♦s ❞❡ ❝♦♥t❛s ❞❡

❝♦♥s✉♠♦✱ ❜♦❧❡t♦s ❜❛♥❝ár✐♦s✱ ❤♦s♣✐t❛✐s✱ ❝♦rr❡✐♦s✱ ✐♥❣r❡ss♦s ♣❛r❛ s❤♦✇s ❡ ❥♦❣♦s✱ tr❛♥s♣♦rt❡s✱

❡t❝✳ ❆ ✈❛♥t❛❣❡♠ ❞♦ ❝ó❞✐❣♦ ❞❡ ❜❛rr❛s é q✉❡ ❡❧❡ ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ r❛♣✐❞❛♠❡♥t❡ ❡

s❡♠ ❡rr♦s ♣❡❧♦s ❝❛✐①❛s ❡❧❡trô♥✐❝♦s ❡ ❛♣❛r❡❧❤♦s ❞❡ ❧❡✐t✉r❛ ó♣t✐❝❛✳ P♦r ❡①❡♠♣❧♦✱ q✉❛♥❞♦

♣❛ss❛♠♦s ✉♠❛ ♠❡r❝❛❞♦r✐❛ ♣❡❧♦ ❝❛✐①❛✱ ♦ ❧❡✐t♦r ó♣t✐❝♦ ❡♥✈✐❛ ❛♦ ❝♦♠♣✉t❛❞♦r ❛ s❡q✉ê♥❝✐❛

❞❡ ❜❛rr❛s ♣r❡t❛s ❡ ❜r❛♥❝❛s ✐♠♣r❡ss❛s ♥♦ rót✉❧♦ ♦✉ ♥❛ ❡t✐q✉❡t❛ ❞♦ ♣r♦❞✉t♦✳ ❯♠ s♦❢t✇❛r❡

✐♥t❡r♣r❡t❛ q✉❛❧ s❡q✉❡♥❝✐❛ ❞❡ ♥ú♠❡r♦s ❡❧❛ r❡♣r❡s❡♥t❛✱ ✐❞❡♥t✐✜❝❛♥❞♦ ♦ ♣r♦❞✉t♦ ❡ s❡✉ ♣r❡ç♦✳

❖❜s❡r✈❡ q✉❡✱ q✉❛♥❞♦ ❛ ❧❡✐t✉r❛ ó♣t✐❝❛ ❢❛❧❤❛ ♣♦r ❛❧❣✉♠ ♠♦t✐✈♦✱ ♦ ❛t❡♥❞❡♥t❡ ❞♦ ❝❛✐①❛ ❞✐❣✐t❛

❛ s❡q✉ê♥❝✐❛ ❞❡ ❛❧❣❛r✐s♠♦s q✉❡ ❛♣❛r❡❝❡♠ ❛❜❛✐①♦ ❞❛s ❜❛rr❛s✳

❖ ❝ó❞✐❣♦ ❞❡ ❜❛rr❛s ❢♦✐ ❝r✐❛❞♦ ♥♦s ❊st❛❞♦s ✉♥✐❞♦s ❡♠ ✶✾✼✸ ♣❡❧❛ ❡♠♣r❡s❛ ❯♥✐❢♦r♠ ❈♦❞❡

❈♦✉♥❝✐❧✭❯❈❈✮ q✉❡ é t❛♠❜é♠✱ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♥♦r♠❛s ❝♦♠❡r❝✐❛✐s✳ ❊①✐st❡♠ ✈ár✐♦s ❝ó❞✐❣♦s

❞❡ ❜❛rr❛s ♠❛s ♦s ♠❛✐s ❝♦♥❤❡❝✐❞♦s sã♦✿ ❯♥✐✈❡rs❛❧ Pr♦❞✉t ❈♦❞❡✭❯P❈✮ ❡ ❊✉r♦♣❡❛♥ ❆rt✐❝❧❡



❆♣❧✐❝❛çõ❡s ❞❛ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ❡♠ ♥♦ss♦ ❝♦t✐❞✐❛♥♦ ✷✾

◆✉♠❜❡r✭❊❆◆✮✳ ❖ ❇r❛s✐❧✱ ❛ss✐♠ ❝♦♠♦ ♦s ❊✉r♦♣❡✉s✱ ❛❞♦t♦✉ ❡♠ ✶✾✽✸ ✉♠ ❝ó❞✐❣♦ ❝♦♠ ♣❛❞rã♦

❞❡ ✶✸ ❞í❣✐t♦s✱ ♦ ❊❆◆✲✶✸✳ ❊①✐st❡♠ ❝ó❞✐❣♦s ❞❡ ❜❛rr❛s ❝♦♠ ✶✷✱ ✶✸ ❡ ✶✹ ❞í❣✐t♦s✳

❖s três ♣r✐♠❡✐r♦s ❞í❣✐t♦s ✐♥❞✐❝❛♠ ♦ ♣❛ís ❞❡ ♦r✐❣❡♠ ❞♦ ♣r♦❞✉t♦ ♦✉ ♦♥❞❡ ❡❧❡ ❢♦✐

❝❛❞❛str❛❞♦✳ P♦r ❡①❡♠♣❧♦✱ ♥♦ ❇r❛s✐❧ ♦ r❡❣✐str♦ ♥❛❝✐♦♥❛❧ é ✼✽✾✳ ◆♦s ♣r♦❞✉t♦ ♥❛❝✐♦♥❛✐s sã♦

♦s três ♣r✐♠❡✐r♦s ❞í❣✐t♦s ❞♦s ❝ó❞✐❣♦s ❞❡ ❜❛rr❛s✳ ❖s q✉❛tr♦ ❞í❣✐t♦s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛♠

❛ ❡♠♣r❡s❛ ❢❛❜r✐❝❛♥t❡ ♠❛s✱ ♣♦❞❡ ✈❛r✐❛r ❞❡ ✹ ❛ ✼ ❞í❣✐t♦s✳ ❊ss❡ ♥ú♠❡r♦ é ❢♦r♥❡❝✐❞♦ ♣❡❧❛

❊❆◆✱ q✉❡ ❢❛③ ♦ ❝♦♥tr♦❧❡ ♣❛r❛ q✉❡ ♥ã♦ ❤❛❥❛ ♥ú♠❡r♦s ✐❣✉❛✐s✳ ❖s ❝✐♥❝♦ ❞í❣✐t♦s s❡❣✉✐♥t❡s

r❡♣r❡s❡♥t❛♠ ♦ ❝ó❞✐❣♦ ❞♦ ♣r♦❞✉t♦ ❞❡♥tr♦ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❞❛ ♣ró♣r✐❛ ❡♠♣r❡s❛ ❡s♣❡❝✐✜❝❛♥❞♦✿

t✐♣♦✱ s❛❜♦r✱ ♠♦❞❡❧♦✱ ❝♦r✱ t❛♠❛♥❤♦✱ q✉❛♥t✐❞❛❞❡✱ ♣❡s♦✱ ❞✉r❛❜✐❧✐❞❛❞❡✱ ❡t❝✳ ❖ ú❧t✐♠♦

❛❧❣❛r✐s♠♦ é ❝❤❛♠❛❞♦ ❞❡ ❞í❣✐t♦ ❞❡ ❝♦♥tr♦❧❡✳ ❊❧❡ é ♦❜t✐❞♦ ♣♦r ♠❡✐♦ ❞❡ ♦♣❡r❛çõ❡s ❢❡✐t❛s ❝♦♠

♦s ❛❧❣❛r✐s♠♦s ❛♥t❡r✐♦r❡s✱ s❡r✈✐♥❞♦ ❛ss✐♠ ♣❛r❛ ❝♦♥✜r♠❛r s❡ ❛ ❧❡✐t✉r❛ ❞♦ ❝ó❞✐❣♦ ❢♦✐ ❢❡✐t❛

❝♦rr❡t❛♠❡♥t❡✳ ❆ss✐♠✱ ♣❛r❛ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❞í❣✐t♦s 7896902211711 ❞♦ ❝ó❞✐❣♦ ❞❡ ❜❛rr❛s ❞❡

✉♠ ❞❛❞♦ ♣r♦❞✉t♦✱ t❡♠♦s✿

• ✼✽✾ ♦s ✸ ♣r✐♠❡✐r♦s ❞í❣✐t♦s ♣❛r❛ ♣r♦❞✉t♦s ♣r♦❞✉③✐❞♦s ♦✉ ❝❛❞❛str❛❞♦s ♥♦ ❇r❛s✐❧

• ✻✾✵✷ é ♦ ❝ó❞✐❣♦ ❞❛ ❡♠♣r❡s❛

• ✷✶✶✼✶ ❝❛r❛❝t❡r✐③❛ ♦ ♣r♦❞✉t♦

• ✶ é ♦ ❞í❣✐t♦ ✈❡r✐✜❝❛❞♦r✳

❆ ❞❡t❡❝çã♦ ❞❡ ❡rr♦s

P❛r❛ ❝♦♠♣r❡❡♥❞❡r ❝♦♠♦ ❢✉♥❝✐♦♥❛ ♦ ♣r♦❝❡ss♦ ❞❡ ❞❡t❡❝çã♦ ❞❡ ❡rr♦s ♣r❡❝✐s❛♠♦s ❡♥t❡♥❞❡r✱

