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❘❡s✉♠♦

❆ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ ❝♦♥st✐t✉✐ ❛t✉❛❧♠❡♥t❡ ✉♠❛ ❢❡rr❛♠❡♥t❛ ✐♠♣♦rt❛♥t❡ ♥♦

♣r♦❝❡ss❛♠❡♥t♦ ❡st❛tíst✐❝♦ ❞❡ s✐♥❛✐s✱ ❡s♣❡❝✐❛❧♠❡♥t❡ q✉❛♥❞♦ é ♥❡❝❡ssár✐♦ ♣r♦❝❡ss❛r s✐♥❛✐s

♣r♦✈❡♥✐❡♥t❡s ❞❡ ❛♠❜✐❡♥t❡s ❝♦♠ ❡st❛tíst✐❝❛s ❞❡s❝♦♥❤❡❝✐❞❛s q✉❡ ✈❛r✐❛♠ ❝♦♠ ♦ t❡♠♣♦✳ ❖ ❡s✲

t✉❞♦ ❞❡ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ ❢♦✐ ✐♠♣✉❧s✐♦♥❛❞♦ ❝♦♠ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ ▲❡❛st

▼❡❛♥ ❙q✉❛r❡ ✭▲▼❙✮ ❡♠ ✶✾✻✵✳ ❉❡s❞❡ ❡♥tã♦ ♦✉tr♦s ❛❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s tê♠ s✉r❣✐❞♦

❝♦♠ ✉♠ ❞❡s❡♠♣❡♥❤♦ s✉♣❡r✐♦r ❛♦ ❛❧❣♦r✐t♠♦ ▲▼❙ ❡♠ r❡❧❛çã♦ ❛♦ ❞❡s❛❥✉st❡ ❡ à t❛①❛ ❞❡

❝♦♥✈❡r❣ê♥❝✐❛✳ ❊♥tr❡ ❡❧❡s✱ ♦ ❛❧❣♦r✐t♠♦ ❙✐❣♠♦✐❞❛❧ ✭❙❆✮ q✉❡ s❡ ❛♣r❡s❡♥t♦✉ s✉♣❡r✐♦r ❛♦ ▲▼❙✱

❡♠ r❡❧❛çã♦ ❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ♦ ❞❡s❛❥✉st❡ ❡♠ s✉❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ♥❛ ❢♦r♠❛ ❛♥❛✲

❧ó❣✐❝❛✳ ◆♦s ❞✐s♣♦s✐t✐✈♦s ❞❡ ❤❛r❞✇❛r❡✱ t❛✐s ❝♦♠♦ ❉❙Ps✱ ▼✐❝r♦❝♦♥tr♦❧❛❞♦r❡s ❡ ❋P●❆s✱ ♦s

❛❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s sã♦ ✐♠♣❧❡♠❡♥t❛❞♦s ♥❛ ❢♦r♠❛ ❞✐❣✐t❛❧✱ ♦♥❞❡ ❛ ♣r❡❝✐sã♦ é ✜♥✐t❛✱ ❡♠

❣❡r❛❧✱ ❝♦♠ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦✳ ◗✉❛♥❞♦ ♦s ✜❧tr♦s ❛❞❛♣t❛t✐✈♦s sã♦ ✐♠♣❧❡♠❡♥t❛❞♦s

❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ❛❧❣✉♥s ❡❢❡✐t♦s ♣♦❞❡♠ ❛❢❡t❛r ♦ s❡✉ ❞❡s❡♠♣❡♥❤♦✳ ❊♠ ú❧t✐♠❛ ❛♥á❧✐s❡✱

❧❡✈❛r à ❞✐✈❡r❣ê♥❝✐❛ ❞❡✈✐❞♦ ❛♦s ❡rr♦s ❞❡ q✉❛♥t✐③❛çã♦ ❡s♣❡❝✐✜❝❛❞♦s ♥♦ ♣r♦❝❡ss♦ ❞❡ ❛♣r♦①✐✲

♠❛çã♦ ❞♦s ✈❛❧♦r❡s ❞❛s ✈❛r✐á✈❡✐s ❡♥✈♦❧✈✐❞❛s ♥♦ ♣r♦❝❡ss❛♠❡♥t♦ ❛❞❛♣t❛t✐✈♦ ❞❡ s❡✉s ✈❛❧♦r❡s

♦r✐❣✐♥❛✐s✳ ❆ss✐♠✱ ❡st❡ tr❛❜❛❧❤♦ ♣r♦♣õ❡ ❛♥❛❧✐s❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ❛❧❣♦r✐t♠♦ ❛❞❛♣t❛t✐✈♦

❙✐❣♠♦✐❞❛❧ ✭❙❆✮ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✱ q✉❛♥❞♦ ✐♠♣❧❡♠❡♥t❛❞♦ ✉t✐❧✐③❛♥❞♦ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦

✜①♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❛♥á❧✐s❡ ❞❡ s✉❛ ❝✉r✈❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❡ ♦ ❞❡s❛❥✉st❡✱ ❝♦♠♣❛r❛♥❞♦✲♦s

❡♠ ❞✐❢❡r❡♥t❡s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ✭♥ú♠❡r♦ ❞❡ ❜✐ts✮✳ ❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s

♥❡st❡ tr❛❜❛❧❤♦ ♣r♦♣õ❡ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❡♠ sér✐❡ ❞❡ ❚❛②❧♦r ❞♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ❞❡

❝✉st♦ ▲♥✭❝♦s❤ αe✮ ❞♦ ❛❧❣♦r✐t♠♦ ❙❆ ♣❛r❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✳ ❆♥❛❧✐s❛♠♦s

❛ s✉❛ ❝✉r✈❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s✳ ▼♦str❛✲s❡ q✉❡

♦ ❛❧❣♦r✐t♠♦ ❛♣r❡s❡♥t❛ ❡st❛❜✐❧✐❞❛❞❡ ❡♠ s❡✉ ❞❡s❡♠♣❡♥❤♦ ❡♠ r❡❧❛çã♦ à ❝♦♥✈❡r❣ê♥❝✐❛✱ ♣❛r❛

❞✐❢❡r❡♥t❡s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s✱ ❡ q✉❡ ♦ ❛✉♠❡♥t♦ ♥♦ ♥í✈❡❧ ❞♦ ❞❡s❛❥✉st❡ ❡♠ ❡st❛❞♦ ❡s✲

t❛❝✐♦♥ár✐♦ é s❡♥sí✈❡❧ ♦✉ ✐♥✢✉❡♥❝✐❛❞♦ ♣❡❧❛ q✉❛♥t✐③❛çã♦ ❞♦s ✈❛❧♦r❡s ❞❛s ✈❛r✐á✈❡✐s ❡♥✈♦❧✈✐❞❛s

♥♦s ❝á❧❝✉❧♦s ❞❡ss❡ ❛❧❣♦r✐t♠♦✳

P❛❧❛✈r❛s✲❝❤❛✈❡s✿ ❋✐❧tr♦s ❆❞❛♣t❛t✐✈♦s✱ ◗✉❛♥t✐③❛çã♦✱ ❆r✐t♠ét✐❝❛ ❞❡ P♦♥t♦✲❋✐①♦✱ ❙✐❣♠♦✐❞❛❧✳
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❚❤❡ ❛❞❛♣t✐✈❡ ✜❧t❡r✐♥❣ ✐s ❝✉rr❡♥t❧② ❛♥ ✐♠♣♦rt❛♥t t♦♦❧ ✐♥ t❤❡ st❛t✐st✐❝❛❧ ♣r♦❝❡s✲

s✐♥❣ ♦❢ s✐❣♥❛❧s✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ ✐t ✐s ♥❡❝❡ss❛r② t♦ ♣r♦❝❡ss s✐❣♥❛❧s ❢r♦♠ ❡♥✈✐r♦♥♠❡♥ts ✇✐t❤

✉♥❦♥♦✇♥ st❛t✐st✐❝s ✈❛r②✐♥❣ ✇✐t❤ t✐♠❡✳ ❚❤❡ ❛❞❛♣t✐✈❡ ✜❧t❡r✐♥❣ st✉❞② ✇❛s ❞r✐✈❡♥ ❜② t❤❡ ❞❡✲

✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ▲❡❛st ▼❡❛♥ ❙q✉❛r❡ ❛❧❣♦r✐t❤♠ ✭▲▼❙✮ ✐♥ ✶✾✻✵✳ ❙✐♥❝❡ t❤❡♥ ♦t❤❡r ❛❞❛♣t✐✈❡

❛❧❣♦r✐t❤♠s ❤❛✈❡ ❝♦♠❡ ✉♣ ✇✐t❤ ❛ ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ t❤❛♥ ▲▼❙ ❛❧❣♦r✐t❤♠ ✇✐t❤ r❡s♣❡❝t t♦

♠✐s❛❞❥✉st♠❡♥t ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡✳ ❆♠♦♥❣ t❤❡♠✱ t❤❡ ❙✐❣♠♦✐❞❛❧ ❛❧❣♦r✐t❤♠ ✭❙❆✮ ✇❤✐❝❤

s❤♦✇❡❞ s✉♣❡r✐♦r t♦ t❤❡ ▲▼❙✱ ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❛♥❞ t❤❡ ♠✐s♠❛t❝❤ ✐♥ t❤❡✐r ✐♠♣❧❡✲

♠❡♥t❛t✐♦♥s ✐♥✜♥✐t❡ ♣r❡❝✐s✐♦♥✳ ■♥ ❤❛r❞✇❛r❡ ❞❡✈✐❝❡s s✉❝❤ ❛s ❉❙Ps✱ ♠✐❝r♦❝♦♥tr♦❧❧❡rs ❛♥❞

❋P●❆s✱ ❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ✜♥✐t❡ ♣r❡❝✐s✐♦♥✱ ✐♥ ❣❡♥❡r❛❧✱ ✜①❡❞ ♣♦✐♥t

❛r✐t❤♠❡t✐❝✳ ❲❤❡♥ t❤❡ ❛❞❛♣t✐✈❡ ✜❧t❡rs ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ✜♥✐t❡ ♣r❡❝✐s✐♦♥ s♦♠❡ ❡✛❡❝ts

❝❛♥ ❛✛❡❝t t❤❡✐r ♣❡r❢♦r♠❛♥❝❡✳ ❯❧t✐♠❛t❡❧② ❧❡❛❞ t♦ ❞✐✈❡r❣❡♥❝❡ ❞✉❡ t♦ q✉❛♥t✐③❛t✐♦♥ ❡rr♦rs

s♣❡❝✐✜❡❞ ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡ss ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❛❞❛♣t✐✈❡ ♣r♦❝❡ss✐♥❣

♦❢ t❤❡✐r ♦r✐❣✐♥❛❧ ✈❛❧✉❡s✳ ❚❤✉s✱ t❤✐s ❛rt✐❝❧❡ ❛✐♠s t♦ ❛♥❛❧②③❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❛❞❛♣t✐✈❡

❛❧❣♦r✐t❤♠ ❙✐❣♠♦✐❞❛❧ ✭❙❆✮ ✐♥ ✜♥✐t❡ ♣r❡❝✐s✐♦♥ ✇❤❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ✜①❡❞✲♣♦✐♥t ❛r✐t❤♠❡✲

t✐❝✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❛♥❛❧②s✐s ♦❢ ✐ts ♣❡r❢♦r♠❛♥❝❡ ❝✉r✈❡ ❛♥❞ ♠✐s♠❛t❝❤✱ ❝♦♠♣❛r✐♥❣ t❤❡♠

✐♥ ❞✐✛❡r❡♥t ✇♦r❞ ❧❡♥❣t❤s ✭♥✉♠❜❡r ♦❢ ❜✐ts✮✳ ❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❛rt✐❝❧❡ ♣r♦♣♦s❡s

❛ s❡r✐❡s ♦❢ ❚❛②❧♦r ▲♥ ❣r❛❞✐❡♥t ♦❢ ❝♦st ❢✉♥❝t✐♦♥ ✭❝♦s❤ αe✮ ❛❧❣♦r✐t❤♠ ❙❆ ❢♦r ✐♠♣❧❡♠❡♥t❛t✐♦♥

✐♥ ✜♥✐t❡ ♣r❡❝✐s✐♦♥✳ ❲❡ ❛♥❛❧②③❡ ✐ts ♣❡r❢♦r♠❛♥❝❡ ❝✉r✈❡ ❢♦r ❞✐✛❡r❡♥t ❧❡♥❣t❤s ♦❢ ✇♦r❞s✳ ■t

s❤♦✇s t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✐s st❛❜❧❡ ✐♥ ✐ts ♣❡r❢♦r♠❛♥❝❡ ❝♦♠♣❛r❡❞ t♦ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❞✐✛❡r❡♥t

❧❡♥❣t❤s ♦❢ ✇♦r❞s✱ ❛♥❞ t❤❛t t❤❡ ✐♥❝r❡❛s❡ ✐♥ ♠✐s♠❛t❝❤ ❧❡✈❡❧ ❛t st❡❛❞② st❛t❡ ✐s s❡♥s✐t✐✈❡ ♦r

❛✛❡❝t❡❞ ❜② t❤❡ q✉❛♥t✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ♦❢ t❤✐s ❛❧❣♦r✐t❤♠✳

❑❡②✇♦r❞s✿ ❆❞❛♣t✐✈❡ ❋✐❧t❡rs✱ ◗✉❛♥t✐③❛t✐♦♥✱ ❋✐①❡❞✲P♦✐♥t ❆r✐t❤♠❡t✐❝✱ ❙✐❣♠♦✐❞❛❧



❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦ ♣r♦❢❡ss♦r ❆❧❧❛♥ ❑❛r❞❡❝ ❉✉❛✐❧✐❜❡ ❇❛rr♦s ❋✐❧❤♦✱ ♣❡❧❛ ❝♦♥✜❛♥ç❛✱ ♦r✐❡♥t❛çã♦ ❡

❞❡❞✐❝❛çã♦ ❝♦♠ q✉❡ ❡♥❝❛♠✐♥❤♦✉ ❡st❡ tr❛❜❛❧❤♦✳

❆♦ ♣r♦❢❡ss♦r ❆♥❞ré ❇♦r❣❡s ❈❛✈❛❧❝❛♥t❡ ❡ ❛♦ ♣r♦❢❡ss♦r ❊✇❛❧❞♦ ❊❞❡r ❈❛r✈❛❧❤♦

❙❛♥t❛♥❛ ✱ ♣❡❧❛ ❡♠♣❡♥❤♦ ❡ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ♥❛ ♦r✐❡♥t❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳

❆❣r❛❞❡ç♦ ❛♦s ♣r♦❢❡ss♦r❡s ❡ ❛♠✐❣♦s ❞♦ ▲❛❜♦r❛tór✐♦ ❞❛ ■♥❢♦r♠❛çã♦ ❇✐♦❧ó❣✐❝❛✲

P■❇✳

➚ t♦❞❛ ♠✐♥❤❛ ❢❛♠í❧✐❛ ❡ ❛♠✐❣♦s✳

➚ ❈◆P◗✱ ♣❡❧♦ r❡❧❡✈❛♥t❡ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳



✏❱❡♥❝❡r ❛ s✐ ♣ró♣r✐♦ é ❛ ♠❛✐♦r ❞❛s ✈✐tó✲

r✐❛s✑✳

P❧❛tã♦



❙✉♠ár✐♦

▲✐st❛ ❞❡ ❋✐❣✉r❛s ✽

▲✐st❛ ❞❡ ❚❛❜❡❧❛s ✶✶

▲✐st❛ ❞❡ ❆❜r❡✈✐❛çõ❡s ✶✷

❆rt✐❣♦s ♣✉❜❧✐❝❛❞♦s✱ ❛❝❡✐t♦s ❡ ❛♣r❡s❡♥t❛❞♦s ✶✸

✶ ■♥tr♦❞✉çã♦ ✶✹

✶✳✶ Pr♦❜❧❡♠❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✷ ❖❜❥❡t✐✈♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✸ ▼♦t✐✈❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✹ ❊st❛❞♦ ❞❛ ❆rt❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✺ ❖r❣❛♥✐③❛çã♦ ❞♦ ❚❡①t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷ ❋✐❧tr❛❣❡♠ ❆❞❛♣t❛t✐✈❛ ✶✽

✷✳✶ ❈❛r❛❝t❡ríst✐❝❛s ❞♦s ❋✐❧tr♦s ❆❞❛♣t❛t✐✈♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✷ ❆♣❧✐❝❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✸ ❊❢❡✐t♦s ❞❛ Pr❡❝✐sã♦ ❋✐♥✐t❛ ✷✹

✸✳✶ ❊rr♦s ❞❡ ◗✉❛♥t✐③❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸✳✷ ❋✐❧tr❛❣❡♠ ❆❞❛♣t❛t✐✈❛ ❡♠ Pr❡❝✐sã♦ ❋✐♥✐t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✷✳✶ ❖ ▲▼❙ ❡♠ Pr❡❝✐sã♦ ❋✐♥✐t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✸ ■♠♣❧❡♠❡♥t❛çã♦ ❡♠ ❉✐s♣♦s✐t✐✈♦ ❞❡ ❍❛r❞✇❛r❡ ❉✐❣✐t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✹ ❙✐♠✉❧❛çã♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷



✼

✹ ❆♥á❧✐s❡ ❡♠ Pr❡❝✐sã♦ ❋✐♥✐t❛ ❞♦ ❆❧❣♦r✐t♠♦ ❆❞❛♣t❛t✐✈♦ ❇❛s❡❛❞♦ ♥♦ ❊rr♦

◆ã♦ ▲✐♥❡❛r ✸✸

✹✳✶ ❆♥á❧✐s❡ ❞❡ ❆❞❛♣t❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✹✳✷ ❈♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✺ ❖ ❆❧❣♦r✐t♠♦ ❙✐❣♠♦✐❞❛❧ ❡♠ Pr❡❝✐sã♦ ❋✐♥✐t❛ ✹✸