✐♥✐❝✐❛❧♠❡♥t❡✱ ❝♦♠♦ s❡ ❛tr✐❜✉✐ ❛ ❝❛❞❛ ♣r♦❞✉t♦✱ ♦ ❞í❣✐t♦ ❞❡ ✈❡r✐✜❝❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ✉♠

❞❡t❡r♠✐♥❛❞♦ ♣r♦❞✉t♦ ❡stá ✐❞❡♥t✐✜❝❛❞♦ ♣❡❧❛ s❡q✉ê♥❝✐❛ ❞❡ ❞í❣✐t♦s a1a2a . . . a12a13✳ ❈♦♠♦

♦s ♣r✐♠❡✐r♦s ❞í❣✐t♦s ❞❛ s❡q✉ê♥❝✐❛ ✐❞❡♥t✐✜❝❛♠ ♦ ♣❛ís ❞❡ ♦r✐❣❡♠✱ ♦ ❢❛❜r✐❝❛♥t❡ ❡ ♦ ♣r♦❞✉t♦

❡s♣❡❝í✜❝♦✱ ♦s ❞♦③❡ ♣r✐♠❡✐r♦s ❞í❣✐t♦s ❞❛ s❡q✉ê♥❝✐❛✱ ❡stã♦ ❞❡t❡r♠✐♥❛❞♦s✱ ♣♦r ✉♠ ♠ét♦❞♦

♣❛❞rã♦✱ ❛ ❝❛r❣♦ ❞❡ ✉♠❛ ❛✉t♦r✐❞❛❞❡ ❝❧❛ss✐✜❝❛❞♦r❛ ❡♠ ❝❛❞❛ ♣❛ís✳ ❉❡♥♦t❛r❡♠s♦ ♦ ❞é❝✐♠♦

t❡r❝❡✐r♦ ❞í❣✐t♦✱ ❞❡ ✈❡r✐✜❝❛çã♦✱ ♣♦r x✳

❱❛♠♦s r❡♣r❡s❡♥t❛r ❛ s❡q✉ê♥❝✐❛ ❞❡ ❞í❣✐t♦s ❛tr❛✈és ❞❡ ✉♠ ✈❡t♦r ❞❡ ✐♥❢♦r♠❛çã♦ a =

(a1, a2, · · · , a12, x)✳

❖ s✐t❡♠❛ ❊❆◆✲✶✸ ✉t✐❧✐③❛ ✉♠ ✈❡t♦r ✜①♦✱ ❝❤❛♠❛❞♦ ✈❡t♦r ❞❡ ♣❡s♦s ❞❛❞♦ ♣♦r✿

w = (1, 3, 1, 3, 1, 3, 1, 3, 1, 3, 1, 3, 1).

❋❛③❡♥❞♦ ♦ ♣♦r❞✉t♦ ❡♥tr❡ ♦s ❞♦✐s ✈❡t♦r❡s t❡♠♦s✿

a · w = (a1, a2, · · · , a12, x) · (1, 3, 1, 3, 1, 3, 1, 3, 1, 3, 1, 3, 1)

= a1 + 3a2 + a3 + 3a4 + a5 + 3a6 + a7 + 3a8 + a9 + 3a10 + a11 + 3a12 + x✳



❆♣❧✐❝❛çõ❡s ❞❛ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ❡♠ ♥♦ss♦ ❝♦t✐❞✐❛♥♦ ✸✵

❖ ❞í❣✐t♦ ❞❡ ✈❡r✐✜❝❛çã♦ x s❡ ❡s❝♦❧❤❡ ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❛ s♦♠❛ ❛❝✐♠❛ s❡❥❛ ♠ú❧t✐♣❧♦ ❞❡

✶✵✱ ✐st♦ é✱ t❛❧ q✉❡

a · w = 0(mod 10)

P♦r ❡①❡♠♣❧♦✱ ♥♦ ❝ó❞✐❣♦ ❞❛ ✜❣✉r❛ ✸✳✷ ♦s ♥ú♠❡r♦s q✉❡ ✐♥❞✐❝❛♠ ♦ ♣❛✐s ❞❡ ♦r✐❣❡♠✱ ♦ ❢❛❜r✐❝❛♥t❡

❡ ♦ ♣r♦❞✉t♦ sã♦ ✼✽✾✶✾✾✶✵✵✵✽✷✳ ❱❛♠♦s ✈❡r ❝♦♠♦ ❢♦✐ ❞❡t❡❝t❛❞♦ ♦ ❞í❣✐t♦ ❞❡ ✈❡r✐✜❝❛çã♦✳

❈❤❛♠❛♥❞♦ ❡st❡ ❞í❣✐t♦ ❞❡ x ❡ ❢❛③❡♥❞♦ ♦ ♣r♦❞✉t♦ ❝♦♠ ♦ ✈❡t♦r ❞❡ ♣❡s♦s✱ t❡♠♦s✿

7+ (3× 8)+ 9+ (3× 1)+ 9+ (3× 9)+ 1+ (3× 0)+ 0+ (3× 0)+ 8+ (3× 2)+ x = 94+ x

P♦rt❛♥t♦ ❞❡✈❡✲s❡ t♦♠❛r x = 6✳

❱❡❥❛♠♦s ❛❣♦r❛ ❝♦♠♦ ❢✉♥❝✐♦♥❛ ❛ ❞❡t❡❝çã♦ ❞❡ ❡rr♦s✳

❖ ❝ó❞✐❣♦ ❞❡ ❜❛rr❛s ❞♦ ❣✉❛r❛♥á ❞❛ ✜❣✉r❛ ✸✳✷ é ✼✽✾✶✾✾✶✵✵✵✽✷✻✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ♣♦r ✉♠

❡rr♦ ❞❡ ❞✐❣✐t❛çã♦ ♥♦ q✉❛rt♦ ❞í❣✐t♦✱ ❡st❡ ♥ú♠❡r♦ é tr❛♥s♠✐t✐❞♦ ❝♦♠♦ a = 7892991000826✳

❆♦ ❢❛③❡r ❛ ✈❡r✐✜❝❛çã♦ ❞❡ ❧❡✐t✉r❛ ♦ ❝♦♠♣✉t❛❞♦r q✉❡ r❡❝❡❜❡✉ ❛ ✐♥❢♦r♠❛çã♦ ❢❛③ ❛ ♦♣❡r❛çã♦

a · w ❡ ♦❜t❡♠ ✿

7 + (3× 8) + 9 + (3× 2) + 9 + (3× 9) + 1 + (3× 0) + 0 + (3× 0) + 8 + (3× 2) = 97

❈♦♠♦ ♦ r❡s✉❧t❛❞♦ ♥ã♦ é ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✶✵✱ ♦ ❝♦♠♣✉t❛❞♦r ❛✈✐s❛ q✉❡ ❢♦✐ ❝♦♠❡t✐❞♦ ❛❧❣✉♠

❡rr♦✳

✸✳✷ ■♥t❡r♥❛t✐♦♥❛❧ ❙t❛♥❞❛r❞ ❇♦♦❦ ◆✉♠❜❡r ✭■❙❇◆✮

❖ ■❙❇◆✭■♥t❡r♥❛t✐♦♥❛❧ ❙t❛♥❞❛r❞ ❇♦♦❦ ◆✉♠❜❡r✮ é ✉♠ s✐st❡♠❛ ✉♥✐✈❡rs❛❧♠❡♥t❡ ❛❞♦t❛❞♦

♣❛r❛ ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❧✐✈r♦s✳ ❆ ✐❞❡♥t✐✜❝❛çã♦ ♥✉♠❡r✐❝❛♠❡♥t❡ ❞❡ ❝❛❞❛ ❧✐✈r♦ ❛tr❛✈és ❞❡ss❡

s✐st❡♠❛ ❞✐st✐♥❣✉❡ ♦ ♣❛✐s✱ ❛ ❡❞✐t♦r❛ ❡ ❛té ❛ ❡❞✐çã♦✳ ◆♦ ❇r❛s✐❧✱ ❛ ❜✐❜❧✐♦t❡❝❛ ◆❛❝✐♦♥❛❧ ❝♦♦r❞❡♥❛

❡ s✉♣❡r✈✐s✐♦♥❛ ❛s ❛t✐✈✐❞❛❞❡s té❝♥✐❝❛s ❞❛ ❆❣ê♥❝✐❛ ❇r❛s✐❧❡✐r❛ ■❙❇◆ ❡♠ ♣❛r❝❡r✐❛ ❝♦♠ ❛

❢✉♥❞❛çã♦ ▼✐❣✉❡❧ ❞❡ ❈❡r✈❛♥t❡s r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ❣❡rê♥❝✐❛ ❛❞♠✐♥✐str❛t✐✈❛ ❡ ♣❡❧❛ ✐♥t❡r❢❛❝❡

❝♦♠ ❛ ❆❣ê♥❝✐❛ ✐♥t❡r♥❛❝✐♦♥❛❧ ❞♦ ■❙❇◆✳

❆t❡♥❞❡♥❞♦ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ t♦r♥❛r ♦ s✐st❡♠❛ ♠❛✐s ❡✜❝✐❡♥t❡ ❡ ❞❡✈✐❞♦ ❛♦ ❝r❡s❝❡♥t❡

❛✉♠❡♥t♦ ❞❛s ♣✉❜❧✐❝❛çõ❡s ❛ ♣❛rt✐r ❞❡ 1o ❞❡ ❥❛♥❡✐r♦ ❞❡ ✷✵✵✼✱ ♦ ■❙❇◆ ♣❛ss♦✉ ❞❡ ✶✵ ♣❛r❛ ✶✸

❞í❣✐t♦s✱ ❝♦♠ ❛ ❛❞♦çã♦ ❞♦ ♣r❡✜①♦ ✼✽✾✱ q✉❡ é ♦ ❝ó❞✐❣♦ ❞♦ ❇r❛s✐❧✳

❆té ✷✵✵✼ ❛ ✐❞❡♥t✐✜❝❛çã♦ ♥✉♠ér✐❝❛ ❡r❛ ❢❡✐t❛ ♠ó❞✉❧♦ ✶✶ ✉t✐❧✐③❛♥❞♦ ✉♠ ✈❡t♦r ❞❡

✐❞❡♥t✐✜❝❛çã♦ ❝♦♠ ✶✵ ❝♦♠♣♦♥❡♥t❡s w = (10, 9, 8, 7, 6, 5, 4, 3, 2, 1)✳ P♦r ❡①❡♠♣❧♦✱ ✉♠ ❧✐✈r♦

❝✉❥♦ ❝ó❞✐❣♦ é ■❙❇◆ ✶✲✹✵✷✵✲✵✷✸✽✲✻✱ t✐♥❤❛ ❝ó❞✐❣♦ ✜♥❛❧ ❞❡ ✈❡r✐✜❝❛çã♦ ✻✱ ♣♦✐s

(1, 4, 0, 2, 0, 0, 2, 3, 8, 6) · (10, 9, 8, 7, 6, 5, 4, 3, 2, 1) =

= 10 + 36 + 14 + 8 + 9 + 16 + 6 = 99 ≡ 0(mod 11)



❆♣❧✐❝❛çõ❡s ❞❛ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ❡♠ ♥♦ss♦ ❝♦t✐❞✐❛♥♦ ✸✶

◆♦ ♥♦✈♦ s✐st❡♠❛ ■❙❇◆✲✶✸✱ ❛ ❞✐str✐❜✉✐ç❛♦ ❞♦s ❝ó❞✐❣♦s s❡ ❛♣r❡s❡♥t❛♠ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❛ ♣r✐♠❡✐r❛ s❡çã♦ ❞❡ ❛❧❣❛r✐s♠♦s ✐❞❡♥t✐✜❝❛ ♦ ❧✐✈r♦✱ ❛ s❡❣✉♥❞❛ ♦ ♣❛ís ♦✉ ✉♠ ❛❣r✉♣❛♠❡♥t♦

❣❡♦❣rá✜❝♦ ❞❡ ❡❞✐t♦r❛s✱ ❛ t❡r❝❡✐r❛ s❡çã♦ ✉♠❛ ❡♠♣r❡s❛ ❡❞✐t♦r❛ ♣❛rt✐❝✉❧❛r ❞❡ss❡ ❣r✉♣♦✱ ❛

q✉❛rt❛ ♦ tít✉❧♦ ❞♦ ❧✐✈r♦ ❞❡♥tr♦ ❞♦ ❝❛tá❧♦❣♦ ❞❛ ❡♠♣r❡s❛ ❡❞✐t♦r❛ ❡ ♦ ú❧t✐♠♦ ❞í❣✐t♦ é ♦ ❞❡

✈❡r✐✜❝❛çã♦✱ q✉❡ s❡r✈❡ ♣❛r❛ ✈❛❧✐❞❛r ❛ ❡①✐stê♥❝✐❛ ❞♦ ♣r♦❞✉t♦✳

❖ ❝á❧❝✉❧♦ ❞♦ ❞í❣✐t♦ ❞❡ ✈❡r✐✜❝❛çã♦ ❞♦ ■❙❇◆✲✶✸ é ✐❞ê♥t✐❝♦ ❛♦ ❝á❧❝✉❧♦ ❞♦ ❊❆◆✲✶✸✳

❈❛s♦ ❤❛❥❛ ❛❧❣✉♠ ❞í❣✐t♦ ❡rr❛❞♦✱ ♦✉ tr♦❝❛ ❞❡ ❞í❣✐t♦s ❛❞❥❛❝❡♥t❡s✱ ❡ss❡s ❡rr♦s s❡♠♣r❡ s❡rã♦

❞❡t❡❝t❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ✈❡r✐✜❝❛çã♦ ❞❡ ❞í❣✐t♦s ■❙❇◆✱ ❝❛s♦ ❝♦♥trár✐♦ ♦ ❧✐✈r♦

t❡rá ■❙❇◆ ✐♥✈á❧✐❞♦✳

◆♦ s✐st❡♠❛ ■❙❇◆✲✶✸ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦ ❞í❣✐t♦ ✈❡r✐✜❝❛❞♦r ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

✶✳ ▼✉❧t✐♣❧✐❝❛✲s❡ ♦s ✶✷ ♣r✐♠❡✐r♦s ❞í❣✐t♦s ♠❛✐s a13 ♣❡❧❛ s❡q✉ê♥❝✐❛

(1, 3, 1, 3, 1, 3, 1, 3, 1, 3, 1, 3, 1).

✷✳ ❈❛❧❝✉❧❛✲s❡ ❛ s♦♠❛ ❞❡ss❡ ♣r♦❞✉t♦✱ ❡ ✈❡r✐✜❝❛ q✉❛❧ ❞♦s ♣♦ssí✈❡✐s ✈❛❧♦r❡s ❞♦ ❝♦♥❥✉♥t♦

a13 ♣♦❞❡ ❛ss✉♠✐r ♣❛r❛ q✉❡ ❛ s♦♠❛ s❡❥❛ ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✶✵✳

P♦r ❡①❡♠♣❧♦✱ ♦ ❧✐✈r♦ ❞♦ ❛✉t♦r ❬✶✸❪ t❡♠ ♦ ♥ú♠❡r♦ ■❙❇◆ ✾✼✽✲✽✺✲✷✹✹✲✵✶✹✷✲✽✳ ❖ ❞í❣✐t♦

✜♥❛❧✱ ❞❡ ✈❡r✐✜❝❛çã♦ é ✽ ♣♦rq✉❡

9+(3×7)+8+(3×8)+5+(3×2)+4+(3×4)+0+(3×1)+4+(3×2)+8 = 110 ≡ 0(mod 10)

❖❜s❡r✈❡ q✉❡ ♦ ❝á❧❝✉❧♦ ✉t✐❧✐③❛❞♦ ♣❡❧♦ ❝♦♠♣✉t❛❞♦r ♥❛❞❛ ♠❛✐s é q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡

❝♦♥❣r✉ê♥❝✐❛ ♠ó❞✉❧♦ ✶✵✳

✸✳✸ ❉❡t❡❝çã♦ ❞❡ ❡rr♦s

◆♦ ♠✉♥❞♦ ♠♦❞❡r♥♦ ❡♠ q✉❡ ✈✐✈❡♠♦s sã♦ ❣❡♥✐❛✐s ❛s ✈❛♥t❛❣❡♥s q✉❡ ♣♦❞❡♠♦s t❡r ❢❛③❡♥❞♦

❝♦♠♣r❛s✱ ♣❛❣❛♠❡♥t♦s ❡ ❝♦♥s✉❧t❛s ✈✐❛ ✐♥t❡r♥❡t ❞❡ ❢♦r♠❛ s❡❣✉r❛ ❡ s❡♠ s❛✐r ❞❡ ❝❛s❛✳ ◆♦

❡♥t❛♥t♦✱ ❛ s❡❣✉r❛♥ç❛ ❞❡ ♥♦ss♦s ❞❛❞♦s é ✉♠❛ ♣r❡♦❝✉♣❛çã♦ ♠✉✐t♦ ♣❡rt✐♥❡♥t❡✱ ♣♦✐s s❡ ♦s

❞❛❞♦s ♥ã♦ ❢♦r❡♠ ♠✉✐t♦ ❜❡♠ ♣r♦t❡❣✐❞♦s ❝♦rr❡♠♦s ♦ r✐s❝♦ ❞❡ s❡r ✈ít✐♠❛s ❞❡ ❢r❛✉❞❡s✳ P♦r