✺✳✶ ▼ét♦❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✺✳✷ ❘❡s✉❧t❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✻ ❉✐s❝✉ssã♦ ✺✸

✼ ❈♦♥❝❧✉sõ❡s ❋✐♥❛✐s ❡ P❡rs♣❡❝t✐✈❛s ✺✼

❘❡❢❡rê♥❝✐❛s ✺✽

❆♣ê♥❞✐❝❡s ✻✶



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ❈♦♥✜❣✉r❛çã♦ ❣❡r❛❧ ❞❡ ✉♠ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦✳ ❊♠ q✉❡ k r❡♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦

❞❡ ✐t❡r❛çã♦✱ xk ❞❡s✐❣♥❛ ♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛✱ yk é ♦ s✐♥❛❧ ❞❡ s❛í❞❛ ❞♦ ✜❧tr♦

❛❞❛♣t❛t✐✈♦✱ ❡ dk ❞❡✜♥❡ ♦ s✐♥❛❧ ❞❡s❡❥❛❞♦✳ ❖ s✐♥❛❧ ❞❡ ❡rr♦ ek é ❝❛❧❝✉❧❛❞❛

❝♦♠♦ dk − yk✳ ❖ s✐♥❛❧ ❞❡ ❡rr♦ é ❡♥tã♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❢♦r♠❛r ✉♠❛ ❢✉♥çã♦ ❞❡

❞❡s❡♠♣❡♥❤♦ ✭♦✉ ♦❜❥❡t✐✈♦✮ q✉❡ é ❡①✐❣✐❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ ❛❞❛♣t❛çã♦ ♣❛r❛

❞❡t❡r♠✐♥❛r ❛ ❛t✉❛❧✐③❛çã♦ ❛♣r♦♣r✐❛❞❛ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ ✜❧tr♦ wk✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✷ ▼♦❞❡❧♦ ❞❡ ✉♠ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ❞✐s❝r❡t♦ ❛♣❧✐❝❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ✐❞❡♥t✐✜✲

❝❛çã♦ ❞❡ s✐st❡♠❛ ❞❡s❝♦♥❤❡❝✐❞♦✱ ♦♥❞❡ zI r❡♣r❡s❡♥t❛ ❛s ✉♥✐❞❛❞❡s ❞♦ s✐♥❛❧ ❞❡

❡♥tr❛❞❛ xk ❛tr❛s❛❞❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✸ P♦rçã♦ ❞❛ s✉♣❡r❢í❝✐❡ q✉❛❞rát✐❝❛ tr✐❞✐♠❡♥s✐♦♥❛❧ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛❧❣✉♥s ❝♦♥✲

t♦r♥♦s✳ ❖ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❡stá ♣❧♦t❛❞♦ ♥❛ ✈❡rt✐❝❛❧✱ w0 ❡ w1 ✈❛r✐❛♠

❞❡ ✲✶ ❛ ✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✹ ▼♦❞❡❧♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✺ ▼♦❞❡❧♦ ❞❡ ▼♦❞❡❧❛❣❡♠ ■♥✈❡rs❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✻ ▼♦❞❡❧♦ ❞❡ Pr❡❞✐çã♦ ▲✐♥❡❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✼ ▼♦❞❡❧♦ ❞❡ ❈❛♥❝❡❧❛♠❡♥t♦ ❞❡ ❘✉í❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✸✳✶ ❘❡♣r❡s❡♥t❛çã♦ ❡♠ ♣r❡❝✐sã♦ ✐♥✜♥✐t❛✳ ❖ ❙✐♥❛❧ ❛ss✉♠❡ ✈❛❧♦r❡s ✐♥✜♥✐t♦s ♥♦

✐♥t❡r✈❛❧♦ ❝♦♥s✐❞❡r❛❞♦✳ ■♥t❡r✈❛❧♦ ❞❡ ❛♠♣❧✐t✉❞❡ ❬✵✱▲❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✳ ❖ ❙✐♥❛❧ ❛ss✉♠❡ ✈❛❧♦r❡s ✜♥✐t♦s ♥♦ ✐♥t❡r✲

✈❛❧♦✳ ❖ ❡rr♦ é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳ ■♥t❡r✈❛❧♦ ❞❡ ❛♠♣❧✐t✉❞❡ ❬✵✱▲❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✸✳✸ ❊sq✉❡♠❛ ❣❡r❛❧ ❞❛ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦✳ ❈♦♥s✐❞❡r❛♥❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

♣❛❧❛✈✈r❛ b ✰ 1bit ❞❡ s✐♥❛❧✳ ❉❡✜♥❡ ♥ú♠❡r♦ ❞❡ bn ♣❛rt❡ ✐♥t❡r✐❛ ❡ b−n ♣❛rt❡

❢r❛❝✐♦♥ár✐❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸✳✹ ❘❡♣r❡s❡♥t❛çã♦ ◆í✈❡✐s ❞❡ ◗✉❛♥t✐③❛çã♦✳ ❛✮ ◗✉❛♥t✐❞❛❞❡s ❞❡ ♥í✈❡✐s ◆❂✹✳

❜✮◗✉❛♥t✐❞❛❞❡s ❞❡ ♥í✈❡✐s ◆❂✽✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
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✸✳✺ ❘❡♣r❡s❡♥t❛çã♦ ❡sq✉❡♠át✐❝❛ ❞❡ ♥í✈❡✐s ❞❡ q✉❛♥t✐③❛çã♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ b = 2

❜✐ts ❡ △ = L/4✳ ❈♦♥s✐❞❡r❛♠♦s ✉♠ ✈❛❧♦r L ❧✐♠✐❛r✳ ❯s❛♥❞♦ b ❜✐ts✱ ♦

✐♥t❡r✈❛❧♦ ❞❡ [0, L] ♣♦❞❡ s❡r ❞✐✈✐❞✐❞♦ ❡♠ 2b ♥í✈❡✐s ❞❡ ❧❛r❣✉r❛ △ = L/2b

❝❛❞❛✳ ❙❡✱ ❛❧é♠ ❞✐ss♦✱ ✉s❛♠♦s ✶ ✭✉♠✮ ❜✐t ❞❡ s✐♥❛❧✱ ♦s r❡s✉❧t❛♥t❡s ✭b + 1)

❜✐ts ❞✐✈✐❞❡ ♦ ✐♥t❡r✈❛❧♦ [−L,L] ❡♠ 22b ♥í✈❡✐s✳ ❆q✉✐ ❛ss✉♠✐♠♦s ♦♣❡r❛çã♦ ❞❡

❛rr❡❞♦♥❞❛♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✻ ❱❛r✐â♥❝✐❛ ❞❡✈✐❞♦ à q✉❛♥t✐③❛çã♦ ❝♦♠ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦✳ P❛r❛ C = 1

♥ú♠❡r♦ ❞❡ bits ✈❛r✐❛♥❞♦ ❡♥tr❡ 7bits à 32bits ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✹✳✶ ❋✐❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ ❡♠ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✹✳✷ ■❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛ ✐♠♣❧❡♠❡♥t❛❞♦ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✳ ❖♥❞❡ xk ❞❡s✐❣♥❛

♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛✳ ❖s ❜❧♦❝♦s Qd ❡ Qc sã♦ q✉❛♥t✐③❛❞♦r❡s ❞❡ b ❜✐ts✳ ❆ss✐♠✱

♦ q✉❛♥t✐③❛❞♦r✱ Qd✱ ✉s❛ bd ❜✐ts ♣❛r❛ ♦s ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ❡ Qc q✉❛♥t✐③❛ ♦s

❝♦❡✜❝✐❡♥t❡s ❡♠ bc ❜✐ts✳ ❖ s✐♥❛❧ ❞❡ s❛í❞❛ yQk ✐♥❞✐❝❛ ❛ ❢♦r♠❛ q✉❛♥t✐③❛❞❛✳

❖ s✐♥❛❧ ❞❡s❡❥❛❞♦ ❞❡✜♥✐❞♦ ♣♦r dk ❞♦ s✐st❡♠❛ ❞❡s❝♦♥❤❡❝✐❞♦ ❡ dQk s✉❛ ❢♦r♠❛

q✉❛♥t✐③❛❞❛✳ ❖ r✉í❞♦ ❞❡ ♠❡❞✐çã♦ nk ❡ ♦ s✐♥❛❧ ❞❡ ❡rr♦ q✉❛♥t✐③❛❞♦ eQk✳ ❖s

❝♦❡✜❝✐❡♥t❡s wk ❞♦ s✐st❡♠❛ ❞❡s❝♦♥❤❡❝✐❞♦ ❡ wQk ❞♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦✳ ✳ ✳ ✳ ✳ ✸✼

✺✳✶ P♦rçã♦ ❞❛ s✉♣❡r❢í❝✐❡ tr✐❞✐♠❡♥s✐♦♥❛❧ ❣❡r❛❞❛ ♣❡❧❛ ❢✉♥çã♦ Ln cosh (αe)✱ ❥✉♥✲

t❛♠❡♥t❡ ❝♦♠ ❛❧❣✉♥s ❝♦♥t♦r♥♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✺✳✷ ❉✐❛❣r❛♠❛ ❞♦ ✢✉①♦ ❞♦ ♣r♦❥❡t♦ ❙❆ ❡♠ ♣r❡❝✐ã♦ ✜♥✐t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✺✳✸ ❈♦♠♣❛r❛çã♦ ❞❛ ❢✉♥çã♦ tanh(e) ❡ s✉❛ ❢✉♥çã♦ ❡♠ sér✐❡ ❞❡ ❚❛②❧♦r✭✺♦ ❣r❛✉✮

❡♠ ♣♦♥t♦ ✢✉t✉❛♥t❡ ❝♦♠ ✻✹ ❜✐ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✺✳✹ ❙❆ ① ▲▼❙ ❡♠ ♣♦♥t♦ ✜①♦ ✸✷ ❜✐ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✺✳✺ ❙❆ ❡♠ ❞✐❢❡r❡♥t❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛ ❜✐♥ár✐❛ ❡♠ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦

✜①♦✿ ✽ ❜✐ts✱ ✶✻ ❜✐ts ❡ ✸✷ ❜✐ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✺✳✻ ❈✉r✈❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ♣❛r❛ C = 0, 0590 ❡ nk = 10−3

❡♠ ❞✐❢❡r❡♥t❡s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✺✳✼ ❈✉r✈❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ♣❛r❛ C = 0, 0590 ❡♠ ❞✐❢❡✲

r❡♥t❡s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
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✺✳✽ ❈✉r✈❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ♣❛r❛ bd = 15bits✱ nk = 10−3

❡ C = 0, 0590 ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶



▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✺✳✶ ❉❡s❛❥✉st❡ ❡ ▼❙❊ ❞♦ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✺✳✷ ❉❡s❛❥✉st❡ ❡ ▼❙❊ ❞♦ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ♣❛r❛ C = 0, 0590 ❡ nk = 10−3 ✳ ✹✾

✺✳✸ ❉❡s❛❥✉st❡ ❡ ▼❙❊ ❞♦ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ♣❛r❛ bd = 15bits✱ nk = 10−2 ❡

C = 0, 0590 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✺✳✹ ❉❡s❛❥✉st❡ ❡ ▼❙❊ ❞♦ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ♣❛r❛ bd = 15bits✱ nk = 10−3 ❡

C = 0, 0590 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷



✶✷

▲✐st❛ ❞❡ ❆❜r❡✈✐❛çõ❡s

❬❆❉❈❪ ❈♦♥✈❡rs♦r ❆♥❛❧ó❣✐❝♦ ❉✐❣✐t❛❧

❬❉❙P❪ ❉✐❣✐t❛❧ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣

❬❋■❘❪ ❋✐♥✐t❡ ■♠♣✉❧s❡ ❘❡s♣♦♥s❡

❬❋P●❆❪ ❋✐❡❧❞ Pr♦❣r❛♠♠❛❜❧❡ ●❛t❡ ❆rr❛②

❬■❘❘❪ ■♥✜♥✐t❡ ■♠♣✉❧s❡ ❘❡s♣♦♥s❡

❬▲▼❙❪ ▲❡❛st ▼❡❛♥ ❙q✉❛r❡

❬▼❙❊❪ ❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦

❬❘▲❙❪ ❘❡❝✉rs✐✈❡ ▲❡❛st ❙q✉❛r❡

❬❙❆❪ ❙✐❣♠♦✐❞❛❧

❬❚▲❈❪ ❚❡♦r❡♠❛ ❞♦ ▲✐♠✐t❡ ❈❡♥tr❛❧



✶✸

❆rt✐❣♦s ♣✉❜❧✐❝❛❞♦s✱ ❛❝❡✐t♦s ❡ ❛♣r❡s❡♥t❛❞♦s

✶✳ ❏♦sé ❞❡ ❘✳❙✳ ❋♦♥s❡❝❛✱ ❊✇❛❧❞♦ ❊✳ ❈✳ ❙❛♥t❛♥❛✱ ❆♥❞ré ❈✳ ❇✳ ❈❛✈❛❧❝❛♥t❡✱ ❘❛✐✲

♠✉♥❞♦ ❈✳ ❙✳ ❋r❡✐r❡ ❛♥❞ ❆❧❧❛♥ ❑✳ ❇❛rr♦s✳ ✧❋■◆■❚❊ P❘❊❈■❙■❖◆ ❊❋❋❊❈❚ ❖❋ ❆❉❆P✲

❚■❱❊ ❆▲●❖❘■❚❍▼ ❙■●▼❖■❉❆▲✧❨♦✉r ♣❛♣❡r ✶✺✼✵✸✷✺✺✵✾✳ ❬❆▼❈✷✵✶✻❪✲❑♦t❛ ❑✐♥❛❜❛❧✉✱

❙❛❜❛❤ ✲▼❛❧❛②s✐❛✳ ❤tt♣✿✴✴✉❦s✐♠✳✐♥❢♦✴❛♠❝✷✵✶✻✴❛♠❝✷✵✶✻✳ ❆♥♦✿ ✷✵✶✻

✷✳ ❏♦sé ❞❡ ❘✳❙✳ ❋♦♥s❡❝❛✱ ❊✇❛❧❞♦ ❊✳ ❈✳ ❙❛♥t❛♥❛✱ ❆♥❞ré ❈✳ ❇✳ ❈❛✈❛❧❝❛♥t❡✱

❘❛✐♠✉♥❞♦ ❈✳ ❙✳ ❋r❡✐r❡ ❛♥❞ ❆❧❧❛♥ ❑✳ ❇❛rr♦s✳ ✧❆◆➪▲■❙❊ ❉❖ ❊❋❊■❚❖ ❉❆ P❘❊❈■✲

❙➹❖ ❋■◆■❚❆ ◆❖ ❆▲●❖❘■❚▼❖ ❆❉❆P❚❆❚■❱❖ ❙■●▼❖■❉❆▲✧❳✲❊❆▼❈✲ P❡tr♦♣ó❧✐s✲

❘❏✱❇❘❆❙■▲✳ ❤tt♣✿✴✴✇✇✇✳❡❛♠❝✳❧♥❝❝✳❜r✴ ❆♥♦✿ ✷✵✶✼



✶✹

✶ ■♥tr♦❞✉çã♦

❖ ❡st✉❞♦ ❞❡ s✐♥❛✐s t❡✈❡ ✉♠ ❣r❛♥❞❡ ❛✈❛♥ç♦ ❡♠ s✉❛s ❛♣❧✐❝❛çõ❡s ❝♦♠ ♦ s✉r❣✐✲

♠❡♥t♦ ❡ ❛♣❡r❢❡✐ç♦❛♠❡♥t♦s ❞♦s ❉❙Ps ✭❞♦ ✐♥❣❧ês ❉✐❣✐t❛❧ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✮ q✉❡ sã♦ ♠✐❝r♦✲

♣r♦❝❡ss❛❞♦r❡s ❡s♣❡❝✐❛❧✐③❛❞♦s ❡♠ ♣r♦❝❡ss❛♠❡♥t♦ ❞✐❣✐t❛❧ ❞❡ s✐♥❛❧✳ ❖ q✉❡ ❛♥t❡s ❡r❛ ❢❡✐t♦ ❞❡

❢♦r♠❛ ❛♥❛❧ó❣✐❝❛✱ ❝♦♠ ♣♦✉❝♦ ❝♦♥tr♦❧❡ s♦❜r❡ ♦s ❢❡♥ô♠❡♥♦s ❢ís✐❝♦s ❡♥✈♦❧✈✐❞♦s✱ ♣♦❞❡ s❡r ❢❡✐t♦

❞❡ ❢♦r♠❛ ❞✐❣✐t❛❧✱ ❝♦♥tr♦❧❛❞❛✱ ♠✉✐t♦ ♠❛✐s ♣r❡❝✐s❛ ❡ rá♣✐❞❛✳ ❖ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛s r❡❣r❛s

q✉❡ ❣♦✈❡r♥❛♠ ♦s s✐♥❛✐s ❞✐s❝r❡t♦s✱ ❜❡♠ ❝♦♠♦ ♦s ❞✐s♣♦s✐t✐✈♦s q✉❡ ♦s ♣r♦❝❡ss❛♠✱ ❛❧t❡r♥❛✲

t✐✈❛♠❡♥t❡ ❛♦ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ s✐♥❛✐s ❛♥❛❧ó❣✐❝♦s✱ ❛♣r❡s❡♥t❛♥❞♦ ❞✐✈❡rs❛s ✈❛♥t❛❣❡♥s✳ ◆♦