✐ss♦✱ ❢♦r❛♠ ❝r✐❛❞♦s ♦s ❉❱ ✭❞í❣✐t♦s ❞❡ ✈❡r✐✜❝❛çã♦✮✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ♥ú♠❡r♦✲

❝♦♥tr♦❧❡✳ ❊st❡s sã♦ ❞í❣✐t♦s ✐♥❝♦r♣♦r❛❞♦s ❛ ♥ú♠❡r♦s ♣❛r❛ ♣♦ss✐❜✐❧✐t❛r ❛ ❞❡t❡❝çã♦ ❞❡ ❡rr♦s

❞❡ ❞✐❣✐t❛çã♦ ♥♦ ❛t♦ ❞♦ ♣r♦❝❡ss♦ ❞❡ ❞✐❣✐t❛çã♦✳ ❘❡❝✉rs♦ ❡st❡ ♠✉✐t♦ ❞✐❢✉♥❞✐❞♦✱ ♣r❡s❡♥t❡

❡♠ ❝ó❞✐❣♦s ❞❡ ❜❛rr❛s✱ ❈P❋✱ ❘●✱ ◆ú♠❡r♦s ❞❡ ❝♦♥t❛s ❜❛♥❝ár✐❛s✱ ❡♥tr❡ ♦✉tr❛s s❡q✉ê♥❝✐❛s

♥✉♠ér✐❝❛s✳ ❊ss❡✭s✮ ❞✐❣✐t♦✭s✮✱ ♣♦❞❡♠ s❡r ♠❛✐s ❞❡ ✉♠✱ ♣♦❞❡♥❞♦ s❡r ❧❡tr❛✭s✮ ♦✉ ❛❧❣❛r✐s♠♦s

✈❛r✐❛♥❞♦ ❞❡ ✵ ❛ ✾✳ ❱❡r❡♠♦s ❝♦♠♦ ❝❛❧❝✉❧❛r ♦ ❉❱✱ ❡♠ ❛❧❣✉♥s ❝❛s♦s✱ ♥❛s s❡çõ❡s s❡❣✉✐♥t❡s✳



❆♣❧✐❝❛çõ❡s ❞❛ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ❡♠ ♥♦ss♦ ❝♦t✐❞✐❛♥♦ ✸✷

❏á ✈✐♠♦s ❝♦♠ ❢✉♥❝✐♦♥❛ ❛ ❞❡t❡❝çã♦ ❞❡ ❡rr♦s ♥♦s ❡①❡♠♣❧♦s ❛♥t❡r✐♦r❡s✳ ❱❡r❡♠♦s ❛❣♦r❛ ✉♠

❝❛s♦ ❡♠ q✉❡ ✉♠ ❡rr♦ é ❝♦♠❡t✐❞♦ ♠❛s ♥ã♦ é ❞❡t❡❝t❛❞♦ ♥❛ ❧❡✐t✉r❛ ❞♦ ❝ó❞✐❣♦ ♥ú♠❡r✐❝♦✳

❖ ❝ó❞✐❣♦ ❯P❈ é ♠✉✐t♦ s❡♠❛❧❤❛♥t❡ ❛♦s ❝ó❞✐❣♦s ❥á ❝✐t❛❞♦s ♥❡st❡ t❡①t♦✳ ❊❧❡ ✉t✐❧✐③❛

❛♣❡♥❛s ✶✷ ❞í❣✐t♦s ✭♣♦✐s ✉s❛ ❛♣❡♥❛s ✉♠ ❞í❣✐t♦ ♣❛r❛ ✐❞❡♥t✐✜❝❛r ♦ ♣❛ís ❞❡ ♦r✐❣❡♠ ❞♦ ❛rt✐❣♦✱

❡♥q✉❛♥t♦ ♦ ❊❆◆ ✉t✐❧✐③❛✲s❡ ❞❡ ❞♦✐s✮✱ ❡ ♦ ✈❡t♦r ❞❡ ♣❡s♦s ✉t✐❧✐③❛❞♦ ♣❡❧♦ ❯P❈ t❡♠ ✉♠ ❞í❣✐t♦

❛ ♠❡♥♦s✿

w = (3, 1, 3, 1, 3, 1, 3, 1, 3, 1, 3, 1)

❖ ❧❡✐t♦r ♥♦t❛rá q✉❡✱ s❡ ♦ ❞✐❣✐t❛❞♦r ❝♦♠❡t❡ ❛♣❡♥❛s ✉♠ ❡rr♦ ❞❡ ❞✐❣✐t❛çã♦✱ tr♦❝❛♥❞♦ ✉♠

❞♦s ❞í❣✐t♦s ai ♣♦r ♦✉tr♦ ✈❛❧♦r✱ ❡♥tã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♦ ♣♦♥t♦ a · w ♥ã♦ s❡rá ❝♦♥❣r✉❡♥t❡

❛ ✵ ❡♠ ♠ó❞✉❧♦ ✶✵ ❡ ❛ss✐♠ s❡rá ♣♦ssí✈❡❧ ❞❡t❡❝t❛r q✉❡ ♦ ❡rr♦ ❢♦✐ ❝♦♠❡t✐❞♦✳ ❙❡ ♠❛✐s ❞❡ ✉♠

❡rr♦ ❢♦r ❝♦♠❡t✐❞♦ ♥❛ ❞✐❣✐t❛çã♦✱ ♦ ❢❛t♦ ♣r♦✈❛✈❡❧♠❡♥t❡ ❛✐♥❞❛ s❡rá ❞❡t❡❝t❛❞♦✱ ♠❛s ❥á ♥ã♦

♣♦❞❡♠♦s t❡r ❝❡rt❡③❛✱ ♣♦✐s ❡❧❡ ♣♦❞❡r✐❛ s❡ ❝♦♠♣❡♥s❛r ♠✉t✉❛♠❡♥t❡ ❡ ❛ s♦♠❛ ♣♦❞❡r✐❛ ❛✐♥❞❛

❝♦♥t✐♥✉❛r s❡♥❞♦ ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✶✵✳

❖ ❧❡✐t♦r ♣♦❞❡✲s❡ ♣❡r❣✉♥t❛r q✉❛❧ ❛ ❢✉♥çã♦ ❞♦ ✈❡t♦r ❞❡ ♣❡s♦s w✳ ❉❡ ❢❛t♦✱ s❡ ❛ ❡s❝♦❧❤❛

❞♦ ❞í❣✐t♦ ❞❡ ✈❡r✐✜❝❛çã♦ x ❢♦ss❡ ❢❡✐t❛ s✐♠♣❧❡s♠❡♥❡t ❞❡ ♠♦❞♦ q✉❡

a1 + a2 + · · ·+ a12 + x ≡ (mod 10),

❛✐♥❞❛ ❛ss✐♠ ❯▼ ❡rr♦ ❞❡ ❞✐❣✐t❛çã♦ s❡r✐❛ ❞❡t❡❝t❛❞♦✳ ❆❝♦♥t❡❝❡ q✉❡ ❤á ✉♠ ♦✉tr♦ ❡rr♦ ❞❡

❞✐❣✐t❛çã♦ ♠✉✐t♦ ❝♦♠✉♠✱ q✉❡ ❝♦♥s✐st❡ ❡♠ ❞✐❣✐t❛r t♦❞♦s ♦s ♥ú♠❡r♦s ❝♦rr❡t❛♠❡♥t❡✱ ♠❛s

tr♦❝❛r ❛ ♦r❞❡♠ ❞❡ ❞♦✐s ❞í❣✐t♦s ❝♦♥s❡❝✉t✐✈♦s✳

❙✉♣♦♥❤❛ q✉❡✱ ❛♦ ❞✐❣✐t❛r ♦ ♥ú♠❡r♦ ✾ ✼✽✽✺✸✶ ✹✵✹✺✽✵ ❞♦ ♥♦sss♦ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦✱ t❡♥❤❛

s❡ ❝♦♠❡t✐❞♦ ❡ss❡ t✐♣♦ ❞❡ ❡rr♦✱ ❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❢❛t♦ ❞✐❣✐t❛❞♦ ❢♦ss❡ ✾✼✽✽✸✺✶ ✹✵✹✺✽✵✳❆♦

❡❢❡t✉❛r ❛ ✈❡r✐✜❝❛çã♦ t❡rí❛♠♦s✿

(9, 7, 8, 8, 5, 3, 1, 4, 0, 4, 5, 8, 0) · (1, 3, 1, 3, 1, 3, 1, 3, 1, 3, 1, 3, 1) =

= 9 + 21 + 8 + 24 + 3 + 15 + 1 + 12 + 12 + 5 + 24

= 134 6≡ 0(mod 10)

s✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ ✱ ❛♦ ❞✐❣✐t❛r ♦ ♥ú♠❡r♦ ✾ ✼✽✶ ✹✵✷ ✵✵✷✸✽✵ t❡♥❤❛ s❡ s✐❞♦ ❝♦♠❡t✐❞♦ ✉♠