♣r♦❝❡ss❛♠❡♥t♦ ❞❡ s✐♥❛❧ ❛♥❛❧ó❣✐❝♦ ❛s q✉❛♥t✐❞❛❞❡s ❢ís✐❝❛s ✈❛r✐❛♠ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❢❛✐①❛ ❞❡

✈❛❧♦r❡s ❝♦♥tí♥✉♦s✳ P❛r❛ q✉❡ ♦ s✐♥❛❧ s❡❥❛ ♣r♦❝❡ss❛❞♦ ❞✐❣✐t❛❧♠❡♥t❡✱ ♥❡❝❡ss✐t❛ s❡r✱ ♣r✐♠❡✐r❛✲

♠❡♥t❡✱ ❞✐s❝r❡t✐③❛❞♦✳ ❆❧❣✉♠❛s ✈❛♥t❛❣❡♥s s❡ ❞❡st❛❝❛♠ ♥♦ ♣r♦❝❡ss❛♠❡♥t♦ ❞✐❣✐t❛❧ ❞❡ s✐♥❛✐s✱

❝♦♠♦ ❛ ♣r♦❣r❛♠❛❜✐❧✐❞❛❞❡✱ ❡st❛❜✐❧✐❞❛❞❡✱ r❡❞✉çã♦ ❞❡ ❝✉st♦s ❡ ❢❛❝✐❧✐❞❛❞❡ ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦

❞❡ ❛❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s✳ ▼✉✐t♦s ❞♦s ♣r♦❜❧❡♠❛s r❡❧❛❝✐♦♥❛❞♦s ❛♦ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ s✐✲

♥❛✐s t❡♠ s♦❧✉çã♦ ❛tr❛✈és ❞❛ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ ❬❖♣♣❡♥❤❡✐♠✱ ✭✶✾✾✻✮❪✳ ❖ t❡r♠♦ ✧✜❧tr♦✧é

❣❡r❛❧♠❡♥t❡ ❛♣❧✐❝❛❞♦ ❛ q✉❛❧q✉❡r ❞✐s♣♦s✐t✐✈♦ ♦✉ s✐st❡♠❛ q✉❡ ♣r♦❝❡ss❛ ♦s s✐♥❛✐s r❡❝❡❜✐❞♦s ♦✉

♦✉tr♦s ❞❛❞♦s✱ ❞❡ ❢♦r♠❛ ❛ ❡❧✐♠✐♥❛r ♦ r✉í❞♦✱ ♦✉ s✉❛✈✐③❛r ♦s s✐♥❛✐s✱ ♦✉ ✐❞❡♥t✐✜❝❛r ❝❛❞❛ ✉♠

❞♦s s✐♥❛✐s ❝♦♠♦ ♣❡rt❡♥❝❡♥t❡s ❛ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❝❧❛ss❡✱ ♦✉ ♠❡s♠♦ ♣r❡✈❡r ♦ ♣ró①✐♠♦ s✐♥❛❧

❞❡ ♠♦♠❡♥t♦ ❛ ♠♦♠❡♥t♦ ❬❲✐❞r♦✇✱ ✭✶✾✽✺✮❪✳

◆♦s ú❧t✐♠♦s ❛♥♦s ❛ ❞❡♠❛♥❞❛ ♣♦r ❡q✉✐♣❛♠❡♥t♦s ♣♦rtát❡✐s✱ ❞❡ ❢á❝✐❧ ♠❛♥✉s❡✐♦

❡ q✉❡ t❡♥❤❛♠ ✉♠❛ ✐♥t❡r❢❛❝❡ s✐♠♣❧❡s ❝♦♠ ♦ ✉s✉ár✐♦ t❡♠ ❝r❡s❝✐❞♦ ♠✉✐t♦✳ ❆❧❣✉♥s ❞✐s♣♦✲

s✐t✐✈♦s ❞❡ ❤❛r❞✇❛r❡ ❞✐❣✐t❛✐s ♣r♦❝✉r❛♠ ✉♥✐r t♦❞♦s ❡ss❡s ♣r❡❝❡✐t♦s✱ ❞✐✈❡rs♦s ❞✐s♣♦s✐t✐✈♦s

❞❡ ❤❛r❞✇❛r❡ ✭❡❧❡trô♥✐❝♦s✮ q✉❡ ✉t✐❧✐③❛♠ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ s✐♥❛❧ ❞✐❣✐t❛❧✱ t❛✐s ❝♦♠♦ ❉❙Ps✱

♠✐❝r♦❝♦♥tr♦❧❛❞♦r❡s ❡ ❋P●❆s ✭ ❞♦ ✐♥❣❧ês ❋✐❡❧❞ Pr♦❣r❛♠♠❛❜❧❡ ●❛t❡ ❆rr❛②s✮✳ ❊st❡s ❞✐s♣♦✲

s✐t✐✈♦s ❞❡ ❤❛r❞✇❛r❡ ❞✐❣✐t❛✐s sã♦ ♠✉✐t♦ ✈❡rsát❡✐s✱ ♣♦❞❡♥❞♦ s❡ ❡♥q✉❛❞r❛r ❡♠ q✉❛✐sq✉❡r t✐♣♦s

❞❡ ♣r♦❥❡t♦s ❬❚♦❝❝✐✱ ✭✷✵✶✸✮❪✳ ❯♠❛ ❞❛s ❣r❛♥❞❡s ❞❡s✈❛♥t❛❣❡♥s ❞❛ té❝♥✐❝❛ ❞✐❣✐t❛❧ é q✉❡ ❛ ♠❛✐✲

♦r✐❛ ❞❛s ❣r❛♥❞❡③❛s ❢ís✐❝❛s ♥♦ ♠✉♥❞♦ r❡❛❧ ❝♦♥s✐st❡ ❞❡ ✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ s✐♥❛✐s ❛♥❛❧ó❣✐❝♦s

❬❍❛②❦✐♥✱ ✭✷✵✶✹✮❪✳

❆♦ s❡ tr❛❜❛❧❤❛r ❝♦♠ s✐♥❛✐s ♦✉ s✐st❡♠❛s ❞✐❣✐t❛✐s ♣♦❞❡♠♦s r❡♣r❡s❡♥tá✲❧♦s ❡♠

♣r❡❝✐sã♦ ✐♥✜♥✐t❛ ✭s✐♥❛❧ ❛♥❛❧ó❣✐❝♦✮ ❡ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ✭s✐♥❛❧ ❞✐❣✐t❛❧✮✳ ◆♦ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡

s✐♥❛✐s ❞✐❣✐t❛✐s r❡❛❧✐③❛✲s❡ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ✉♠❛ ❣r❛♥❞❡③❛ ❛♥❛❧ó❣✐❝❛ ♣♦r ✉♠ ✈❛❧♦r ❞✐❣✐t❛❧



✶✳✶ Pr♦❜❧❡♠❛ ✶✺

✭❞✐s❝r❡t♦✮✱ t❡♥❞♦ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ✉♠ ❡rr♦ ❞❡ ❛♣r♦①✐♠❛çã♦ ♦✉ ❡rr♦ ❞❡ q✉❛♥t✐③❛çã♦

❬❉✐♥✐③✱ ✭✷✵✶✸✮❪✳

✶✳✶ Pr♦❜❧❡♠❛

❊rr♦s ❞❡ q✉❛♥t✐③❛çã♦ ♣♦❞❡♠ ❞❡❣r❛❞❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ✉♠ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦

❞❡ ✈ár✐❛s ♠❛♥❡✐r❛s✳ P♦r ❡①❡♠♣❧♦✱ ❡❧❡s ♣♦❞❡♠ ❛❢❡t❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞♦ ✜❧tr♦ ❡✱ ❡♠ ú❧t✐♠❛

❛♥á❧✐s❡ ❝♦♥❞✉③✐r à s✉❛ ❞✐✈❡r❣ê♥❝✐❛✳ ❚❛♠❜é♠ ♣♦❞❡♠ ❞❡❣r❛❞❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❡♠ ❡st❛❞♦

❡st❛❝✐♦♥ár✐♦ ❞♦ ✜❧tr♦ ❢❛③❡♥❞♦✲♦ ❛t✐♥❣✐r ✉♠ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ♠❛✐♦r ❞♦ q✉❡ ♦ ❡s♣❡r❛❞♦

❛ ♣❛rt✐r ❞❡ ✉♠❛ ❛♥á❧✐s❡ ❞❡ ♣r❡❝✐sã♦ ✐♥✜♥✐t❛ ❬●✉♣t❛ ❡t ❛❧✳✱ ✭✷✵✵✵✮❪✳

✶✳✷ ❖❜❥❡t✐✈♦s

• ❉❡t❡r♠✐♥❛r s❡ ♦ ❛❧❣♦r✐t♠♦ ❙✐❣♠♦✐❞❛❧ ✭❙❆✮ é ❡stá✈❡❧ ♥✉♠❡r✐❝❛♠❡♥t❡ ♦✉ ♥ã♦ q✉❛♥❞♦

s❡ ✉t✐❧✐③❛ ♣r❡❝✐sã♦ ✜♥✐t❛✳

• ▼♦❞❡❧❛r ❛♥❛❧✐t✐❝❛♠❡♥t❡ ♦ ❛❧❣♦r✐t♠♦ ❙✐❣♠♦✐❞❛❧ ✭❙❆✮ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✳

✶✳✸ ▼♦t✐✈❛çõ❡s

❊♠ t❡r♠♦s ♣rát✐❝♦s✱ ♦s ❛❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s sã♦ ✐♠♣❧❡♠❡♥t❛❞♦s ♥♦s ❞✐s♣♦s✐✲

t✐✈♦s ❞❡ ❤❛r❞✇❛r❡ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✱ ❡ ♠✉✐t❛s ✈❡③❡s ❝♦♠ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦ ❬●✉♣t❛

❛♥❞ ❍❡r♦✱ ✭✷✵✵✵✮❪✳ ❆ ♣❡♥❛❧✐❞❛❞❡ ♥♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s ✐♥❝♦rr✐✲

❞♦s ❝♦♠ ♦ r❡s✉❧t❛❞♦ ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ t❡♠ s✐❞♦ ❛♥❛❧✐s❛❞❛s ❡♠ ❡st✉❞♦s

r❡❧❛❝✐♦♥❛❞♦s ❛ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛✳ ❖ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ♣♦❞❡ ♦❜t❡r r❡s✉❧t❛❞♦s ♦✉ ❡❢❡✐✲

t♦s ✐♥❞❡s❡❥á✈❡✐s ❞❡✈✐❞♦ ❛♦s ❡rr♦s ❞❡ q✉❛♥t✐③❛çã♦ ✐♥tr♦❞✉③✐❞♦s ♥♦s ❝á❧❝✉❧♦s ❡♥✈♦❧✈✐❞♦s ♥♦

♣r♦❝❡ss❛♠❡♥t♦ ❛❞❛♣t❛t✐✈♦ ❞❡ss❡s ✜❧tr♦s ❬❍❛②❦✐♥✱ ✭✷✵✶✹✮❪✳



✶✳✹ ❊st❛❞♦ ❞❛ ❆rt❡ ✶✻

✶✳✹ ❊st❛❞♦ ❞❛ ❆rt❡

❆ ❞❡❣r❛❞❛çã♦ ❞♦ ❞❡s❡♠♣❡♥❤♦ t❡♥❞❡ ❛ s❡r ♠❛✐s ❣r❛✈❡ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❘▲❙

✭❘❡❝✉rs✐✈❡ ▲❡❛st ❙q✉❛r❡✮ ❝♦♥✈❡♥❝✐♦♥❛❧ ♣♦❞❡♥❞♦ s❡r ♠❛✐s s❡♥sí✈❡❧ ❛ ❡rr♦s ❞❡ ♣r❡❝✐sã♦ ✜♥✐t❛

❡ ❞✐✈❡r❣✐r ❝♦♠♦ r❡s✉❧t❛❞♦ ❬❙❛②❡❞✱ ✭✷✵✶✸✮❪ ❡♠ ♦♣♦s✐çã♦ ❛♦ ❛❧❣♦r✐t♠♦ ▲▼❙ ✭▲❡❛st ▼❡❛♥

❙q✉❛r❡✮ ❬●✉♣t❛ ❡t ❛❧✳✱ ✭✷✵✵✵✮❪✳ ■st♦ ♣♦rq✉❡ ♣❛r❛ ✜❧tr♦s ❞♦ t✐♣♦ ▲▼❙✱ ❡rr♦s ❞❡ ♣r❡❝✐sã♦

✜♥✐t❛ ❡♠ ❛❧❣♦r✐t♠♦s ❜❛s❡❛❞♦s ♥♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ❞❡ ❝✉st♦✱ sã♦ ♠❛✐s s✐❣♥✐✜❝❛t✐✈♦s ❞♦

q✉❡ ♦s ❡rr♦s ❞❡ ♣r❡❝✐sã♦ ✜♥✐t❛ ❞✉r❛♥t❡ ❛ ❢❛s❡ tr❛♥s✐tór✐❛ ❡♠ ❛❧❣♦r✐t♠♦s ♥ã♦ ❜❡s❡❛❞♦ ♥❡st❛

té❝♥✐❝❛✳ ◆♦ ❡♥t❛♥t♦✱ ❡♠ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦✱ ✉♠ s✐❣♥✐✜❝❛t✐✈♦ ❡①❝❡ss♦ ❞❡ ❡rr♦ q✉❛❞rát✐❝♦

♣♦❞❡ s❡r ❢♦r♠❛❞♦ ❬❱❡r❤❛❡❣❡♥✱ ✭✶✾✽✾✮❪✳

❚r❛❜❛❧❤♦s r❡❝❡♥t❡s ❛♥❛❧✐s❛♠ ✜❧tr♦s ❛❞❛♣t❛t✐✈♦s ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ✉t✐❧✐③❛♥❞♦

❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦✳ ❊♠ ▼❛❧✉❡♥❞❛ ✭✷✵✵✺✮✱ ♣♦r ❡①❡♠♣❧♦✱ ❛♣r❡s❡♥t❛ ♥♦✈❛ ♠♦❞❡❧❛❣❡♠

♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ▲▼❙✳ ▼❡❤❡r ✭✷✵✶✹✮✱ tr❛③ ✉♠❛ ❛rq✉✐t❡t✉r❛ ❡✜❝✐❡♥t❡ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ▲▼❙

❡ ❞❡r✐✈❛ ❡①♣r❡ssõ❡s ❞❡ ❡rr♦s ❞❡ ❡st❛❞♦s✳ ❆❧❣♦r✐t♠♦s ❞❡ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ ❝♦♠ ❜❛s❡ ❡♠

❡rr♦ ♥ã♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ t❡♠ s✐❞♦ s✉❣❡r✐❞♦s ♣♦r ✈ár✐♦s ❛✉t♦r❡s✱ q✉❡r ❝♦♠♦ ✉♠❛ ❢♦r♠❛

❞❡ ♠❡❧❤♦r❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❛❞❛♣t❛çã♦ ❞❡st❡s ❛❧❣♦r✐t♠♦s ♣❛r❛ ❛♠❜✐❡♥t❡s ❡st❛tíst✐❝♦s

♣❛rt✐❝✉❧❛r❡s✱ ♦✉ ❝♦♠♦ ❢♦r♠❛ ❞❡ s✐♠♣❧✐✜❝❛r ♦ ❝á❧❝✉❧♦ ❞♦ ❛❧❣♦r✐t♠♦ ❡♠ ❤❛r❞✇❛r❡ ❬❉♦✉❣❧❛s

❛♥❞ ▼❡♥❣✱ ✭✶✾✾✹✮❪✳

✶✳✺ ❖r❣❛♥✐③❛çã♦ ❞♦ ❚❡①t♦

❊st❡ tr❛❜❛❧❤♦ ❡stá ❞✐✈✐❞✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ◆♦ ❝❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛♠♦s ✐♥✐✲

❝✐❛❧♠❡♥t❡ ♦s ❝♦♥❝❡✐t♦s r❡❧❛❝✐♦♥❛❞♦ ❛♦s ✜❧tr♦s ❛❞❛♣t❛t✐✈♦s ❜❡♠ ❝♦♠♦ ❛s s✉❛s ❝❛r❛❝t❡ríst✐❝❛s

❡ ❛♣❧✐❝❛çõ❡s✳

◆♦ ❝❛♣ít✉❧♦ ✸ ❛♣r❡s❡♥t❛♠♦s ♦s ❡❢❡✐t♦s ❞❛ ♣r❡❝✐sã♦ ✜♥✐t❛✱ ❞❡✜♥✐♥❞♦ ♦ ❡rr♦ ❞❡

q✉❛♥t✐③❛çã♦✱ ✐♠♣❧❡♠❡♥t❛çã♦ ❡♠ ❞✐s♣♦st✐✈♦s ❞❡ ❤❛r❞✇❛r❡ ❡ ♣♦r ú❧t✐♠♦ ♠♦str❛♠♦s ♦ ❝♦✲

♥❤❡❝✐❞♦ ❛❧❣♦r✐t♠♦ ❛❞❛♣t❛t✐✈♦ ▲▼❙ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✳

◆♦ ❝❛♣ít✉❧♦ ✹ r❡❛❧✐③❛♠♦s ✉♠❛ ❛♥á❧✐s❡ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛❧❣♦r✐t♠♦s ❜❛s❡❛❞♦s

❡♠ ♥ã♦ ❧✐♥❡❛r❡❞❛❞❡ ❞♦ ❡rr♦ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✱ ♦♥❞❡ ♠♦str❛♠♦s ✉♠❛ ❛♥á❧✐s❡ ❞❡ ❛❞❛♣t❛çã♦

❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳

◆♦ ❝❛♣ít✉❧♦ ✺ ✐♠♣❧❡♠❡♥t❛♠♦s ♦ ❛❧❣♦r✐♠t♦ ❙✐❣♠♦✐❞❛❧ ✭❙❆✮ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✱



✶✳✺ ❖r❣❛♥✐③❛çã♦ ❞♦ ❚❡①t♦ ✶✼

♦♥❞❡ ♠♦str❛♠♦s ♦ ♠ét♦❞♦ ✉t✐❧✐③❛❞♦ ❡ ♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s✳

◆♦ ❝❛♣ít✉❧♦ ✻ r❡❛❧✐③❛♠♦s ❛s ❞✐s❝✉ssõ❡s ❞♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ❡ ♥♦ ❝❛♣ít✉❧♦

✼ r❡❛❧✐③❛♠♦s ❛s ❝♦♥❝❧✉sõ❡s ✜♥❛✐s ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♣❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s s♦❜r❡ ♦ ❡♥❝❛♠✐♥❤❛✲

♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳



✶✽

✷ ❋✐❧tr❛❣❡♠ ❆❞❛♣t❛t✐✈❛

❆ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ t❡♠ s✐❞♦ ❢♦rt❡♠❡♥t❡ ✉t✐❧✐③❛❞❛ ❝♦♠♦ té❝♥✐❝❛ ♣❛r❛ ♦ ♣r♦✲

❝❡ss❛♠❡♥t♦ ❞❡ s✐♥❛✐s ❞✐❣✐t❛✐s✱ ❡ ❝♦♠ ♦s ❛✈❛♥ç♦s ❞❡st❛ t❡♦r✐❛ ❡ ❞❛ t❡❝♥♦❧♦❣✐❛ ❞♦s ❝✐r❝✉✐✲

t♦s ✐♥t❡❣r❛❞♦s t♦r♥❛✲s❡ ❝❛❞❛ ✈❡③ ♠❛✐s s♦✜st✐❝❛❞❛✱ ❬▼❡❤❡r✱ ✭✷✵✶✹✮❪✳ ❋✐❧tr♦s ❛❞❛♣t❛t✐✈♦s

sã♦ ❞✐s♣♦s✐t✐✈♦s ❛✉t♦✲❛❥✉stá✈❡✐s✱ ❜❛s❡❛❞♦s ❡♠ ❛❧❣♦r✐t♠♦s r❡❝✉rs✐✈♦s✱ q✉❡ ♠♦❞✐✜❝❛♠ s❡✉s

♣❛râ♠❡tr♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❝r✐tér✐♦s ♣ré✲❡st❛❜❡❧❡❝✐❞♦s✳ ❊♠ ❛♠❜✐❡♥t❡ ❡st❛❝✐♦♥ár✐♦✱ ❛❝♦♠✲

♣❛♥❤❛♠ ❛ s♦❧✉çã♦ ót✐♠❛ ❞♦ ♣r♦❜❧❡♠❛✳ ❊♠ ❛♠❜✐❡♥t❡ ♥ã♦ ❡st❛❝✐♦♥ár✐♦✱ ❛❝♦♠♣❛♥❤❛♠ ❛s

♠♦❞✐✜❝❛çõ❡s ❞♦ s✐♥❛❧ ❡♥✈♦❧✈✐❞♦ ❬❲✐❞r♦✇✱ ✭✶✾✽✺✮❪✳

❖s ✜❧tr♦s ❛❞❛♣t❛t✐✈♦s sã♦ ❝❧❛ss✐✜❝❛❞♦s ❡♠ ❞♦✐s ❣r✉♣♦s ♣r✐♥❝✐♣❛✐s✿ ❧✐♥❡❛r❡s ❡ ♥ã♦

❧✐♥❡❛r❡s✳ ❋✐❧tr♦s ❛❞❛♣t❛t✐✈♦s ❧✐♥❡❛r❡s ❝♦♠♣✉t❛♠ ✉♠ ✈❛❧♦r ❡st✐♠❛❞♦ ❞❛ r❡s♣♦st❛ ❞❡s❡❥❛❞❛

✉t✐❧✐③❛♥❞♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s s✐♥❛✐s ❞❡ ❡♥tr❛❞❛✱ ❞❡ ♦✉tr❛ ❢♦r♠❛✱ ❞✐③✲s❡ q✉❡ ♦s

✜❧tr♦s ❛❞❛♣t❛t✐✈♦s sã♦ ♥ã♦ ❧✐♥❡❛r❡s ❬❇♦r♦✉❥❡♥②✱ ✭✷✵✶✸✮❪✳

❯♠ tr❛❜❛❧❤♦ ♣✐♦♥❡✐r♦ ♥♦ ❝❛♠♣♦ ❞❡ ♣r♦❥❡t♦s ❞❡ ✜❧tr♦s ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r

◆♦r❜❡rt ❲✐❡♥❡r ❡♠ ✶✾✹✾✳ ❙❡✉s ❡s❢♦rç♦s t♦r♥❛r❛♠ ♣♦ssí✈❡❧ ♦ ♣r♦❥❡t♦ ❞❡ ✜❧tr♦s ❧✐♥❡❛r❡s

♣❛r❛ ❡❧✐♠✐♥❛çã♦ ❞❡ r✉í❞♦ ❡ ♣❛r❛ ♣r❡❞✐çã♦ ❡ s✉❛✈✐③❛♠❡♥t♦ ❞❡ s✐♥❛✐s ❡st❛t✐st✐❝❛♠❡♥t❡ ❡st❛✲

❝✐♦♥ár✐♦s✳ ❖✉tr♦ tr❛❜❛❧❤♦ ♠❛✐s r❡❝❡♥t❡ ❞❡ ❑❛❧♠❛♥ ❡ ❇✉❝② ✭✶✾✻✶✮ ❝♦♥❞✉③✐✉ à ❝♦♥❝❡♣çã♦

❞❡ ✜❧tr♦s ❧✐♥❡❛r❡s ❞❡ t❡♠♣♦ ✈❛r✐á✈❡❧ ♣❛r❛ s✐♥❛✐s ♥ã♦ ❡st❛❝✐♦♥ár✐♦s✳ P❛r❛ t❛✐s s✐♥❛✐s✱ ✜❧tr♦s

❞❡ ❑❛❧♠❛♥✲❇✉❝② ♣♦❞❡♠ ❡♥tr❡❣❛r ✉♠ ❞❡s❡♠♣❡♥❤♦ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❡❧❤♦r ❞♦ q✉❡ ♦s

✜❧tr♦s ❞❡ ❲✐❡♥❡r ❬❉♦✉❣❧❛s ❛♥❞ ▼❡♥❣✱ ✭✶✾✾✷✮❪✳

❆s ❛♣❧✐❝❛çõ❡s tí♣✐❝❛s ❞♦s ✜❧tr♦s ❛❞❛♣t❛t✐✈♦s sã♦✿ ♣r❡❞✐çã♦✱ ♠♦❞❡❧❛♠❡♥t♦✱ ❝❛♥✲

❝❡❧❛♠❡♥t♦ ❞❡ r✉í❞♦✱ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛✱ ❞❡♥tr❡ ♦✉tr❛s ❬❉✐♥✐③✱ ✭✷✵✶✸✮❪✳ ❉✉❛s ♠❡❞✐❞❛s

s❡ ❞❡st❛❝❛♠ ♥❛ ❛♥á❧✐s❡ ❞♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s✿ ♦ ❞❡s❛❥✉st❡ ❡ ❛ t❛①❛

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❬❈❛r❛✐s❝♦s ❡ ▲✐✉✱ ✭✶✾✽✹✮❪✳ ❉❡♥tr❡ ♦s ❛❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s ♦ ▲▼❙ é

r❡❢❡rê♥❝✐❛ ❡ é ❞❡ ❧♦♥❣❡ ♦ ♠❛✐s ❝♦♥❤❡❝✐❞♦ ❬✭❍❛②❦✐♥✱ ✭✷✵✶✹✮❪✳ ◆♦✈♦s ❛❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s

tê♠ s✉r❣✐❞♦ ❝♦♠ ✉♠ ❞❡s❡♠♣❡♥❤♦ s✉♣❡r✐♦r ❛♦ ▲▼❙ ❡♠ r❡❧❛çã♦ ❛♦ ❞❡s❛❥✉st❡ ❡ à t❛①❛ ❞❡

❝♦♥✈❡r❣ê♥❝✐❛✱ ❡♥tr❡ ❡ss❡s✱ t❡♠✲s❡ ♦ ❛❧❣♦r✐t♠♦ ❘▲❙ ❬❍❛②❦✐♥✱ ✭✷✵✶✹✮❪✳ ❖✉tr♦ ❛❧❣♦r✐t♠♦✱ q✉❡

t❡♠ ❝♦♠♦ ❜❛s❡ ❡st❡ tr❛❜❛❧❤♦ é ♦ ❙✐❣♠♦✐❞❛❧ ✭❙❆✮✱ ♦♥❞❡ ❙❛♥t❛♥❛ ✭✷✵✵✻✮ ❞❡♠♦♥str♦✉ ❛ s✉❛

s✉♣❡r✐♦r✐❞❛❞❡ ❡♠ r❡❧❛çã♦ ❛♦ ▲▼❙ ❝♦♠♣❛r❛♥❞♦ ♦ ❞❡s❛❥✉st❡ ❡ ❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳



✷✳✶ ❈❛r❛❝t❡ríst✐❝❛s ❞♦s ❋✐❧tr♦s ❆❞❛♣t❛t✐✈♦s ✶✾

✷✳✶ ❈❛r❛❝t❡ríst✐❝❛s ❞♦s ❋✐❧tr♦s ❆❞❛♣t❛t✐✈♦s

❆ ❝♦♥✜❣✉r❛çã♦ ❣❡r❛❧ ❞❡ ✉♠ ❛♠❜✐❡♥t❡ ❞❡ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ é ✐❧✉str❛❞❛ ♥❛

❋✐❣✳ ✷✳✶✳

❋✐❣✉r❛ ✷✳✶✿ ❈♦♥✜❣✉r❛çã♦ ❣❡r❛❧ ❞❡ ✉♠ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦✳ ❊♠ q✉❡ k r❡♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦

❞❡ ✐t❡r❛çã♦✱ xk ❞❡s✐❣♥❛ ♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛✱ yk é ♦ s✐♥❛❧ ❞❡ s❛í❞❛ ❞♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦✱ ❡ dk

❞❡✜♥❡ ♦ s✐♥❛❧ ❞❡s❡❥❛❞♦✳ ❖ s✐♥❛❧ ❞❡ ❡rr♦ ek é ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ dk − yk✳ ❖ s✐♥❛❧ ❞❡ ❡rr♦ é

❡♥tã♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❢♦r♠❛r ✉♠❛ ❢✉♥çã♦ ❞❡ ❞❡s❡♠♣❡♥❤♦ ✭♦✉ ♦❜❥❡t✐✈♦✮ q✉❡ é ❡①✐❣✐❞❛ ♣❡❧♦

❛❧❣♦r✐t♠♦ ❞❡ ❛❞❛♣t❛çã♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❛t✉❛❧✐③❛çã♦ ❛♣r♦♣r✐❛❞❛ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ ✜❧tr♦

wk✳

❆ ❡s♣❡❝✐✜❝❛çã♦ ❝♦♠♣❧❡t❛ ❞❡ ✉♠ s✐st❡♠❛ ❛❞❛♣t❛t✐✈♦✱ ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✷✳✶✱

❝♦♥s✐st❡ ❡♠ três ✐t❡♥s✿ ❊str✉t✉r❛ ❞♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦✱ ❛♣❧✐❝❛çã♦ ❡ ❛❧❣♦r✐t♠♦ ❛❞❛♣t❛t✐✈♦✳

❆ ❡str✉t✉r❛ ❞❡ ✉♠ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ♣♦❞❡ s❡r ❞❛❞❛ ❞❡ ❞✉❛s ❢♦r♠❛s✿ ❋✐♥✐t❡

■♠♣✉❧s❡ ❘❡s♣♦♥s❡ ✭❋■❘✮ ♦✉ ■♥✜♥✐t❡ ■♠♣✉❧s❡ ❘❡s♣♦♥s❡ ✭■❘❘✮✳ ❊♠ ♥♦ss♦ tr❛❜❛❧❤♦ ❝♦♥s✐✲

❞❡r❛♠♦s ❛♣❡♥❛s ❛ r❡❛❧✐③❛çã♦ ❡♠ ❡str✉t✉r❛ ❋■❘✳

❋✐❧tr♦s ❛❞❛♣t❛t✐✈♦s ♣♦❞❡♠ s❡r ❝♦♥tí♥✉♦ ♦✉ ❞✐s❝r❡t♦s✳ ❯♠❛ ❢♦r♠❛ ♣❛rt✐❝✉❧❛r

❞❡ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ❛ s❡r ❝♦♥s✐❞❡r❛❞❛ é ✉♠ t✐♣♦ ❞✐s❝r❡t♦ ✭❞❛❞♦s ❛♠♦str❛❞♦s✮✳ ❖ ✜❧tr♦

❞✐s❝r❡t♦ ❝♦♥s✐st❡ ❞❡ ✉♠❛ ❧✐♥❤❛ ❞❡ ❛tr❛s♦✱ ♣❡s♦s ✈❛r✐á✈❡✐s ✭❣❛♥❤♦s ✈❛r✐á✈❡✐s✮ ❝✉❥❛ ❡♥tr❛❞❛

❞❡ s✐♥❛✐s sã♦ ♦s s✐♥❛✐s ♥❛ ❧✐♥❤❛ ❞❡ ❡♥tr❛❞❛ ❛tr❛s❛❞♦s✱ ✉♠❛ s♦♠❛ ♣❛r❛ ❛❞✐❝✐♦♥❛r ♦s s✐♥❛✐s

♣♦♥❞❡r❛❞♦s✱ ❡ ♦ ♠❡❝❛♥✐s♠♦ ♣❛r❛ ❛❥✉st❛r ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ♦s ♣❡s♦s✳ ❆ r❡s♣♦st❛ ❞❡ ✐♠♣✉❧s♦

❞❡ ✉♠ s✐st❡♠❛ t❛❧ ❞✐s❝r❡t♦ é ❝♦♠♣❧❡t❛♠❡♥t❡ ❝♦♥tr♦❧❛❞❛ ♣❡❧❛s ❝♦♥✜❣✉r❛çõ❡s ❞❡ ♣❡s♦✳ ❖

♣r♦❝❡ss♦ ❞❡ ❛❞❛♣t❛çã♦ ♣r♦❝✉r❛ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ✉♠❛ r❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦ ❞♦ ✜❧tr♦ ✐❞❡❛❧✱

❛❥✉st❛♥❞♦ ♦s ♣❡s♦s✳ ❆ ❋✐❣✳ ✷✳✷✱ ✐❧✉str❛ ❡sq✉❡♠❛t✐❝❛♠❡♥t❡✱ ❛ ♠❛✐♦r✐❛ ❞♦s ❝♦♠♣♦♥❡♥t❡s ❞❡



✷✳✶ ❈❛r❛❝t❡ríst✐❝❛s ❞♦s ❋✐❧tr♦s ❆❞❛♣t❛t✐✈♦s ✷✵

✉♠ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦✱ q✉❡ é ✉t✐❧✐③❛❞♦ ♥❡st❡ ❝❛s♦ ♣❛r❛ ❛ ♠♦❞❡❧❛çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦

❞❡s❝♦♥❤❡❝✐❞♦✳

❋✐❣✉r❛ ✷✳✷✿ ▼♦❞❡❧♦ ❞❡ ✉♠ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ❞✐s❝r❡t♦ ❛♣❧✐❝❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦

❞❡ s✐st❡♠❛ ❞❡s❝♦♥❤❡❝✐❞♦✱ ♦♥❞❡ zI r❡♣r❡s❡♥t❛ ❛s ✉♥✐❞❛❞❡s ❞♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ xk ❛tr❛s❛❞❛s✳

❖ s✐♥❛❧ ❞❡ s❛í❞❛ yk é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ ✜❧tr♦ w
t
kxk✱

q✉❡ ♣r♦❞✉③ ✉♠ ▼❙❊ ✭❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦✮ r❡♣r❡s❡♥t❛❞♦ ♣♦r E[(ek)
2)] ❝♦♠♦ ❢✉♥çã♦

❞❡ ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ♦r✐❣✐♥❛❧ ❬❉✐♥✐③✱ ✭✷✵✶✸✮❪✳

▼✉✐t♦s ❛❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s ✉t✐❧✐③❛♠✲s❡ ❞♦ ▼❙❊ ❝♦♠♦ ❢✉♥çã♦ ❞❡ ❝✉st♦ ❛♣❧✐✲

❝❛❞❛ s♦❜r❡ ♦ ❡rr♦✱ ♥♦ q✉❛❧ ❞❡s❡❥❛✲s❡ ♠✐♥✐♠✐③❛r✳ ❖ ▼❙❊ é ✉♠❛ ❢✉♥çã♦ ❝♦♥✈❡①❛ ❞♦s ❝♦♠♣♦✲

♥❡♥t❡s ❞♦ ✈❡t♦r ♣❡s♦ ❡ ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r♣❛r❛❜♦❧ó✐❞❡ q✉❡ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡

✉♠ ♠í♥✐♠♦ ❣❧♦❜❛❧✱ ✈❡r ❋✐❣✳ ✷✳✸✳ ❖ ♣r♦❜❧❡♠❛ é ❝♦♠♦ ❞❡t❡r♠✐♥❛r ♣r♦❝❡❞✐♠❡♥t♦s ❞❡ ❢♦r♠❛

t❛❧ ❛ ❡♥❝♦♥tr❛r ❡ss❡ ♠í♥✐♠♦✱ ♦ ♠❛✐s rá♣✐❞♦ ♣♦ssí✈❡❧ ❡ ❝♦♠ ♦ ♠❡♥♦r ❡rr♦ ✜♥❛❧ ❬❲✐❞r♦✇✱

✭✶✾✽✺✮❪✳

❉♦✐s t✐♣♦s ❞❡ ♣r♦❝❡ss♦s ♦❝♦rr❡♠ ♥❛ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛✿ tr❡✐♥❛♠❡♥t♦ ❡ ♦♣❡r❛✲

çã♦✳ ❖ ♣r♦❝❡ss♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ✈❡r✐✜❝❛ ❛ ❛❞❛♣t❛çã♦ ❞❛s ♣♦♥❞❡r❛çõ❡s ♥❛ ❧✐♥❤❛ ❞❡ ❛tr❛s♦

❛♣r♦✈❡✐t❛❞♦✳ ❖ ♣r♦❝❡ss♦ ❞❡ ♦♣❡r❛çã♦ ❝♦♥s✐st❡ ❡♠ ❢♦r♠❛r ♦s s✐♥❛✐s ❞❡ s❛í❞❛ ♣♦♥❞❡r❛♥❞♦ ♦s

s✐♥❛✐s ❞❛ ❧✐♥❤❛ ❞❡ ❛tr❛s♦✱ ✉t✐❧✐③❛♥❞♦ ♦s ♣❡s♦s r❡s✉❧t❛♥t❡s ❞♦ ♣r♦❝❡ss♦ ❞❡ ❛❞❛♣t❛çã♦ ❬❙❛②❡❞✱

✭✷✵✶✸✮❪✳

❊①✐st❡ ✉♠❛ ❣r❛♥❞❡ ✈❛r✐❡❞❛❞❡ ❞❡ ❛❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s✱ ❛ ❡s❝♦❧❤❛ ❞❡ ✉♠ ♦✉

♦✉tr♦ ❛❧❣♦r✐t♠♦ é ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦s s❡❣✉✐♥t❡s ❢❛t♦r❡s ❬❙❛②❡❞✱ ✭✷✵✶✸✮❪✿

• ❚❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✿ ❞❡✜♥✐❞❛ ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ q✉❡



✷✳✶ ❈❛r❛❝t❡ríst✐❝❛s ❞♦s ❋✐❧tr♦s ❆❞❛♣t❛t✐✈♦s ✷✶

❋✐❣✉r❛ ✷✳✸✿ P♦rçã♦ ❞❛ s✉♣❡r❢í❝✐❡ q✉❛❞rát✐❝❛ tr✐❞✐♠❡♥s✐♦♥❛❧ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛❧❣✉♥s ❝♦♥✲

t♦r♥♦s✳ ❖ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❡stá ♣❧♦t❛❞♦ ♥❛ ✈❡rt✐❝❛❧✱ w0 ❡ w1 ✈❛r✐❛♠ ❞❡ ✲✶ ❛ ✶✳

♦ ❛❧❣♦r✐t♠♦ ❝♦♥s✐❣❛ ❛❥✉st❛r ♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ ✜❧tr♦ ❛ ✈❛❧♦r❡s ♣ró①✐♠♦s ❞❛ s♦❧✉çã♦

ót✐♠❛✳

• ❉❡s❛❥✉st❡✿ ♠❡❞✐❞❛ ❞❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ♣❛râ♠❡tr♦s ♦❜t✐❞♦s ❛♣ós ✉♠ ❝❡rt♦ ♥ú♠❡r♦

❞❡ ✐t❡r❛çõ❡s ❡ ♦s ♣❛râ♠❡tr♦s ót✐♠♦s✳

• ❘❛str❡❛♠❡♥t♦✿ ❝❛♣❛❝✐❞❛❞❡ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❛❝♦♠♣❛♥❤❛r ❛s ✈❛r✐❛çõ❡s ❞❛s ♣r♦♣r✐❡❞❛✲

❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐♥❛✐s ♥ã♦ ❡st❛❝✐♦♥ár✐♦s✳

• ❘♦❜✉st❡③✿ ❤❛❜✐❧✐❞❛❞❡ ❞♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ ♦♣❡r❛r s❛t✐s❢❛t♦r✐❛♠❡♥t❡ ❝♦♠ ✉♠ s✐♥❛❧ ❞❡

❡♥tr❛❞❛ ♠❛❧ ❝♦♥❞✐❝✐♦♥❛❞♦✳

• ❈♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧✿ ♥ú♠❡r♦ ❞❡ ♦♣❡r❛çõ❡s ❛r✐t♠ét✐❝❛s r❡q✉❡r✐❞❛s ♣❛r❛

❢❛③❡r ✉♠❛ ✐t❡r❛çã♦ ❝♦♠♣❧❡t❛ ❞♦ ❛❧❣♦r✐t♠♦❀ t❛♠❛♥❤♦ ❞❛ ♠❡♠ór✐❛ r❡q✉❡r✐❞❛ ❡✴♦✉

✢❡①✐❜✐❧✐❞❛❞❡ ❞❛ ♣r♦❣r❛♠❛çã♦✳

• ❊str✉t✉r❛✿ r❡❢❡r❡✲s❡ à ❡str✉t✉r❛ ❞♦ ✢✉①♦ ❞❛ ✐♥❢♦r♠❛çã♦ ♥♦ ❛❧❣♦r✐t♠♦ ❡ ❛ ♠❛♥❡✐r❛ ❞❡

s❡r ✐♠♣❧❡♠❡♥t❛❞❛ ❡♠ ❤❛r❞✇❛r❡✳

• Pr♦♣r✐❡❞❛❞❡s ♥✉♠ér✐❝❛s✿ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❛❞❛♣t❛t✐✈♦ ❡♠ ✉♠ ♣r♦❝❡ss❛✲

❞♦r ❞✐❣✐t❛❧ ♣♦❞❡ ❢❛③❡r ❝♦♠ q✉❡ ♦ ❛❧❣♦r✐t♠♦ s❡ ❞❡s✈✐❡ ❞❛ ♦♣❡r❛çã♦ ✐❞❡❛❧✱ ❞❡t❡r♠✐♥❛❞❛

❡♠ ♣r❡❝✐sã♦ ✐♥✜♥✐t❛✱ ♣r♦❞✉③✐♥❞♦ ❛❝✉♠✉❧❛çã♦ ❞❡ ❡rr♦s ❞❡ q✉❛♥t✐③❛çã♦✳ ➱ ♣♦ssí✈❡❧ q✉❡

♦s ❡rr♦s s❡ ❛❝✉♠✉❧❡♠ s❡♠ ❧✐♠✐t❡✳ ❉❡st❛ ❢♦r♠❛ ♦ ❛❧❣♦r✐t♠♦ ♣♦❞❡ s❡r ♥✉♠❡r✐❝❛♠❡♥t❡

✐♥stá✈❡❧✳
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✷✳✷ ❆♣❧✐❝❛çõ❡s

❖s ✜❧tr♦s tê♠ s✐❞♦ ❛♣❧✐❝❛❞♦s ❝♦♠ ♠✉✐t♦ s✉❝❡ss♦ ❡♠ ❞✐✈❡rs❛s ár❡❛s✳ ❚♦❞❛s ❡st❛s

❛♣❧✐❝❛çõ❡s tê♠ ❡♠ ❝♦♠✉♠ ✉♠ ✈❡t♦r ❞❡ ❡♥tr❛❞❛ ❡ ✉♠ s✐♥❛❧ ❞❡s❡❥❛❞♦✱ ♦s q✉❛✐s sã♦ ✉t✐❧✐③❛❞♦s

❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ s✐♥❛❧ ❞❡ ❡rr♦ ♣❛r❛ ❛❥✉st❛r ♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ ✜❧tr♦ ❞❡ ❢♦r♠❛ ❛ ♦t✐♠✐③❛r

♦ s❡✉ ❞❡s❡♠♣❡♥❤♦✳ ❆ ❞✐❢❡r❡♥ç❛ ❡ss❡♥❝✐❛❧ ❡♥tr❡ ❛s ✈ár✐❛s ❛♣❧✐❝❛çõ❡s é ❛ ❢♦r♠❛ ❞❡ ❡①tr❛✐r

❛ r❡s♣♦st❛ ❞❡s❡❥❛❞❛✱ ❛ss✐♠ ❛s ❛♣❧✐❝❛çõ❡s ❞♦s ✜❧tr♦s ❛❞❛♣t❛t✐✈♦s ♣♦❞❡♠ s❡r ❞✐✈✐❞✐❞❛s ❡♠

❬❉✐♥✐③✱ ✭✷✵✶✸✮❪✿

• ■❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛s✿ ♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ é ✉s❛❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♠♦❞❡❧♦ ❧✐✲

♥❡❛r q✉❡ ♠❡❧❤♦r r❡♣r❡s❡♥t❡ ✉♠❛ ♣❧❛♥t❛ ❞❡s❝♦♥❤❡❝✐❞❛✳ ❆ ♣❧❛♥t❛ ❡ ♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦

sã♦ ❛❧✐♠❡♥t❛❞♦s ♣❡❧♦ ♠❡s♠♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ ❡ ❛ s❛í❞❛ ❞❛ ♣❧❛♥t❛ é ❛ r❡s♣♦st❛ ❞❡s❡✲

❥❛❞❛ ♣❛r❛ ♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦✳ ❆ ✐❞❡♥t✐❢❛çã♦ ❞❡ s✐st❡♠❛s ❛❞❛♣t❛t✐✈❛ é ❢r❡q✉❡♥t❡♠❡♥t❡

✉t✐❧✐③❛❞❛ ❡♠ s✐st❡♠❛s ❞❡ ❝♦♠✉♥✐❝❛çõ❡s✱ s✐st❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ❡ ❡♠ ✐❞❡♥t✐✜❝❛çã♦ ❞❡

❡str✉t✉r❛s✱ ✭✈❡r ❋✐❣✳ ✷✳✹✮❀

❋✐❣✉r❛ ✷✳✹✿ ▼♦❞❡❧♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛

• ▼♦❞❡❧❛❣❡♠ ✐♥✈❡rs❛✿ ♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ é ✉s❛❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♠♦❞❡❧♦ ✐♥✈❡rs♦

❞❡ ✉♠ s✐st❡♠❛ ❞❡s❝♦♥❤❡❝✐❞♦✳ ❖ s✐♥❛❧ ❞❡s❡❥❛❞♦ ♣❛r❛ ♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ é ❛ ❡♥tr❛❞❛

❛tr❛s❛❞❛ ❞♦ s✐st❡♠❛✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞❛ ♠♦❞❡❧❛❣❡♠ ✐♥✈❡rs❛ é ❛ ❡q✉❛❧✐③❛çã♦ ❞❡ ❝❛✲

♥❛❧✱ ❡♠ q✉❡ ♦ ♦❜❥❡t✐✈♦ é r❡❞✉③✐r ❛ ✐♥t❡r❢❡rê♥❝✐❛ ✐♥t❡rs✐♠❜ó❧✐❝❛ ❛tr❛✈és ❞❡ ✉♠ ✜❧tr♦

❛❞❛♣t❛t✐✈♦ q✉❡ ✐♥✈❡rt❛ ❛ r❡s♣♦st❛ ❞♦ ❝❛♥❛❧✱ ✭✈❡r ❋✐❣✳ ✷✳✺✮❀

• Pr❡❞✐çã♦ ▲✐♥❡❛r✿ ❡st❡ ✜❧tr♦ ❛❞❛♣❛t✐✈♦ é ✉t✐❧✐③❛❞♦ ♣❛r❛ ♣r♦✈❡r ❛ ♣r❡❞✐çã♦ ❞♦ ✈❛❧♦r

♣r❡s❡♥t❡ ❞❡ ✉♠ s✐♥❛❧ ❛❧❡❛tór✐♦✳ ❖ ✈❛❧♦r ♣r❡s❡♥t❡ s❡r✈❡ ❝♦♠♦ s✐♥❛❧ ❞❡s❡❥❛❞♦ ♥♦ ✜❧tr♦

❛❞❛♣t❛t✐✈♦ ❡ ♦s ✈❛❧♦r❡s ♣❛ss❛❞♦s ❛❧✐♠❡♥t❛♠ ♦ ✜❧tr♦✳ ❉❡♣❡♥❞❡♥❞♦ ❞❛ ❛♣❧✐❝❛çã♦✱

♣♦❞❡✲s❡ t❡r ❞✉❛s s❛í❞❛s✿ yk✱ ❞❡♥♦♠✐♥❛❞❛ s❛í❞❛ ❞♦ ✜❧tr♦ ♣r❡❞✐t♦r ♦✉ ek✱ ❞❡♥♦♠✐♥❛❞❛
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❋✐❣✉r❛ ✷✳✺✿ ▼♦❞❡❧♦ ❞❡ ▼♦❞❡❧❛❣❡♠ ■♥✈❡rs❛

❡rr♦ ❞❡ ♣r❡❞✐çã♦ ❞❛ s❛í❞❛ ❞♦ ✜❧tr♦✳ ❯♠❛ ❞❡ s✉❛s ❛♣❧✐❝❛❝õ❡s é ♥❛ ❛♥á❧✐s❡ ❡s♣❡❝tr❛❧✱

❡♠ q✉❡ ✉t✐❧✐③❛✲s❡ ♦ ♠♦❞❡❧❛♠❡♥t♦ ♣r❡❞✐t✐✈♦ ♣❛r❛ ❡st✐♠❛r ❛ ♣♦tê♥❝✐❛ ❡s♣❡❝tr❛❧ ❞❡ ✉♠

s✐♥❛❧ ❞❡ ✐♥t❡r❡ss❡✱ ✭✈❡r ❋✐❣✳ ✷✳✻✮❀

❋✐❣✉r❛ ✷✳✻✿ ▼♦❞❡❧♦ ❞❡ Pr❡❞✐çã♦ ▲✐♥❡❛r

• ❈❛♥❝❡❧❛♠❡♥t♦ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛✿ ♥❡st❛ ❛♣❧✐❝❛çã♦✱ ♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ é ✉t✐❧✐③❛❞♦

♣❛r❛ ❝❛♥❝❡❧❛r ✉♠❛ ✐♥t❡r❢❡rê♥❝✐❛ ❞❡s❝♦♥❤❡❝✐❞❛ ❝♦♥t✐❞❛ ❡♠ ✉♠ s✐♥❛❧ ♣r✐♠ár✐♦✳ ❊st❡

s✐♥❛❧ ♣r✐♠ár✐♦ s❡r✈❡ ❝♦♠♦ s✐♥❛❧ ❞❡s❡❥❛❞♦ ♣❛r❛ ♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦✳ ❯♠ s✐♥❛❧ ❝♦rr❡✲

❧❛❝✐♦♥❛❞♦ ❝♦♠ ❛ ✐♥t❡r❢❡rê♥❝✐❛ ❛❧✐♠❡♥t❛ ❛ ❡♥tr❛❞❛ ❞♦ ✜❧tr♦✳ ❯t✐❧✐③❛✲s❡ ❡♠ ár❡❛s tã♦

❞✐✈❡rs❛r ❝♦♠♦ ♦ ❝❛♥❝❡❧❛♠❡♥t♦ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ❞❡ 50Hz ♦✉ 60Hz ❞❛ r❡❞❡ ❡❧étr✐❝❛

❡♠ ❡❧❡tr♦❝❛r❞✐♦❣r❛♠❛s✱ ❝❛♥❝❡❧❛♠❡♥t♦ ❞❡ r✉í❞♦ ❡♠ s✐♥❛✐s ❞❡ ❢❛❧❛✱ ❞❡♥tr❡ ♦✉tr♦s✱ ✭✈❡r

❋✐❣✳ ✷✳✼✮✳

❋✐❣✉r❛ ✷✳✼✿ ▼♦❞❡❧♦ ❞❡ ❈❛♥❝❡❧❛♠❡♥t♦ ❞❡ ❘✉í❞♦✱ ♦♥❞❡ n1k ❡ n2k sã♦ r✉í❞♦s ❝♦♥❤❡❝✐❞♦s✳



✷✹

✸ ❊❢❡✐t♦s ❞❛ Pr❡❝✐sã♦ ❋✐♥✐t❛

❖ ♠✉♥❞♦ r❡❛❧ ❝♦♥s✐st❡ ♥✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ s✐♥❛✐s ❛♥❛❧ó❣✐❝♦s q✉❡ sã♦ r❡♣r❡s❡♥✲

t❛❞♦s ❡♠ ♣r❡❝✐sã♦ ✐♥✜♥✐t❛✱ ❋✐❣✳ ✸✳✶✳ ❖s s✐♥❛✐s ❛♥❛❧ó❣✐❝♦s q✉❡ ♥ã♦ sã♦ ♦✉ ♥ã♦ ♣♦❞❡♠ s❡r

❡♥t❡♥❞✐❞♦s ❡♠ ❧✐♥❣✉❛❣❡♠ ❞❡ ♠áq✉✐♥❛✱ sã♦ ❣❡r❛❧♠❡♥t❡ ♦❜s❡r✈❛❞♦s ♥❛ ♥❛t✉r❡③❛ ❡ ♥♦s s❡r❡s

❤✉♠❛♥♦s ♥❛ ❢♦r♠❛ ❛♥❛❧ó❣✐❝❛✳ P❛r❛ q✉❡ ♥♦ss♦s ❝♦♠♣✉t❛❞♦r❡s✱ ❝❡❧✉❧❛r❡s ❡ ♦✉tr♦s ❞✐s♣♦s✐t✐✲