❡rr♦ ❞❡ss❡ ♠❡s♠♦ t✐♣♦✱ ❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❢❛t♦ ❞✐❣✐t❛❞♦ ❢♦ss❡ ✾ ✼✽✶✹✵✷ ✵✵✷✽✸✵✳ ❆♦ ❡❢❡t✉❛r

❛ ✈❡r✐✜❝❛çã♦ t❡rí❛♠♦s✿

(9, 7, 8, 1, 4, 0, 2, 0, 0, 2, 8, 3, 0) · (1, 3, 1, 3, 1, 3, 1, 3, 1, 3, 1, 3, 1) =

= 9 + 21 + 8 + 3 + 4 + 2 + 6 + 3 + 24

= 80 ≡ 0(mod 10)

❊st❡ ❡①❡♠♣❧♦ ♠♦str❛ q✉❡ ♦ s✐st❡♠❛ ❞❡ ❞❡t❡❝çã♦ ❛❞♦t❛❞♦ ❛❝✐♠❛ ♥ã♦ t❡♠ ❝❛♣❛❝✐❞❛❞❡ ❞❡

❞❡t❡❝t❛r t♦❞♦ ❡rr♦ ❞❡ tr❛♥s♣♦s✐çã♦ ❝♦♠❡t✐❞♦✳ ❘❡❛❧♠❡♥t❡ ✉♠ ❡rr♦ ❞❡ tr❛♥s♣♦s✐çã♦ ❞❡ ❞♦✐s



❆♣❧✐❝❛çõ❡s ❞❛ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ❡♠ ♥♦ss♦ ❝♦t✐❞✐❛♥♦ ✸✸

❞í❣✐t♦s ❝♦♥s❡❝✉t✐✈♦s ai ❡ ai+1 é ❞❡t❡❝t❛❞❛✱ ♥❡st❡ s✐st❡♠❛ ❞❡ ❝♦❞✐✜❝❛çã♦ ✭s✐st❡♠❛ ❊❆◆✲✶✸✮

s❡ ✱ ❡ s♦♠❡♥t❡ s❡✱

|ai − ai+1| 6= 5.

▼❛✐s ❛✐♥❞❛✱ ✉♠ ❡rr♦ ❞❡ tr❛♥s♣♦s✐çã♦ ♥ã♦ ❛❞❥❛❝❡♥t❡ ❞♦ t✐♣♦

. . . ai . . . ai+1ai+2 . . . 7→ . . . ai+2ai+1ai . . .

♥ã♦ ♣♦❞❡ s❡r ❞❡t❡❝t❛❞♦ ♣❡❧♦ s✐st❡♠❛ ❊❆◆✲✶✸✳ ▼❛✐s ❛✐♥❞❛✱ ✉♠ ❡rr♦ ❞❡ tr❛♥s♣♦s✐çã♦ ❡♠

q✉❡ ❞♦✐s ❞í❣✐t♦s ♥ã♦ ❛❞❥❛❝❡♥t❡s ai ❡ aj sã♦ tr♦❝❛❞♦s ♥ã♦ ♣♦❞❡ s❡r ❞❡t❡❝t❛❞♦ ♣❡❧♦ s✐st❡♠❛

s❡ ❛ ❞✐❢❡r❡♥ç❛ i− j é ♣❛r✳

❊♥✉♥❝✐❛r❡♠♦s ❛❣♦r❛ ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❞❡s❝r❡✈❡ ❛ ❝❛♣❛❝✐❞❛❞❡ q✉❡ ❞❡t❡r♠✐♥❛❞♦s

s✐st❡♠❛s tê♠ ♣❛r❛ ❞❡t❡❝t❛r ♦s ❞✐✈❡r♦s t✐♣♦s ❞❡ ❡rr♦s ♠❛✐s ❢r❡q✉❡♥t❡s✳

❚❡♦r❡♠❛ ✸✳✶✳ ❙❡❥❛ m ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡ w = (w1, . . . , wn) ✉♠ ✈❡t♦r ❞❡ ♣❡s♦s✳

❙✉♣♦♥❤❛♠♦s q✉❡ ✉♠ ✈❡t♦r ❞❡ ✐❞❡♥t✐✜❝❛çã♦ a = (a1, . . . , an) ✭♦♥❞❡ ❛ss✉♠✐♠♦s q✉❡ 0 ≤

i ≤ n✮ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦

a · w = a1w1 + · · ·+ anwn ≡ c(mod m).

❊♥tã♦✿

✶✳ ❚♦❞♦ ❡rr♦ ❝♦♥s✐st❡♥t❡ ♥✉♠❛ ú♥✐❝❛ ❛❧t❡r❛çã♦ ♥❛ ♣♦s✐çã♦ ✐✲és✐♠❛ s❡rá ❞❡t❡❝t❛❞♦ s❡✱ ❡

s♦♠❡♥t❡ s❡✱ mdc(m,w) = 1

✷✳ ❚♦❞♦ ❡rr♦ ❞❡ tr❛♥s♣♦s✐çã♦ ❞❛ ❢♦r♠❛

. . . ai . . . aj . . . 7→ . . . aj . . . ai . . .

s❡rá ❞❡t❡❝t❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ mdc(wi − wj,m) = 1✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✼❪✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❡st❡ r❡s✉❧t❛❞♦ ✜❝❛ ❝❧❛r♦ q✉❡ ❛ ♠❡❧❤♦r ❢♦r♠❛ ❞❡ t❡r ❝❡rt❡③❛ ❞❡ q✉❡ ✉♠

s✐st❡♠❛ ❞❡ ❝♦❞✐✜❝❛çã♦ s❡rá ❝❛♣❛③ ❞❡ ❞❡t❡❝t❛r t♦❞♦s ♦s ❡rr♦s ú♥✐❝♦s ✭❞✐❣✐t❛çã♦ ❞❡ sí♠❜♦❧♦

❡rr❛❞♦✮ ❡ t♦❞♦s ♦s ❡rr♦s ❞❡ tr❛♥s♣♦s✐çã♦ é t♦♠❛r✱ ♣❛r❛ ♦ ✈❛❧♦r ❞♦ ♠ó❞✉❧♦ m✱ ✉♠ ♥ú♠❡r♦

♣r✐♠♦✳ ❉❡ ❢❛t♦ ❡①✐st❡♠ ✈ár✐♦s s✐st❡♠❛s ❡♠ ✉s♦ q✉❡ ♣r♦❝❡❞❡♠ ❞❡st❛ ❢♦r♠❛✳

✸✳✹ ❈❛❞❛str♦ ❞❡ P❡ss♦❛ ❋ís✐❝❛✭❈P❋✮

❖ ❈P❋ ♦✉ ❈❛❞❛str♦ ❞❡ P❡ss♦❛ ❋ís✐❝❛ é ✉♠ ❞♦❝✉♠❡♥t♦ ❜r❛s✐❧❡✐r♦ ❡♠✐t✐❞♦ ♣❡❧❛ s❡❝r❡t❛r✐❛

❞❛ ❘❡❝❡✐t❛ ❋❡❞❡r❛❧ ❞♦ ▼✐♥✐stér✐♦ ❞❛ ❋❛③❡♥❞❛✳ ❙❡✉ ♥ú♠❡r♦ é ❝♦♠♣♦st♦ ♣♦r ✶✶ ❞í❣✐t♦s✱ s❡♥❞♦



❆♣❧✐❝❛çõ❡s ❞❛ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ❡♠ ♥♦ss♦ ❝♦t✐❞✐❛♥♦ ✸✹

♦s ❞♦✐s ú❧t✐♠♦s ♦s ❞í❣✐t♦s ✈❡r✐✜❝❛❞♦r❡s✱ q✉❡ ❛t❡st❛♠ s❡ ♦ ♥ú♠❡r♦ ❞♦ ❈P❋ é ✈á❧✐❞♦✳ ❖ ❈P❋

t❡♠ ❛ s❡❣✉✐♥t❡ ❝♦♥✜❣✉r❛çã♦✿

✾ ❞í❣✐t♦s ❜❛s❡ ✰ ✷ ❉❱ ❂ ❳❳❳✳❳❳❳✳❳❳❳✲❳❳

❖s ♥♦✈❡ ♣r✐♠❡✐r♦s ❞í❣✐t♦s sã♦ ❛ ❜❛s❡ ❞♦ ❝á❧❝✉❧♦ ♣❛r❛ ♦ ❞é❝✐♠♦ ❡ ❞é❝✐♠♦ ♣r✐♠❡✐r♦

❞í❣✐t♦s✱ q✉❡ sã♦ ❝❤❛♠❛❞♦s ❞❡ ❞í❣✐t♦s ✈❡r✐✜❝❛❞♦r❡s✳ ❖ ♥♦♥♦ ❞í❣✐t♦ ❞❡✜♥❡ ❛ ❘❡❣✐ã♦ ❋✐s❝❛❧

♦♥❞❡ ♦ s❡✉ ❈P❋ ❢♦✐ ❡♠✐t✐❞♦✳

❆ ❚❛❜❡❧❛ ✸✳✶ ✐❞❡♥t✐✜❝❛ ♦ ♥ú♠❡r♦ ❞❡ ❝❛❞❛ r❡❣✐ã♦ ✜s❝❛❧✳

◆Ú▼❊❘❖ ❘❊●■➹❖
✵ ❘❙
✶ ❉❋✱●❖✱▼❙✱▼❚ ❡ ❚❖
✷ ❆❈✱❆▼✱❆P✱P❆✱❘❖ ❡ ❘❘
✸ ❈❊✱▼❆ ❡ P■
✹ ❆▲✱P❇✱P❊ ❡ ❘◆
✺ ❇❆ ❡ ❙❊
✻ ▼●
✼ ❊❙ ❡ ❘❏
✽ ❙P
✾ P❘ ❡ ❙❈

❚❛❜❡❧❛ ✸✳✶✿ ❚❛❜❡❧❛ ❞❛s ❘❡❣✐õ❡s ❋✐s❝❛✐s
❋♦♥t❡✿✐❞❣✳r❡❝❡✐t❛ ❢❛③❡♥❞❛✳❣♦✈✳❜r

❈♦♠♦ ❝❛❧❝✉❧❛r ♦s ❞í❣✐t♦s ✈❡r✐✜❝❛❞♦r❡s ❞♦ ❈P❋❄

❚♦♠❡♠♦s ❝♦♠♦ ❡①❡♠♣❧♦ ♦s ♥♦✈❡ ♣r✐♠❡✐r♦s ❞í❣✐t♦s ❞❡ ✉♠ ❈P❋ ✜❝tí❝✐♦ ❞❡ ♥ú♠❡r♦

707048354✳

❖ ❉❱ s❡rá ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ♣♦r ✶✶ ❞♦ s♦♠❛tór✐♦ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ❝❛❞❛ ✉♠ ❞❡ss❡s

♥♦✈❡ ❛❧❣❛r✐s♠♦s✱ q✉❡ sã♦ ♦ ♥ú♠❡r♦ ❜❛s❡ ♣❛r❛ ♦ ❝á❧❝✉❧♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣❡❧❛ s❡q✉ê♥❝✐❛✿

✵✱ ✶✱ ✷✱ ✸✱ ✹✱ ✺✱ ✻✱ ✼✱ ✽ ❡ ✾✳

◗✉❛♥❞♦ ♦❝♦rr❡ ❞♦ r❡st♦ s❡r ✶✵ s❡rá ❝♦♥s✐❞❡r❛❞♦ ❛♣❡♥❛s ♦ ✵✳ P❛r❛ ❛❧❣✉♥s ❜❛♥❝♦s✱

q✉❛♥❞♦ ♦ r❡st♦ é ✶✵ s❡ ❝♦♥s✐❞❡r❛ ♦ ❞í❣✐t♦ ❳✳

❱❡❥❛♠♦s ❝♦♠♦ ❝❛❧❝✉❧❛r ♦ ♣r✐♠❡✐r♦ ❞í❣✐t♦ ✈❡r✐✜❝❛❞♦r ❞❡ ✉♠ ❈P❋✿

✶✳ ▼✉❧t✐♣❧✐❝❛✲s❡ ♦ ♥ú♠❡r♦ ❜❛s❡ ❞♦ ❈P❋ ♣❡❧❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❞♦s ♥♦✈❡ ♣r✐♠❡✐r♦s

❞í❣✐t♦s✱ ❛ ❝♦♠❡ç❛r ♣❡❧♦ ✶✿

(7, 0, 7, 0, 4, 8, 3, 5, 4)× (1, 2, 3, 4, 5, 6, 7, 8, 9) = (7, 0, 21, 0, 20, 48, 21, 40, 36)

✷✳ ❈❛❧❝✉❧❛✲s❡ ❛ s♦♠❛ ❞❡ss❡ ♣r♦❞✉t♦✿



❆♣❧✐❝❛çõ❡s ❞❛ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r ❡♠ ♥♦ss♦ ❝♦t✐❞✐❛♥♦ ✸✺

7 + 0 + 21 + 0 + 20 + 48 + 21 + 40 + 36 = 193

✸✳ ❈❛❧❝✉❧❛✲s❡ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❛ s♦♠❛ ♦❜t✐❞❛ ♣♦r ✶✶✳ ❈♦♠♦✿ 193 = 17 × 11 + 6✱ ♦

r❡st♦ é ✻✳ P♦rt❛♥t♦✱ ✻ é ♦ ♣r✐♠❡✐r♦ ❛❧❣❛r✐s♠♦ ❞♦ ❉❱✳

❱❡❥❛♠♦s ❝♦♠♦ ❝❛❧❝✉❧❛r ♦ s❡❣✉♥❞♦ ❞í❣✐t♦✿

✶✳ ▼✉❧t✐♣❧✐❝❛✲s❡ ♦s ♥♦✈❡ ♥ú♠❡r♦s ❞♦ ❈P❋ ♠❛✐s ♦ ♣r✐♠❡✐r♦ ❞✐❣✐t♦ ✈❡r✐✜❝❛❞♦r ♦❜t✐❞♦ ♣❡❧❛

s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❞♦s ❞❡③ ♣r✐♠❡✐r♦s ❞í❣✐t♦s✱ ❛ ❝♦♠❡ç❛r ❞❡ ✵✳

(7, 0, 7, 0, 4, 8, 3, 5, 4, 6)× (0, 1, 2, 3, 4, 5, 6, 7, 8, 9) = (0, 0, 14, 0, 16, 40, 18, 35, 32, 54)

✷✳ ❈❛❧❝✉❧❛✕s❡ ❛ s♦♠❛ ❞❡ss❡ ♣r♦❞✉t♦✿

0 + 0 + 0 + 14 + 0 + 16 + 40 + 18 + 35 + 32 + 54 = 209

✸✳ ❈❛❧❝✉❧❛✲s❡ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❛ s♦♠❛ ♦❜t✐❞❛ ♣♦r ✶✶✳ ❈♦♠♦ 209 : 11 = 19 é ✉♠❛

❞✐✈✐sã♦ ❡①❛t❛✱ ♦✉ s❡❥❛✱ ❞❡✐①❛ r❡st♦ ✵✳ ❈♦♥❝❧✉✐♠♦s q✉❡ ✵ é ♦ s❡❣✉♥❞♦ ❛❧❣❛r✐s♠♦ ❞♦

❉❱ ❡ ❛ s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡t❛ ❞♦s ✶✶ ❞í❣✐t♦s ❞♦ ♥♦ss♦ ❈P❋ ✜❝tí❝✐♦ é

707048354− 60



❈❛♣ít✉❧♦ ✹

❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s

❆♣❡s❛r ❞❛s ❈♦♥❣r✉ê♥❝✐❛s ▼♦❞✉❧❛r❡s ♥ã♦ ❢❛③❡r❡♠ ♣❛rt❡ ❞♦ ❝✉rrí❝✉❧♦ ❞♦ ❊♥s✐♥♦ ❇ás✐❝♦ ❛

♣r♦♣♦st❛ ❞❡ ✐♥tr♦❞✉③✐r ❡st❡ ❝♦♥t❡ú❞♦ ♥❡ss❛ ❢❛s❡ ❡s❝♦❧❛r s❡r✐❛ ♠✉✐t♦ ♣❡rt✐♥❡♥t❡ ♣♦✐s ♣♦❞❡r✐❛

❝♦♥tr✐❜✉✐r ❡ ✐♥❝❡♥t✐✈❛r ❛ ❛♣r❡♥❞✐③❛❣❡♠ ❞♦s ❛❧✉♥♦s✳ ❆❝r❡❞✐t❛♠♦s q✉❡ ❡♠❜♦r❛ ♦ ♥♦ss♦

♣ú❜❧✐❝♦ ❛❧✈♦ s❡❥❛ ♠✉✐t♦ ❥♦✈❡♠✱ ✐st♦ é✱ ❛❧✉♥♦s ❛ ♣❛rt✐r ❞♦ 6o ❛♥♦ ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱

❡st❛ t❡♦r✐❛ é ❞❡ ❢á❝✐❧ ❝♦♠♣r❡❡♥sã♦✱ ♣♦r ✐ss♦✱ ♣♦❞❡r✐❛ s❡r ❡♠♣r❡❣❛❞❛✱ t❛♥t♦ ♣❛r❛ ❛

❛q✉✐s✐çã♦ ❞❡ ♥♦✈♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❝♦♠♦ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❛♣r✐♠♦r❛♠❡♥t♦ ❞❡ ❝♦♥❝❡✐t♦s ❥á

❡st✉❞❛❞♦s✳ ❱✐st♦ q✉❡✱ ♣❛r❛ ❛♣r❡♥❞❡r ❝♦♥❣r✉ê♥❝✐❛s ♠♦❞✉❧❛r❡s ❜❛st❛ t❡r ❝♦♥❤❡❝✐♠❡♥t♦

s♦❜r❡ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❞✐✈✐s✐❜✐❧✐❞❛❞❡ ❛❝r❡❞✐t❛♠♦s ❛✐♥❞❛ q✉❡ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞♦ ❡♥s✐♥♦ ❞❛

❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r é ✈❛❧✐❞♦ ♣❡❧♦s ❜❡♥❡❢í❝✐♦s q✉❡ ❡st❛ ♣♦❞❡r✐❛ ♣r♦♣♦r❝✐♦♥❛r ♥❛ ❛q✉✐s✐çã♦

❞❛s ❝♦♠♣❡tê♥❝✐❛s ❡ ❤❛❜✐❧✐❞❛❞❡s ♥❡❝❡ssár✐❛s✱ t❛♥t♦ ♣❛r❛ ♦ â♠❜✐t♦ ❡s❝♦❧❛r✱ ❝♦♠♦ ♣❛r❛ ♦

❞❡s❡♠♣❡♥❤♦ ❞❡ ❛t✐✈✐❞❛❞❡s ❝♦t✐❞✐❛♥❛s ❞♦s ❛❧✉♥♦s✱ ❝♦♠♦ ❝❛❧❝✉❧❛r✱ r❡✢❡t✐r ❡ ❝♦♠♣❛r❛r✱ ♦ q✉❡

❢❛✈♦r❡❝❡r✐❛✱ ❡♠ ♠✉✐t♦✱ ❛ s✉❛ t♦♠❛❞❛ ❞❡ ❞❡❝✐sã♦✳

❈♦♥❣r✉ê♥❝✐❛s ▼♦❞✉❧❛r❡s ❡♥❣❧♦❜❛♠ t❡♦r✐❛s ❢✉♥❞❛♠❡♥t❛✐s ❞❛ ❛r✐t♠ét✐❝❛ q✉❡ sã♦

❝♦♥❤❡❝✐♠❡♥t♦s ✐♥❞✐s♣❡♥sá✈❡✐s à ❛♣r❡♥❞✐③❛❣❡♠ ❞❛ ♠❛t❡♠át✐❝❛✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱

♣r♦♣r✐❡❞❛❞❡s ❡ ♦♣❡r❛çõ❡s ❝♦♠ ♥ú♠❡r♦s ✐♥t❡✐r♦s✱ q✉❡ ❜♦❛ ♣❛rt❡ ❞♦ ❛❧✉♥❛❞♦ t❡♠ ❞✐✜❝✉❧❞❛❞❡

❡♠ ❝♦♠♣r❡❡♥❞❡r ♥❛ ❢♦r♠❛ ❝♦♠♦ é ❡♥s✐♥❛❞❛ ❛t✉❛❧♠❡♥t❡✳

❆ ♠❡t♦❞♦❧♦❣✐❛ ❛♣r❡s❡♥t❛❞❛ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♦❢❡r❡❝❡r s✉❜sí❞✐♦s ♥❡❝❡ssár✐♦s ♣❛r❛ q✉❡ ♦

✐♥❞✐✈í❞✉♦ ♣♦ss❛ ❛✈❛♥ç❛r ❛❞q✉✐r✐♥❞♦ ❝♦♥❤❡❝✐♠❡♥t♦s ❥✉st✐✜❝❛❞♦s ❝♦♠ t❡♦r✐❛s q✉❡ ❡s❝❧❛r❡ç❛♠

♦s ❢✉♥❞❛♠❡♥t♦s ❡♠♣r❡❣❛❞♦s ♣❡❧❛ ♠❛t❡♠át✐❝❛ q✉❡ é ❡♥s✐♥❛❞❛ ♥❛s ❡s❝♦❧❛s ❞❡ ❢♦r♠❛ ❝❧❛r❛

❡ ♦❜❥❡t✐✈❛✳ ❖ ❡♠♣r❡❣♦ ❞❛s ❝♦♥❣r✉ê♥❝✐❛s ♠♦❞✉❧❛r❡s✱ ✈ê♠ ❢❛✈♦r❡❝❡r ❛ ❛♣r♦①✐♠❛çã♦ ❞♦

❛❧✉♥♦ ❝♦♠ ❛ ♠❛t❡♠át✐❝❛✱ ♥♦ s❡♥t✐❞♦ q✉❡ ❧❤❡ ❞á ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ✉t✐❧✐③❛♥❞♦ ❝á❧❝✉❧♦s s✐♠♣❧❡s

❡ ❛❝❡ssí✈❡✐s✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❛t✉❛❧✐❞❛❞❡ ❞♦ ✉s♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛s ♥♦ ❝❛♠♣♦ t❡❝♥♦❧ó❣✐❝♦✱

❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ♥♦ ❝á❧❝✉❧♦ ❞❡ ❞í❣✐t♦s ✈❡r✐✜❝❛❞♦r❡s ❝♦♠♦ ❈P❋✱ ❈◆P❏✱ ♦ s✐st❡♠❛ ❞❡

✐❞❡♥t✐✜❝❛çã♦ ❞❡ ❧✐✈r♦s ■❙❇◆✱ ❡♥tr❡ ♦✉tr♦s✱ ✈ê♠ ❛♣r♦①✐♠❛r ❛ ♠❛t❡♠át✐❝❛ ❡♥s✐♥❛❞❛ ♥❛s

❡s❝♦❧❛s ❞❛ ♠❛t❡♠át✐❝❛ ❡♥✈♦❧✈✐❞❛ ♥❛ ♦❜t❡♥çã♦ ❞❡ r❡❝✉rs♦s t❡❝♥♦❧ó❣✐❝♦s✳

❙ã♦ ♠✉✐t❛s ❛s ✉t✐❧✐❞❛❞❡s q✉❡ ❡st❛ t❡♦r✐❛ ♣r♦♣♦r❝✐♦♥❛✱ ❝♦♠♦ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛ t❡♦r✐❛

✸✻



❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s ✸✼

q✉❡ ❡♥✈♦❧✈❡ ♦s ❝ó❞✐❣♦s ❞❡ ❜❛rr❛s ❝♦♠ ❛ q✉❛❧ ♦ ❛❧✉♥♦ ♣♦❞❡r✐❛ ❛✈❛❧✐❛r ♦ q✉❛♥t♦ ❛ ♠❛t❡♠át✐❝❛

❝♦♥tr✐❜✉✐ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡❝♥♦❧♦❣✐❛ ❡ ✈❡r✐✜❝❛r ❝♦♠♦ é ❢á❝✐❧ ✐❞❡♥t✐✜❝❛r ❛s

✐♥❢♦r♠❛çõ❡s q✉❡ ♦ ♠❡s♠♦ tr❛③✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ s❛❜❡r s❡ ✉♠ ♣r♦❞✉t♦ é ❢❛❜r✐❝❛❞♦ ♥♦

❇r❛s✐❧✱ s❡ ❞♦✐s ♣r♦❞✉t♦s ❞✐❢❡r❡♥t❡s sã♦ ❢❛❜r✐❝❛❞♦s ♣❡❧❛ ♠❡s♠❛ ❡♠♣r❡s❛ ❡ ♦✉tr❛s ✐♥❢♦r♠❛çõ❡s

q✉❡ ♦ ❝ó❞✐❣♦ ❞❡ ❜❛rr❛s trás✳

❆ ♣❛rt✐r ❞❛ t❡♦r✐❛ ❞❛s ❝♦♥❣r✉ê♥❝✐❛s✱ ♠✉✐t❛s ❛t✐✈✐❞❛❞❡s ✐♥t❡r❡ss❛♥t❡s ❡ ♠♦t✐✈❛❞♦r❛s

♣♦❞❡r✐❛♠ s❡r ♣r♦♣♦st❛s ♣❛r❛ ❛❧✉♥♦s ❞❡ t♦❞❛s ❛s ❢❛✐①❛s ❡tár✐❛s✱ ✉♠❛ ❞❡❧❛s é ❛ ♣♦ss✐❜✐❧✐❞❛❞❡

❞❡ ❞❡s❝♦❜r✐r ❞❛t❛s ♣❛ss❛❞❛s ❡ ❢✉t✉r❛s ♥✉♠❛ ❝♦♥t❡①t✉❛❧✐③❛çã♦ ❞❡ ❡✈❡♥t♦s✳ ❊ ❛ss✐♠✱ ♠♦str❛r

❛ ❡❧❡s q✉❡ é ♣♦ssí✈❡❧✱ ♣♦r ❡①❡♠♣❧♦✱ ❝❛❧❝✉❧❛r ♦ ❞✐❛ ❞❛ s❡♠❛♥❛ ❡♠ q✉❡ ♥❛s❝❡r❛♠✳ ❊ss❡ ❢❛t♦

✐r✐❛ ♠♦t✐✈á✲❧♦s ❛ ❝♦♠♣r❡❡♥❞❡r ♠❡❧❤♦r ❛ t❡♦r✐❛✱ ❜❡♠ ❝♦♠♦✱ ♣♦ss✐❜✐❧✐t❛rá ❛♦ ♣r♦❢❡ss♦r ❢❛③❡r

❢✉t✉r❛s ❣❡♥❡r❛❧✐③❛çõ❡s ♣❛r❛ ❛♣r♦❢✉♥❞❛r ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❛❞q✉❡r✐❞♦s✳

P♦rt❛♥t♦✱ ❛❝r❡❞✐t❛♠♦s q✉❡ ❛ ❚❡♦r✐❛ ❞❛ ❆r✐t♠ét✐❝❛ ▼♦❞✉❧❛r✱ ♣♦❞❡r✐❛ ❝♦♥tr✐❜✉✐r ❞❡

❢♦r♠❛ s✐❣♥✐✜❝❛t✐✈❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ❛❧✉♥♦ ❡ q✉❡ ❛ ♠❡t♦❞♦❧♦❣✐❛ q✉❡ ♣r♦♣♦♠♦s

❛ss♦❝✐❛♥❞♦ ❝♦♥❝❡✐t♦s ❛ ❡①❡♠♣❧♦s ❞❡ ❝♦♠♦ ❡❧❡s ♣♦❞❡ s❡r út❡✐s ♥❛ ✈✐❞❛ ❞❛s ♣❡ss♦❛s✱ ❛t❡♥❞❡♠

❛ ❛t✉❛❧ t❡♥❞ê♥❝✐❛ ❞♦ ❡♥s✐♥♦ ❞❡ ♠❛t❡♠át✐❝❛✱ ❞❡ ♣r✐♠❛r ♣❡❧♦ r❛❝✐♦❝í♥✐♦ ❡ ❝♦♥t❡①t✉❛❧✐③❛çã♦

❡♠ ❧✉❣❛r ❞❡ ❞❡❝♦r❛çã♦ ❡ s✐♠♣❧❡s ❛♣❧✐❝❛çã♦ ❞❡ ❝♦♥❝❡✐t♦s ♠❛t❡♠át✐❝♦s ❡♠ ❡①❡r❝í❝✐♦s ❞❡

✜①❛çã♦✳ ❆ss✐♠✱ ❛♣❡s❛r ❞❡ ❛ ❚❡♦r✐❛ ❞❛s ❈♦♥❣r✉ê♥❝✐❛s ▼♦❞✉❧❛r❡s ♥ã♦ ❢❛③❡r❡♠ ♣❛rt❡ ❞♦

❝✉rrí❝✉❧♦ ❞♦ ❛❧✉♥❛❞♦ ❞♦ ❡♥s✐♥♦ ❜ás✐❝♦✱ ❡st❛ ♣♦❞❡r✐❛ s❡r ✐♥tr♦❞✉③✐❞❛ ❛ ♣❛rt✐r ❞♦ 6o ❛♥♦

❞♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧ ♣♦r ♣r♦❢❡ss♦r❡s q✉❡ ❜✉s❝❛♠ ❡str❛té❣✐❛s ♣❛r❛ ❢❛✈♦r❡❝❡r ♦ ♣r♦❝❡ss♦

❡♥s✐♥♦ ❛♣r❡♥❞✐③❛❣❡♠✳



❘❡❢❡rê♥❝✐❛s

❬✶❪ ❇❘❆❙■▲✳ ❙❡❝r❡t❛r✐❛ ❞❡ ❊❞✉❝❛çã♦ ❋✉♥❞❛♠❡♥t❛❧✳ P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s✿

▼❛t❡♠át✐❝❛✳ ❇r❛sí❧✐❛✿ ▼❊❈✴❙❊❋✱ ✶✾✾✽✳

❬✷❪ ❇❖❨❊❘✱ ❈❛r❧ ❇✳ ❍✐stór✐❛ ❞❛ ▼❛t❡♠át✐❝❛✳ ❚r❛❞✉çã♦✿ ❊❧③❛ ❋✳ ●♦♠✐❞❡✳ ✷❛ ❊❞✐çã♦✳

❙ã♦ P❛✉❧♦✳ ❊❞❣❛r❞ ❇❧ü❝❤❡r✱✷✵✵✸✳

❬✸❪ ❈❘❯❩✱ Pr✐s❝✐❧❛✳ ❖ ❜r❛s✐❧❡✐r♦ q✉❡r ❡❞✉❝❛çã♦ ♣❛r❛ ❥á✳ ❊st❛❞ã♦ ❞❡ ❙ã♦ P❛✉❧♦✱ ✶✵ ♠❛rç♦

✷✵✶✽✳ ❉✐s♣♦♥í✈❡❧ ❡♠✿ ♦♣✐♥✐ã♦✳❡st❛❞❛♦✳❝♦♠✳❜r

❬✹❪ ❈❖❯❚■◆❍❖✱ ❙✳ ❈✳ ❈r✐♣t♦❣r❛✜❛✳ ❆♣♦st✐❧❛ ❞♦ P■❈✳ ❖❇▼❊P✳ ■▼P❆✱ ✷✵✶✹✳

❬✺❪ ❉❯❚❊◆❍❊❋◆❊❘✱ ❋r❛♥❝✐s❝♦❀ ❈❆❉❆❘✱ ▲✉❝✐❛♥❛✳ ❊♥❝♦♥tr♦s ❞❡ ❆r✐t♠ét✐❝❛✳ ❆♣♦st✐❧❛

❞♦ P■❈✳ ❖❇▼❊P✳ ■▼P❆✱ ✷✵✶✺✳

❬✻❪ ❉❯❚❊◆❍❊❋◆❊❘✱ ❋✳ ❉✉t❡♥❤❡❢♥❡r❀ ▲✳ ❈❆❉❆❘✳ ❊♥❝♦♥tr♦s ❞❡ ❆r✐t♠ét✐❝❛✳ P■❈✳ ❙❇▼✳

■▼P❆✳✷✵✶✺

❬✼❪ ▼■▲■❊❙✱ ❋r❛♥❝✐s❝♦ ❈és❛r P♦❧❝✐♥♦ ▼✐❧✐❡s✳ ❆ ▼❛t❡♠át✐❝❛ ❞♦s ❈ó❞✐❣♦s ❞❡ ❇❛rr❛s✳ P■❈✳

❖❇▼❊P✳✷✵✵✾✳ ❉✐s♣♦♥í✈❡❧ ❡♠✿ ♦❜♠❡♣✳♦r❣✳❜r✴❞♦❝s✴❛♣♦st✐❧❛✻✳♣❞❢

❬✽❪ ❍❊❋❊❩✱ ❆✳ ❊❧❡♠❡♥t♦s ❞❡ ❆r✐t♠ét✐❝❛✱ ✷❛ ❡❞✐çã♦✱ P■❈✳ ❙❇▼✳ ■▼P❆✳ ✷✵✵✺✳

❬✾❪ ❏❯❘❑■❊❲■❈❩✱ ❙❛♠✉❡❧✳ ❉✐✈✐s✐❜✐❧✐❞❛❞❡ ❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s✱❆♣♦st✐❧❛ ❞♦ P■❈✱ ❖❇▼❊P✳

■▼P❆ ✷✵✶✼✳

❬✶✵❪ ▲■▼❆✱ ❊✳ ▲✳ ❙♦❜r❡ ♦ ❡♥s✐♥♦ ❞❛ ♠❛t❡♠át✐❝❛✳ ❘❡✈✐st❛ ❞♦ Pr♦❢❡ss♦r ❞❡ ▼át❡♠át✐❝❛✳

❘✐♦ ❞❡ ❏❛♥❡✐r♦✳ ❙♦❝✐❡❞❛❞❡ ❇r❛s✐❧❡✐r❛ ❞❡ ▼❛t❡♠át✐❝❛✳ ❱♦❧✉♠❡ ✷✽✱ ♣✳✶✲✺✱ ▼❛✐♦✴❆❣♦st♦

✶✾✾✺✳

❬✶✶❪ ▼❆❘❈❖◆■✱ ▼✳ ❆❀ ▲❆❑❆❚❖❙✱ ❊✳▼✳ ▼❡t♦❞♦❧♦❣✐❛ ❞♦ ❚r❛❜❛❧❤♦ ❈✐❡♥t✐✜❝♦✳ ✼ ❡❞✐çã♦✳

❙ã♦ P❛✉❧♦✿ ❆t❧❛s✱ ✷✵✵✼✳

❬✶✷❪ ▼❆❘❚■◆■✱ ❘✱ ❈r✐♣t♦❣r❛✜❛ ❡ ❈✐❞❛❞❛♥✐❛ ❉✐❣✐t❛❧✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ❈✐ê♥❝✐❛ ▼♦❞❡r♥❛✱

✷✵✵✶✳
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❘❊❋❊❘✃◆❈■❆❙ ✸✾
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