✈♦s ❞❡ ❤❛r❞✇❛r❡ ♣♦ss❛♠ tr❛❜❛❧❤❛r✱ é ♥❡❝❡ssár✐♦ q✉❡ ❤❛❥❛ ✉♠ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ss❡s s✐♥❛✐s

❛♥❛❧ó❣✐❝♦s ♥❛ ❢♦r♠❛ ❞✐❣✐t❛❧ q✉❡ sã♦ r❡♣r❡s❡♥t❛❞♦s ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✱ ✈❡r ❋✐❣✳ ✸✳✷✳ ❆❧❣✉♥s

❞✐s♣♦s✐t✐✈♦s ❞❡ ❤❛r❞✇❛r❡ ♣♦❞❡♠ ✐♥t❡r❛❣✐r ❞✐r❡t❛♠❡♥t❡ ❝♦♠ ♣r♦❣r❛♠❛s✱ ❛ ✜♠ ❞❡ ❛❣✐❧✐③❛r ❡

❞✐♥❛♠✐③❛r ❛ ❡①❡❝✉çã♦✳ ❉❡♣❡♥❞❡♥❞♦ ❞♦ t✐♣♦ ❡ ♠♦❞❡❧♦ ❞♦ ❞✐s♣♦s✐t✐✈♦ ❞❡ ❤❛r❞✇❛r❡ ♣♦❞❡✲s❡

❡♥❝♦♥tr❛r ♣❧❛❝❛s ❞❡ ❝✐r❝✉✐t♦s ❡❧❡trô♥✐❝♦s ❡s♣❡❝í✜❝❛s ♣❛r❛ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ á✉❞✐♦✱ ✈í❞❡♦ ❡

✐♠❛❣❡♠✳ P❛r❛ t❛❧ sã♦ ♥❡❝❡ssár✐♦s ❞✐s♣♦s✐t✐✈♦s ❡s♣❡❝✐❛✐s ❞❡ ❝♦❞✐✜❝❛çã♦ ❡ ❞❡❝♦❞✐✜❝❛çã♦ ❞♦s

s✐♥❛✐s✱ q✉❡ r❡❛❧✐③❛ ❛s ❝♦♥✈❡rsõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ q✉❡ ♦❝♦rr❛ ♦ ♣r♦❝❡ss❛♠❡♥t♦✳

❋✐❣✉r❛ ✸✳✶✿ ❘❡♣r❡s❡♥t❛çã♦ ❡♠ ♣r❡❝✐sã♦ ✐♥✜♥✐t❛✳ ❖ ❙✐♥❛❧ ❛ss✉♠❡ ✈❛❧♦r❡s ✐♥✜♥✐t♦s ♥♦ ✐♥t❡r✲

✈❛❧♦ ❝♦♥s✐❞❡r❛❞♦✳ ■♥t❡r✈❛❧♦ ❞❡ ❛♠♣❧✐t✉❞❡ ❬✵✱▲❪

❖ s✐♥❛❧ ❞✐❣✐t❛❧ é ❥✉st❛♠❡♥t❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ♥✉♠ér✐❝❛ ❞♦s s✐♥❛✐s ❛♥❛❧ó❣✐✲

❝♦s✳ P❛r❛ q✉❡ ❤❛❥❛ ❡ss❛ r❡♣r❡s❡♥t❛çã♦✱ sã♦ ✉t✐❧✐③❛❞♦s ♦s ❝♦♥✈❡rs♦r❡s ❆✴❉ ✭❈♦♥✈❡rs♦r❡s

❆♥❛❧ó❣✐❝♦s ❉✐❣✐t❛✐s✮✱ q✉❡ ♣r♦❝❡ss❛♠ ♦s s✐♥❛✐s ❛♥❛❧ó❣✐❝♦s ❡ ♦s tr❛♥s❢♦r♠❛♠ ❡♠ s✐♥❛✐s ❞✐❣✐✲

t❛✐s✱ ❞❛❞♦ ♥✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✵s ❡ ✶s✱ ♣♦❞❡♥❞♦ ❛ss✐♠ s❡r ❛♥❛❧✐s❛❞♦s ♣♦r ❝♦♠♣✉t❛❞♦r❡s ❡

♣r♦❣r❛♠❛s✳

❆ r❡♣r❡s❡♥t❛çã♦ ❞♦s ♥ú♠❡r♦s ❡♠ ❞✐s♣♦s✐t✐✈♦s ❞❡ ❤❛r❞✇❛r❡ ❞✐❣✐t❛❧✱ ♥ú♠❡r♦s

✭❞❡ ✈❛❧♦r r❡❛❧ ♦✉ ✈❛❧♦r❡s ❝♦♠♣❧❡①♦s✱ ✐♥t❡✐r♦s ♦✉ ❢r❛çõ❡s✮ sã♦ r❡♣r❡s❡♥t❛❞♦s ✉s❛♥❞♦ ❞í❣✐t♦s

❜✐♥ár✐♦s ✭❜✐ts✮✱ q✉❡ ❧❡✈❛♠ ♦ ✈❛❧♦r ❞❡ ✵ ♦✉ ✶✳ P❛r❛ r❡❛❧✐③❛r ❛s ♦♣❡r❛çõ❡s ❛r✐♠ét✐❝❛ ❡ ❧ó❣✐❝❛s



✸ ❊❢❡✐t♦s ❞❛ Pr❡❝✐sã♦ ❋✐♥✐t❛ ✷✺

❋✐❣✉r❛ ✸✳✷✿ ❘❡♣r❡s❡♥t❛çã♦ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✳ ❖ ❙✐♥❛❧ ❛ss✉♠❡ ✈❛❧♦r❡s ✜♥✐t♦s ♥♦ ✐♥t❡r✈❛❧♦✳

❖ ❡rr♦ é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳ ■♥t❡r✈❛❧♦ ❞❡ ❛♠♣❧✐t✉❞❡ ❬✵✱▲❪

♥❡❝❡ssár✐❛s ♣❛r❛ ♦ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ss❡s ♥ú♠❡r♦s✱ ♣♦❞❡ s❡r ✐♠♣❧❡♠❡♥t❛❞❛ ❞✉❛s ❛❜♦r❞❛❣❡♥s

❞✐❢❡r❡♥t❡s✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ ❢❛❝✐❧✐❞❛❞❡ ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❛ ♣r❡❝✐sã♦✱ ❜❡♠ ❝♦♠♦ ❞❛ ❢❛✐①❛

❞✐♥â♠✐❝❛ ♥❡❝❡ssár✐❛s ♥♦ ♣r♦❝❡ss❛♠❡♥t♦✳ ❆ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦ q✉❡ ♣♦❞❡ s❡r ❢á❝✐❧

❞❡ ✐♠♣❧❡♠❡♥t❛r✱ ♠❛s t❡♠ ❛♣❡♥❛s ✉♠❛ ❢❛✐①❛ ❞✐♥â♠✐❝❛ ❡ ♣r❡❝✐sã♦ ✜①❛ ✭✐st♦ é✱ q✉❛♥t✐❞❛❞❡s

❞❡ ♥ú♠❡r♦s ♠✉✐t♦ ❣r❛♥❞❡s ♦✉ ♠✉✐t♦ ♣❡q✉❡♥❛s✮✳ ❆ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✢✉t✉❛♥t❡✱ ♣♦r

♦✉tr♦ ❧❛❞♦✱ t❡♠ ✉♠❛ ✈❛st❛ ❣❛♠❛ ❞❡ ❢❛✐①❛ ❞✐♥â♠✐❝❛ ❡ ✉♠❛ ♣r❡❝✐sã♦ ✈❛r✐á✈❡❧ ✭❡♠ r❡❧❛çã♦

à ❛♠♣❧✐t✉❞❡ ❞❡ ✉♠ ♥ú♠❡r♦✮✱ s❡♥❞♦ ♣♦rt❛♥t♦ ♠❛✐s ❝♦♠♣❧✐❝❛❞♦ ❞❡ ✐♠♣❧❡♠❡♥t❛r ❡ ❛♥❛❧✐s❛r

❬❚♦❝❝✐✱ ✭✷✵✶✸✮❪✳

❯♠❛ ✈❡③ q✉❡ ✉♠ ❝♦♠♣✉t❛❞♦r ♣♦❞❡ ♦♣❡r❛r ❛♣❡♥❛s ❡♠ ✉♠ ❜✐♥ár✐♦ ✈❛r✐á✈❡❧ ✭♣♦r

❡①❡♠♣❧♦✱ ✵ ♦✉ ✶✮✱ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s ♣♦❞❡♠ ❞✐r❡t❛♠❡♥t❡ s❡r r❡♣r❡s❡♥t❛❞♦s ✉t✐❧✐③❛♥❞♦ ♥ú✲

♠❡r♦s ❜✐♥ár✐♦s✳ ❖ ♣r♦❜❧❡♠❛ é q✉❛♥t♦ ❛♦ ♠♦❞♦ ❞❡ r❡♣r❡s❡♥t❛r ♦s ♥ú♠❡r♦s ♥❡❣❛t✐✈♦s✳ ❖s

três ❢♦r♠❛t♦s ❞✐❢❡r❡♥t❡s ✉s❛❞♦s ❡♠ ❝❛❞❛ ✉♠❛ ❞❡ss❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ s✐♥❛❧ sã♦✿ ❢♦r♠❛t♦

❞❡ ✬s✐♥❛❧ ♠❛❣♥✐t✉❞❡✬✱ ❢♦r♠❛t♦ ✬❝♦♠♣❧❡♠❡♥t♦ ❞❡ ✉♠✬ ❡ ❢♦r♠❛t♦ ✬❝♦♠♣❧❡♠❡♥t♦ ❞❡ ❞♦✐s✬✳

❈♦♥s✐❞❡r❛♥❞♦ 1bits ♣❛r❛ ❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ s✐♥❛❧ ✭♣♦s✐t✐✈♦ ♦✉ ♥❡❣❛t✐✈♦✮ ♣❛r❛ ♦s ♥ú♠❡✲

r♦s ❜✐♥ár✐♦s✳ ❈♦♠ r❡❧❛çã♦ ❛♦ t✐♣♦ ❞❡ ♥♦t❛çã♦ ❛r✐t♠ét✐❝❛✱ t✐♣✐❝❛♠❡♥t❡ é ✉t✐❧✐③❛❞♦ ♣❡❧♦s

❞✐s♣♦s✐t✐✈♦s ❞❡ ❤❛r❞✇❛r❡ ❛ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦ ❬❚♦❝❝✐✱ ✭✷✵✶✸✮❪✳ ◆❡❧❛ ❞❡t❡r♠✐♥❛✲s❡ ❛

q✉❛♥t✐❞❛❞❡ ❞❡ ❜✐ts ❞❡st✐♥❛❞❛ ♣❛r❛ ❛r♠❛③❡♥❛♠❡♥t♦ ❞❛ ♣❛rt❡ ✐♥t❡✐r❛ ❡ ♣❛r❛ ♣❛rt❡ ❢r❛❝✐♦♥á✲

r✐❛✱ ❝♦♥s✐❞❡r❛♥❞♦ (b+ 1) ❜✐ts✳ ❬P❛❞❣❡tt ❛♥❞ ❆♥❞❡rs♦♥✱ ✭✷✵✵✾✮❪ ✈❡r ❋✐❣✳ ✸✳✸✳



✸✳✶ ❊rr♦s ❞❡ ◗✉❛♥t✐③❛çã♦ ✷✻

❋✐❣✉r❛ ✸✳✸✿ ❊sq✉❡♠❛ ❣❡r❛❧ ❞❛ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦✳ ❈♦♥s✐❞❡r❛♥❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

♣❛❧❛✈✈r❛ b ✰ 1bit ❞❡ s✐♥❛❧✳ ❉❡✜♥❡ ♥ú♠❡r♦ ❞❡ bn ♣❛rt❡ ✐♥t❡r✐❛ ❡ b−n ♣❛rt❡ ❢r❛❝✐♦♥ár✐❛✳

✸✳✶ ❊rr♦s ❞❡ ◗✉❛♥t✐③❛çã♦

◗✉❛♥t✐③❛çã♦ é ♦ ♣r♦❝❡ss♦ ❞❡ ❛tr✐❜✉✐çã♦ ❞❡ ✈❛❧♦r❡s ❞✐s❝r❡t♦s ♣❛r❛ ✉♠ s✐♥❛❧ ❝✉❥❛

❛♠♣❧✐t✉❞❡ ✈❛r✐❛ ❡♥tr❡ ✐♥✜♥✐t♦s ✈❛❧♦r❡s ❬P❛❞❣❡tt ❛♥❞ ❆♥❞❡rs♦♥✱ ✭✷✵✵✾✮❪✳

◗✉❛♥❞♦ ❣❡r❛♠♦s ✉♠ s✐♥❛❧ ❞✐❣✐t❛❧✱ ❡st❛♠♦s r❡❛❧✐③❛♥❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡

✉♠❛ ❣r❛♥❞❡③❛ ♣♦r ✉♠ ✈❛❧♦r q✉❛♥t✐③❛❞♦ t❡♥❞♦ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ✉♠ ❡rr♦ ❞❡ q✉❛♥t✐③❛çã♦

❬P❛❞❣❡tt ❛♥❞ ❆♥❞❡rs♦♥✱ ✭✷✵✵✾✮❪✳

❋✐❣✉r❛ ✸✳✹✿ ❘❡♣r❡s❡♥t❛çã♦ ◆í✈❡✐s ❞❡ ◗✉❛♥t✐③❛çã♦✳ ❛✮ ◗✉❛♥t✐❞❛❞❡s ❞❡ ♥í✈❡✐s ◆❂✹✳

❜✮◗✉❛♥t✐❞❛❞❡s ❞❡ ♥í✈❡✐s ◆❂✽✳

❈♦♥s✐❞❡r❛♥❞♦ ✉♠ ♣♦♥t♦ ❞♦ s✐♥❛❧ ♦r✐❣✐♥❛❧ ✭♣♦♥t♦ ✈❡r♠❡❧❤♦✮ ♥❛ r❡♣r❡s❡♥t❛çã♦

❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ❝❛❞❛ ✈❛❧♦r ❞♦ s✐♥❛❧ é s✉❜st✐t✉í❞♦ ♣❡❧♦ ♥í✈❡❧ ♠❛✐s ♣ró①✐♠♦✳ ◗✉❛♥t♦ ♠❛✐s

♥í✈❡✐s ♠❡♥♦r s❡rá ♦ ❡rr♦ ❞❡ q✉❛♥t✐③❛çã♦✱ ❋✐❣✳ ✸✳✹❛ ❡ ✸✳✹❜✳

❉❡ss❛ ❢♦r♠❛ ♣♦❞❡♠♦s q✉❛♥t✐✜❝❛r ♦ ❡rr♦ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❡ s❡✉s ✈❛❧♦r❡s ♦r✐❣✐✲

♥❛✐s✱ ❞❡✈✐❞♦ ❛♦s ❡❢❡✐t♦s ❞❛ q✉❛♥t✐③❛çã♦✱ ❞❛❞❛ ♣♦r✿

nθ = dk − dQk, ✭✸✳✶✮



✸✳✷ ❋✐❧tr❛❣❡♠ ❆❞❛♣t❛t✐✈❛ ❡♠ Pr❡❝✐sã♦ ❋✐♥✐t❛ ✷✼

❋✐❣✉r❛ ✸✳✺✿ ❘❡♣r❡s❡♥t❛çã♦ ❡sq✉❡♠át✐❝❛ ❞❡ ♥í✈❡✐s ❞❡ q✉❛♥t✐③❛çã♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ b = 2 ❜✐ts

❡ △ = L/4✳ ❈♦♥s✐❞❡r❛♠♦s ✉♠ ✈❛❧♦r L ❧✐♠✐❛r✳ ❯s❛♥❞♦ b ❜✐ts✱ ♦ ✐♥t❡r✈❛❧♦ ❞❡ [0, L] ♣♦❞❡

s❡r ❞✐✈✐❞✐❞♦ ❡♠ 2b ♥í✈❡✐s ❞❡ ❧❛r❣✉r❛ △ = L/2b ❝❛❞❛✳ ❙❡✱ ❛❧é♠ ❞✐ss♦✱ ✉s❛♠♦s ✶ ✭✉♠✮ ❜✐t ❞❡

s✐♥❛❧✱ ♦s r❡s✉❧t❛♥t❡s ✭b+ 1) ❜✐ts ❞✐✈✐❞❡ ♦ ✐♥t❡r✈❛❧♦ [−L,L] ❡♠ 22b ♥í✈❡✐s✳ ❆q✉✐ ❛ss✉♠✐♠♦s

♦♣❡r❛çã♦ ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦✳

♦♥❞❡ nθ ✐♥❞✐❝❛ ♦ ❡rr♦ ♦✉ r✉í❞♦ ❞❡✈✐❞♦ ❛ q✉❛♥t✐③❛çã♦ ❡ θ r❡♣r❡s❡♥t❛ ❛ q✉❛♥t✐❞❛❞❡ ♦✉ ✈❛r✐á✈❡❧

q✉❛♥t✐③❛❞❛✳

❯t✐❧✐③❛♥❞♦ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦✱ ❝♦♠ ❛ ♦♣❡r❛çã♦ ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ ❛s✲

s✉♠✐❞♦ ♣❛r❛ ❛ q✉❛♥t✐③❛çã♦✱ ♠♦❞❡❧♦ ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✸✳✺✱ ♦ ❡rr♦ ♣♦❞❡ s❡r ♠♦❞❡❧❛❞♦ ❡♠

♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ ❝♦♠ ♠é❞✐❛ ③❡r♦ ❡ ✈❛r✐â♥❝✐❛ ❞❛❞❛ ♣♦r✿

σ2 = C
2−2b

12
, ✭✸✳✷✮

♦♥❞❡ σ2 é ❛ ✈❛r✐â♥❝✐❛✱ C é ✉♠❛ ❝♦♥st❛♥t❡ ❡ b é ♦ ♥ú♠❡r♦ ❞❡ ❜✐ts ✉t✐❧✐③❛❞♦✳ P❛r❛ ✜❧tr❛❣❡♠

❛❞❛♣t❛t✐✈❛ ❞❛❞❛ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ❛✜♠ ❞❡ ❢❛❝✐❧✐t❛r ♦s ❝á❧❝✉❧♦s✱ s✉♣õ❡✲s❡ q✉❡ ♦s s✐♥❛✐s

✐♥t❡r♥♦s sã♦ ❛❞❡q✉❛❞❛♠❡♥t❡ ❞✐♠❡♥s✐♦♥❛❞♦s✱ ❞❡ ♠♦❞♦ q✉❡ ♥❡♥❤✉♠ ❡①❝❡ss♦ ♦❝♦rr❡ ❞✉r❛♥t❡

♦s ❝á❧❝✉❧♦s✱ ❡ q✉❡ ♦s ✈❛❧♦r❡s ❞♦s s✐♥❛✐s ❞❡✈❛♠ s✐t✉❛r✲s❡ ❡♥tr❡ [−1, 1]✳

◆❛ ❋✐❣✳ ✸✳✻✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ✈❛r✐â♥❝✐❛ ❞❛❞❛ ♣♦r ✭✸✳✷✮✱

♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ❜✐ts ✈❛r✐❛♥❞♦ ❡♥tr❡ 7bits ❡ 32bits✳

✸✳✷ ❋✐❧tr❛❣❡♠ ❆❞❛♣t❛t✐✈❛ ❡♠ Pr❡❝✐sã♦ ❋✐♥✐t❛

❖s ❡❢❡✐t♦s ♥✉♠ér✐❝♦ ❞❛ ♣r❡❝✐sã♦ ✜♥✐t❛ ❡♠ ❛❧❣♦r✐t♠♦s ❛❞❛♣❛t✐✈♦s✱ ♦♥❞❡ ❛té



✸✳✷ ❋✐❧tr❛❣❡♠ ❆❞❛♣t❛t✐✈❛ ❡♠ Pr❡❝✐sã♦ ❋✐♥✐t❛ ✷✽

❋✐❣✉r❛ ✸✳✻✿ ❱❛r✐â♥❝✐❛ ❞❡✈✐❞♦ à q✉❛♥t✐③❛çã♦ ❝♦♠ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦✳ P❛r❛ C = 1

♥ú♠❡r♦ ❞❡ bits ✈❛r✐❛♥❞♦ ❡♥tr❡ 7bits à 32bits

❛❣♦r❛ ♥ós ❝♦♥s✐❞❡r❛♠♦s ♠♦❞❡❧♦s ❞❡ ✜❧tr♦s ❡ ✐♠♣❧❡♠❡♥t❛çõ❡s ❡♠ q✉❡ ❛♠❜♦s ♦s ❝♦❡✜❝✐❡♥t❡s

❞♦ ✜❧tr♦ ❡ ❛s ♦♣❡r❛çõ❡s ❞♦ ✜❧tr♦✱ ❝♦♠♦ ❛❞✐çõ❡s ❡ ♠✉❧t✐♣❧✐❝❛çõ❡s ❢♦r❛♠ ❡①♣r❡ss♦s ✉s❛♥❞♦

♥ú♠❡r♦s ❡♠ ♣r❡❝✐sã♦ ✐♥✜♥✐t❛✳ ◗✉❛♥❞♦ ♦s s✐st❡♠❛s ❞❡ t❡♠♣♦ ❞✐s❝r❡t♦ sã♦ ✐♠♣❧❡♠❡♥t❛❞♦s

❡♠ ❤❛r❞✇❛r❡ ♦✉ s♦❢t✇❛r❡✱ t♦❞♦s ♦s ♣❛râ♠❡tr♦s ❡ ♦♣❡r❛çõ❡s ❛r✐t♠ét✐❝❛s sã♦ ✐♠♣❧❡♠❡♥t❛❞♦s

✉s❛♥❞♦ ♥ú♠❡r♦s ❞❡ ♣r❡❝✐sã♦ ✜♥✐t❛ ❡✱ ♣♦rt❛♥t♦✱ s❡✉s ❡❢❡✐t♦s sã♦ ✐♥❡✈✐tá✈❡✐s✳ ❈♦♥s✐❞❡r❡✲s❡

✉♠ ✜❧tr♦ tí♣✐❝♦ ✐♠♣❧❡♠❡♥t❛❞♦ ❝♦♠♦ ✉♠❛ ❡str✉t✉r❛ ❞❛❞❛ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✳ ◗✉❛♥❞♦

❛ r❡♣r❡s❡♥t❛çã♦ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ é ✉t✐❧✐③❛❞♦ ♥❛ s✉❛ ❛♣❧✐❝❛çã♦✱ ❡①✐st❡♠ três ♣♦ssí✈❡✐s

❝♦♥s✐❞❡r❛çõ❡s q✉❡ ❛❢❡t❛♠ ♦ ❞❡s❡♠♣❡♥❤♦ ❣❧♦❜❛❧ ❞❛ s✉❛ ✐♠♣❧❡♠❡♥t❛çã♦✳ ❈♦♥s✐❞❡r❛♠♦s

❝♦♠♦ ❛s ♣r✐♥❝✐♣❛✐s ❬P❛❞❣❡tt ❛♥❞ ❆♥❞❡rs♦♥✱ ✭✷✵✵✾✮❪✿

✶✳ ❆ q✉❛♥t✐③❛çã♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s ✜❧tr♦✱ wk✱ ♣❛r❛ ♦❜t❡r s✉❛ r❡♣r❡s❡♥t❛çã♦ ❞❡

❝♦♠♣r✐♠❡♥t♦ ✜♥✐t♦✱ wQk✱

✷✳ ❆ q✉❛♥t✐③❛çã♦ ❞❛s ✈❛r✐á✈❡✐s ❡ q✉❛♥t✐❞❛❞❡s ❡ ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❡♥tr❛❞❛✱ xk

♣❛r❛ s❡ ♦❜t❡r xQk✱ ❡

✸✳ ❚♦❞❛ ❛r✐t♠ét✐❝❛ ✐♥t❡r♥❛ ❞❡✈❡ s❡r ❝♦♥✈❡rt✐❞♦ ❡♠ s✉❛s r❡♣r❡s❡♥t❛çõ❡s ❡♠

♣r❡❝✐sã♦ ✜♥✐t❛✳

❆ss✐♠✱ ❛ s❛í❞❛✱ yk✱ é t❛♠❜é♠ ✉♠ ✈❛❧♦r q✉❛♥t✐③❛❞♦ yQk✳ ■ss♦ ♥♦s ❞❛ ✉♠❛ ♥♦✈❛

♣❡r❝❡♣çã♦ ❞♦ ✜❧tr♦✳ ❊s♣❡r❛✲s❡ ❞❡ss❛ ❢♦r♠❛ ✉♠❛ ♥♦✈❛ ❛♥á❧✐s❡ ❞♦ ✜❧tr♦ ❞❛❞♦ ♦s ♥♦✈♦s s✐♥❛✐s



✸✳✷ ❋✐❧tr❛❣❡♠ ❆❞❛♣t❛t✐✈❛ ❡♠ Pr❡❝✐sã♦ ❋✐♥✐t❛ ✷✾

❡ ❝♦❡✜❝✐❡♥t❡s ❡♥❝♦♥tr❛❞♦s✳

❯♠❛ ✈❡③ q✉❡ ❛ ♦♣❡r❛çã♦ ❞❡ q✉❛♥t✐③❛çã♦ é ✉♠❛ ♦♣❡r❛çã♦ ♥ã♦✲❧✐♥❡❛r✱ ❛ ❛♥á❧✐s❡

❣❧♦❜❛❧ q✉❡ ❧❡✈❛ ❡♠ ❝♦♥s✐❞❡r❛çã♦ t♦❞♦s ♦s três ❡❢❡✐t♦s ❞❡s❝r✐t♦s ❛❝✐♠❛ é ❞❡ ❛❧t❛ ❝♦♠♣❧❡①✐❞❛❞❡

❬❙❛②❞❡✱ ✭✷✵✶✸✮❪✳ P♦rt❛♥t♦✱ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ ❡st✉❞❛r ❝❛❞❛ ✉♠ ❞❡ss❡s ❡❢❡✐t♦s s❡♣❛r❛❞❛♠❡♥t❡

❝♦♠♦ s❡ ❢♦ss❡ ♦ ú♥✐❝♦ ❛❣✐♥❞♦ ♥♦ ♠♦♠❡♥t♦✳ ■st♦ t♦r♥❛ ♠❛✐s ❢á❝✐❧ ❛ ❛♥á❧✐s❡ ❡ ♦s r❡s✉❧t❛❞♦s

♠❛✐s ✐♥t❡r♣r❡tá✈❡✐s✳ P♦❞❡♠♦s ❞❡✜♥✐r ♦s ❡rr♦s ♦✉ r✉í❞♦s ❞❡ q✉❛♥t✐③❛çã♦ ♥❛s ✈❛r✐á✈❡✐s ❡

q✉❛♥t✐❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ ❞❡ ❢♦r♠❛ ❣❡r❛❧ ❝♦♠♦ s❡❣✉❡✿

nd = dk − dQk, ✭✸✳✸✮

ny = yk − yQk, ✭✸✳✹✮

ne = ek − eQk, ✭✸✳✺✮

nw = wk − wQk, ✭✸✳✻✮

♦♥❞❡ nd é ♦ r✉í❞♦ ❞❡ q✉❛♥t✐③❛çã♦ ❞♦ s✐♥❛❧ ❞❡s❡❥❛❞♦✱ ny ♦ r✉í❞♦ ❞❡ q✉❛♥t✐③❛çã♦ ❞♦ s✐♥❛❧ ❞❡

s❛í❞❛✱ ne ♦ r✉í❞♦ ❞❡ q✉❛♥t✐③❛çã♦ ❞♦ s✐♥❛❧ ❞❡ ❡rr♦ ❡ nw ♦ r✉í❞♦ ❞❡✈✐❞♦ ❛ q✉❛♥t✐③❛çã♦✱ ❞♦

❝♦❡✜❝✐❡♥t❡s ♦✉ ✈❡t♦r ♣❡s♦✳ ❙✉♣♦♥❞♦ q✉❡ ♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ xk ♥ã♦ s♦❢r❡ q✉❛♥t✐③❛çã♦✳ ❖s

❡❢❡✐t♦s ❞❡ q✉❛♥t✐③❛çã♦ ♥♦s s✐♥❛✐s ❞❡ ❡♥tr❛❞❛ ❡ ❞❡s❡❥❛❞♦ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ t♦♠❛❞♦ ❡♠

❝♦♥s✐❞❡r❛çã♦ s❡♣❛r❛❞❛♠❡♥t❡✱ ❛ ♣❛rt✐r ❞❡ ♦✉tr❛s ❢♦♥t❡s ❞❡ ❡rr♦ ❞❡ q✉❛♥t✐③❛çã♦✳ ◆♦ ❝❛s♦ ❞♦

s✐♥❛❧ ❞❡s❡❥❛❞♦✱ ♦ ❡rr♦ ❞❡ q✉❛♥t✐③❛çã♦ ♣♦❞❡ s❡r ❛❞✐❝✐♦♥❛❞♦ ❛♦ r✉í❞♦ ❞❡ ♠❡❞✐çã♦✱ ❡♥q✉❛♥t♦

♣❛r❛ ♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛✱ ♦ ❡❢❡✐t♦ ❞❡ ❜❛s❡ ♥❛ s❛í❞❛ ❞♦ ✜❧tr♦ é ✉♠ r✉í❞♦ ❛❞✐❝✐♦♥❛❧ ❬❉✐♥✐③✱

✭✷✵✶✸✮❪✳

✸✳✷✳✶ ❖ ▲▼❙ ❡♠ Pr❡❝✐sã♦ ❋✐♥✐t❛

❖ ▲▼❙ é ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❜✉s❝❛ ❜❛s❡❛❞♦ ♥✉♠❛ s✐♠♣❧✐✜❝❛çã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧

❞♦ ❣r❛❞✐❡♥t❡ ❢❡✐t❛ ❛tr❛✈és ❞❡ ♠♦❞✐✜❝❛çõ❡s ♣❡rt✐♥❡♥t❡s ❞❛ ❢✉♥çã♦ ❞❡ ❝✉st♦✳ ❖ ❛❧❣♦r✐t♠♦

▲▼❙✱ ❜❡♠ ❝♦♠♦ ♦✉tr♦s ❝♦♠ ❡❧❡ r❡❧❛❝✐♦♥❛❞♦s✱ é ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ❡♠ ✈ár✐❛s ❛♣❧✐❝❛çõ❡s

❞❡ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ ❞❡✈✐❞♦ à s✉❛ s✐♠♣❧✐❝✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧✳ ❖ ❛❧❣♦r✐t♠♦ ▲▼❙ é✱

❞❡ ❧♦♥❣❡✱ ♦ ❛❧❣♦r✐t♠♦ ♠❛✐s ❛♠♣❧❛♠❡♥t❡ ✉s❛❞♦ ♥❛ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ ♣♦r ✈ár✐❛s r❛③õ❡s✳

❆s ♣r✐♥❝✐♣❛✐s ❝❛r❛❝t❡ríst✐❝❛s q✉❡ ❛tr❛ír❛♠ ❛ ✉t✐❧✐③❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ▲▼❙ sã♦ ❛ ❜❛✐①❛

❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡♠ ❛♠❜✐❡♥t❡ ❡st❛❝✐♦♥ár✐♦✱ ❝♦♥✈❡r❣ê♥❝✐❛ ✐♠♣❛r❝✐❛❧ ♥❛ ♠é❞✐❛

❛ s♦❧✉çã♦ ❞❡ ❲✐❡♥❡r ❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❡stá✈❡❧ q✉❛♥❞♦ ✐♠♣❧❡♠❡♥t❛❞♦ ❝♦♠ ❛ ❛r✐t♠ét✐❝❛ ❞❡

♣r❡❝✐sã♦ ✜♥✐t❛ ❬❉✐♥✐③✱ ✭✷✵✶✸✮❪ ❬❲✐❞r♦✇✱ ✭✶✾✽✺✮❪ ❬❍❛②❦✐♥✱ ✭✷✵✶✹✮❪✳



✸✳✷ ❋✐❧tr❛❣❡♠ ❆❞❛♣t❛t✐✈❛ ❡♠ Pr❡❝✐sã♦ ❋✐♥✐t❛ ✸✵

❖ ❛❧❣♦r✐t♠♦ ▲▼❙ ❞❛❞♦ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ é ❞❡s❝r✐t♦ ♣♦r✳

wk+1 = wk + 2µekxk, ✭✸✳✼✮

♦♥❞❡ wk é ♦ ✈❡t♦r ♣❡s♦✱ µ é ✉♠ ✈❛❧♦r q✉❡ ❝♦♥tr♦❧❛ ❛ ✈❡❧♦❝✐❞❛❞❡ ❡ ❡st❛❜✐❧✐❞❛❞❡ ❞♦ ❛❧❣♦r✐t♠♦✱

ek ♦ ❡rr♦ ❡ xk ♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛✳

❆s r❡❧❛çõ❡s q✉❡ ❞❡s❝r❡✈❡♠ ♦s ❡rr♦s ❞❡ ❝á❧❝✉❧♦s ♥♦ ❛❧❣♦r✐t♠♦ ▲▼❙ ✐♠♣❧❡♠❡♥t❛❞♦

❡♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈❛ ✜♥✐t❛ ♣♦❞❡♠ s❡r ❞❡s❝r✐t❛s ❝♦♠♦ ❬❉✐♥✐③✱ ✭✷✵✶✸✮❪✳

eQk = dk − ne − x
t
kwk, ✭✸✳✽✮

♦♥❞❡ ❞❡✜♥✐♠♦s ne ❝♦♠♦ r✉í❞♦ ❞❡✈✐❞♦ ❛ q✉❛♥t✐③❛çã♦ ❡ w
t
k é ♦ ✈❡t♦r ❞♦s ♣❡s♦s ❞❛❞♦ ♣♦r

wQ(k+1) = wk + 2µeQkxk − nw, ✭✸✳✾✮

♦♥❞❡ nw é ✉♠ ✈❡t♦r ❞❡ r✉í❞♦ ❞❡✈✐❞♦ à q✉❛♥t✐③❛çã♦ ❞♦ ✈❡t♦r ♣❡s♦ wk✳

❖s s✐♥❛✐s ❞❡ ❡rr♦ q✉❡ ❝♦♥s✐st❡♠ ♥♦s ❡❧❡♠❡♥t♦s ❞❡ ne ❡ nw sã♦ t♦❞♦s ♥ã♦ ❝♦rr❡✲

❧❛❝✐♦♥❛❞♦s ❡ ✐♥❞❡♣❡♥❞❡♥t❡s ✉♥s ❞♦s ♦✉tr♦s✳ ❆ ✈❛r✐â♥❝✐❛ σ2
e ❞❡ ne ❡ ❛ ❝♦✈❛r✐â♥❝✐❛ σ2

wI ❞❡

nw sã♦ ❞❛❞❛s ♣♦r✿

E[n2
e] = σ2

e , ✭✸✳✶✵✮

E[nwn
t
w] = σ2

wI. ✭✸✳✶✶✮

❆❧❣✉♥s ❛✉t♦r❡s ❝♦♠♦ ❬●✉♣t❛ ❡ ❍❡r♦✱ ✭✷✵✵✵✮❪✱ ❬❈❛r❛✐s❝♦s ❡ ▲✐✉✱ ✭✶✾✽✹✮❪ ❡ ❬▼❡❤❡r

❡ P❛r❦✱ ✭✷✵✶✹✮❪✱ ❛♥❛❧✐s❛r❛♠ ♦ ❛❧❣♦r✐t♠♦ ▲▼❙ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✱ r❡❛❧✐③❛♥❞♦ ❛♥á❧✐s❡s s♦❜r❡

❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❡ ✈❡t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❡rr♦✱ ❛♥❛❧✐s❛♥❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦

❛❧❣♦r✐t♠♦ t❛♥t♦ ♥❛ ❢❛s❡ ❞❡ ❛❞❛♣t❛çã♦ ❝♦♠♦ ♥❛ ❢❛s❡ ❞❡ ♦♣❡r❛çã♦✱ ♦❜s❡✈❛r❛♠ t❛♠❜é♠ ♦

▼❙❊ ❡ ♦✉tr❛s ❝❛r❛❝t❡ríst✐❝❛s ✐♠♣♦rt❛♥t❡s ❝♦♠♦ ♦ ❞❡s❛❥✉st❡ ♣❛r❛ ❛♥á❧✐s❡ ❞❡ss❡ ❛❧❣♦r✐t♠♦

❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✳



✸✳✸ ■♠♣❧❡♠❡♥t❛çã♦ ❡♠ ❉✐s♣♦s✐t✐✈♦ ❞❡ ❍❛r❞✇❛r❡ ❉✐❣✐t❛❧ ✸✶

✸✳✸ ■♠♣❧❡♠❡♥t❛çã♦ ❡♠ ❉✐s♣♦s✐t✐✈♦ ❞❡ ❍❛r❞✇❛r❡ ❉✐❣✐✲

t❛❧

▼✉✐t♦s ♣r♦❥❡t♦s ❡♠ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ sã♦ ✐♠♣❧❡♠❡♥t❛❞♦s ❡♠ ❉❙P ♦✉ ❋P●❆✱

q✉❡ ❛♣r❡s❡♥t❛♠✲s❡ ♠✉✐t❛s ✈❡③❡s ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✳ ❖ ✉s♦ ❞❡ss❡s ❞✐s♣♦s✐t✐✈♦s ❞❡ ❤❛r❞✇❛r❡

❞✐❣✐t❛❧ ❤♦❥❡ ❡♠ ❞✐❛ é ♠✉✐t♦ ❣r❛♥❞❡✳ ❱ár✐♦s ✐t❡♥s ❝♦♠♦✿ ❝❡❧✉❧❛r❡s✱ ❡q✉✐♣❛♠❡♥t♦s ❞❡ ❧❛❜♦✲

r❛tór✐♦s✱ ❛✉t♦♠ó✈❡✐s ❡ ❝♦♠♣✉t❛❞♦r❡s ❢❛③❡♠ ♣❛rt❡ ❞❡st❡s ❞✐s♣♦s✐t✐✈♦s ❞❡ ❤❛r❞✇❛r❡s✳ ❊st❛s

✐♠♣❧❡♠❡♥t❛çõ❡s t❡♠ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❣❡r❛r ❡❢❡✐t♦s ✐♥❞❡s❡❥❛❞♦s ♥❛ r❡s♣♦st❛ ❞♦ ✜❧tr♦✱ ❛❧é♠

❞❡ ✐♥st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛✳ ❈♦♠♦ r❡s✉❧t❛❞♦✱ s✉r❣❡♠ ❞ú✈✐❞❛s✱ ♥❛ ❢❛s❡ ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦

q✉❛♥t♦ à ❡✜❝á❝✐❛ ❞♦ ✜❧tr♦ ❞✐❣✐t❛❧ ❡ ❛ q✉❛♥t✐❞❛❞❡s ❞❡ ❜✐ts ♥❡❝❡ssár✐❛ ♣❛r❛ ❛ s✉❛ r❡♣r❡s❡♥✲

t❛çã♦ ❞❡ ♠♦❞♦ q✉❡ ♦s ♣❛râ♠❡tr♦s ❞❡ ♣r♦❥❡t♦s ❛✐♥❞❛ s❡❥❛♠ s❛t✐s❢❡✐t♦s✳

❊st❡s ♣♦r s❡r❡♠ ❞✐s♣♦s✐t✐✈♦s ♣r♦❣r❛♠á✈❡✐s ♥❡❝❡ss✐t❛♠ ❞❡ ✉♠❛ ♣❧❛t❛❢♦r♠❛ ♣❛r❛

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♣r♦❥❡t♦s✳ ❊st❡s ❞✐s♣♦s✐t✐✈♦s tr❛❜❛❧❤❛♠ ❝♦♠ ❧✐❣✉❛❣❡♠ ❞❡ ♣r♦❣r❛♠❛çã♦✱

❡♠ s✉❛ ❣r❛♥❞❡ ♠❛✐♦r✐❛ ❝♦♠ ❛s ♣r✐♥❝✐♣❛✐s ❧✐❣✉❛❣❡♥s✱ ❝♦♠♦ ❆ss❡♠❜❧②✱ ❈✱ ❱❍❉▲ ❡ ♦✉tr❛s✳

❈❛❞❛ ❢❛❜r✐❝❛♥t❡ ❢♦r♥❡❝❡ ❥✉♥t♦ ❛♦ ♣r♦❞✉t♦ ✉♠❛ ♣❧❛t❛❢♦r♠❛✱ q✉❡ ❢♦✐ ❢❡✐t❛ ♣❛r❛ tr❛❜❛❧❤❛r

❝♦♠ ❛s ❢✉♥çõ❡s ♣ré✲❞❡✜♥✐❞❛s ❞❡ ❝❛❞❛ ❞✐s♣♦s✐t✐✈♦s ❞❡ ❤❛r❞✇❛r❡✳ ❊st❛s ♣❧❛t❛❢♦r♠❛s ❢♦r♥❡✲

❝❡♠ ✉♠ ❛♠❜✐❡♥t❡ ❞❡ tr❛❜❛❧❤♦ ♥❡❝❡ssár✐♦ ♣❛r❛ ❛ r❡❧✐③❛çã♦ ❞❡ ✉♠ ♣r♦❥❡t♦✳ ❊st❡s s♦❢t✇❛r❡

sã♦ ♥❛ ✈❡r❞❛❞❡ ❝♦♠♣✐❧❛❞♦r❡s q✉❡ tr❛❜❛❧❤❛♠ ❧✐❣❛❞♦s ❛♦s ❞✐s♣♦s✐t✐✈♦s✱ ❣❡r❡♥❝✐❛♥❞♦ t♦❞❛ ❛

❡①❡❝✉çã♦✱ s✐♠✉❧❛çã♦ ❡ ❞❡♣✉r❛çã♦ ❞♦ ❝ó❞✐❣♦ ❬❚♦❝❝✐✱ ✭✷✵✶✸✮❪✳

P❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡ ✉♠ ♣r♦❥❡t♦ ✉t✐❧✐③❛♥❞♦✲s❡ ✉♠ ❞✐s♣♦st✐✈♦ ❞❡ ❤❛r❞❛✇r❡ ❞✐❣✐t❛❧

♣♦❞❡♠♦s ❞❡st❛❝❛r três ❡t❛♣❛s ❣❡r❛✐s ♣❛r❛ ❡①❡❝✉t❛çã♦ ❞♦ ♣r♦❥❡t♦✿ ♣❡sq✉✐s❛✱ s✐♠✉❧❛çã♦ ❡

❡♠✉❧❛çã♦ ❬P❛❞❣❡tt ❛♥❞ ❆♥❞❡rs♦♥✱ ✭✷✵✵✾✮❪✳

• ✶♦ ❊t❛♣❛✿ ❆ ♣❡sq✉✐s❛ ❡♥✈♦❧✈❡ ❜❛s✐❝❛♠❡♥t❡ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ ♣r♦❜❧❡♠❛✱ ♦♥❞❡ s❡rã♦

❜✉s❝❛❞❛s ✐♥❢♦r♠❛çõ❡s s❡ ♦ ❞✐s♣♦s✐t✐✈♦ ❛ s❡r ✉t✐❧✐③❛❞♦ ❡♥✈♦❧✈❡ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝á❧❝✉❧♦s

❡♠ ♣♦♥t♦ ✜①♦ ♦✉ ❡♠ ♣♦♥t♦ ✢✉t✉❛♥t❡✳

• ✷♦ ❊t❛♣❛✿ ❆ ❡t❛♣❛ ❞❡ s✐♠✉❧❛çã♦ ♦❝♦rr❡rá ♥❛ ♠♦❞❡❧❛❣❡♠ ✐♥✐❝✐❛❧ ❞♦ ♣r♦❥❡t♦✱ ♦♥❞❡ é

r❡❛❧✐③❛❞❛✱ ❛tr❛✈és ❞♦s ❛♠❜✐❡♥t❡s ❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❝❛❞❛ ❞✐s♣♦s✐t✐✈♦✳

• ✸♦ ❊t❛♣❛✿ P♦r ✜♠✱ t❡♠♦s ❛ ❡t❛♣❛ ❞❡ ❡♠✉❧❛çã♦✱ q✉❡ ❡♥✈♦❧✈❡ ❛ r❡❛❧✐③❛çã♦ ❞❡ t❡st❡s ❞♦

♣r♦❥❡t♦ ❥á ❞❡♥tr♦ ❞❡ s❡✉ ❛♠❜✐❡♥t❡ ❞❡ ✉s♦✳ ◆❡st❛ ❡t❛♣❛ ♦ ❞✐s♣♦s✐t✐✈♦ ❞❡ ❤❛r❞✇❛r❡ é

s✉❜♠❡t✐❞♦ ❛s ❛♥á❧✐s❡s ❞❡t❛❧❤❛❞❛s✱ ✈✐s❛♥❞♦✲s❡ ♦❜t❡r ✉♠ ❡q✉✐♣❛♠❡♥t♦ ♦ ♠❛✐s ♣r❡❝✐s♦

♣♦ssí✈❡❧✱ q✉❡ ♥ã♦ ❛♣r❡s❡♥t❡ ❢❛❧❤❛s✳



✸✳✹ ❙✐♠✉❧❛çã♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦ ✸✷

✸✳✹ ❙✐♠✉❧❛çã♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦

❆ s✐♠✉❧❛çã♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦ ♦✉ ▼ét♦❞♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦ ✭▼▼❈✮ ❜❛s❡✐❛✲s❡

❡♠ ♠ét♦❞♦s ❡st❛tíst✐❝♦s q✉❡ r❡✉♥❡♠ ✉♠❛ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ❛♠♦str❛s ❛❧❡❛tór✐❛s ❞❡

✉♠❛ s✐♠✉❧❛çã♦ ♦✉ ❡①♣❡r✐♠❡♥t♦ ❝♦♠ ♦❜❥❡t✐✈♦ ❞❡ ❝❤❡❣❛r ❛ ✉♠ r❡s✉❧t❛❞♦ ❛♣r♦①✐♠❛❞♦ ❞❡

✉♠❛ s♦❧✉çã♦✳ P♦❞❡ s❡r ✈✐st♦ t❛♠❜é♠✱ ❝♦♠♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ✉♥✐✈❡rs❛❧ ♣❛r❛ r❡s♦❧✈❡r

♣r♦❜❧❡♠❛s ♣♦r ♠❡✐♦ ❞❡ ❛♠♦str❛❣❡♠ ❛❧❡❛tór✐❛ ❬❚❛♦ ❡t ❛❧✳✱ ✭✶✾✾✺✮❪✳

❖ ▼ét♦❞♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦ é ❛♣❧✐❝❛❞♦ ❡♠ ❞✐✈❡rs♦s ❝❛♠♣♦s ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦✳

❆❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çã♦ ❞❡st❡ ♠ét♦❞♦ sã♦ ❬❚❛♦ ❡t ❛❧✳✱ ✭✶✾✾✺✮❪✿

• ❋✐♥❛♥ç❛s✿ sér✐❡s ♠❛❝r♦❡❝♦♥ô♠✐❝❛s✱ ♦♣çõ❡s ❢✉t✉r❛s✱ ❡t❝✳❀

• ❈♦♠♣✉t❛çã♦ ●rá✜❝❛✿ r❡❞✉çã♦ ❞❡ ❛rt❡❢❛t♦s✱ ❡s♣❛❧❤❛♠❡♥t♦✱ ❡t❝✳❀

• ●❡♦❧♦❣✐❛✿ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ r❡s❡r✈❛tór✐♦s❀

• ❆♥á❧✐s❡ ❞❡ Pr♦❥❡t♦s✿ ♦♣çõ❡s r❡❛✐s❀

• ❏♦❣♦s✿ ❣❡r❛çã♦ ❞❡ r❡❞❡s ✭❣r❛❢♦s✮✳

❆ ♣r✐♥❝✐♣❛❧ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ss❡ ▼ét♦❞♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦ é ❛ ❛❧❡❛t♦r✐❡❞❛❞❡ ❝♦♠

q✉❡ ♦❝♦rr❡ ♦ ❢❡♥ô♠❡♥♦ ❡♠ ❡st✉❞♦✳ ❯♠❛ ❡①✐❣ê♥❝✐❛ ♣❛r❛ ✉t✐❧✐③❛çã♦ ❞❡ss❡ ♠ét♦❞♦ é q✉❡

♦ ❢❡♥ô♠❡♥♦ ❡♠ ❡st✉❞♦ s❡❥❛ ♠♦❞❡❧❛❞♦ ❡♠ t❡r♠♦s ❞❡ ❢✉♥çõ❡s ❡st❛tíst✐❝❛s✳ ❆ ❙✐♠✉❧❛çã♦

❞❡ ▼♦♥t❡ ❈❛r❧♦ ♣♦❞❡ ♣r♦❝❡❞❡r ❢❛③❡♥❞♦ ❛♠♦str❛❣❡♥s ❛❧❡❛tór✐❛s ❞❡ ❢✉♥çõ❡s ❡st❛tíst✐❝❛s

❝♦♥❤❡❝✐❞❛s✳ ❊st❡ ♣r♦❝❡ss♦ é r❡♣❡t✐❞♦ ✐♥ú♠❡r❛s ✈❡③❡s ❡ ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦ é ♦❜t✐❞♦ ♣♦r

♠❡✐♦ ❞❡ té❝♥✐❝❛s ❡st❛tíst✐❝❛s ✭♠é❞✐❛✱ ❞❡s✈✐♦ ♣❛❞rã♦✱ ❡ ❡t❝✳✮ s♦❜r❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♥ú♠❡r♦

✜♥✐t♦ ❞❡ r❡❛❧✐③❛çõ❡s ✭❛♠♦str❛s✮ q✉❡ ♣♦❞❡♠ ❝❤❡❣❛r ❛ ♠✐❧❤õ❡s✳



✸✸

✹ ❆♥á❧✐s❡ ❡♠ Pr❡❝✐sã♦ ❋✐♥✐t❛ ❞♦ ❆❧❣♦r✐t♠♦

❆❞❛♣t❛t✐✈♦ ❇❛s❡❛❞♦ ♥♦ ❊rr♦ ◆ã♦ ▲✐♥❡❛r

❆ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ t❡♠ ❝♦♥s❡❣✉✐❞♦ ✉♠❛ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ s✉❝❡ss♦ ❡♠

♥✉♠❡r♦s❛s ❛♣❧✐❝❛çõ❡s✳ ▼✉✐t♦ ❞❡st❡ s✉❝❡ss♦ é ❞❡✈✐❞♦ ❛♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❝♦♥❤❡❝✐❞♦s

❡ r♦❜✉st♦s ❛❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s✱ t❛✐s ❝♦♠♦ ♦ ❛❧❣♦r✐t♠♦ ▲▼❙✱ q✉❡ t❡♥t❛ ❡♥❝♦♥tr❛r ♦s

♣❛râ♠❡tr♦s ❞♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ♣❛r❛ ♠✐♥✐♠✐③❛r ♦ ❝r✐tér✐♦ ❞♦ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦✳ ❈❛✲

r❛❝t❡ríst✐❝❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❡st❡ ❛❧❣♦r✐t♠♦ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♣r❡✈✐st❛ ❞❛❞❛s

✐♥❢♦r♠❛çõ❡s ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❞❛ ❡♥tr❛❞❛ ❡st♦❝ást✐❝❛✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ q✉❡ ❛ ❡♥tr❛❞❛ é

❡st❛❝✐♦♥ár✐❛ ❡st♦❝ást✐❝❛✱ ❛ ♠é❞✐❛ ❝♦♥✈❡r❣❡♥t❡ ❞❡ ♣❡s♦s ❞♦ ❛❧❣♦r✐t♠♦ é ❛ s♦❧✉çã♦ ❞❡ ❲✐✲

❡♥❡r ♥❛ t❡♦r✐❛ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s ❞❡ ❡st✐♠❛t✐✈❛ ❧✐♥❡❛r❡s✳ ❆❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s

❝♦♠ ❜❛s❡ ♥♦ ❝r✐tér✐♦ ❞❡ ♠í♥✐♠♦ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ r❡♣r❡s❡♥t❛♠ ✉♠❛ r❡❢❡rê♥❝✐❛ ❝♦♠

❝❛r❛❝t❡ríst✐❝❛s ❜❡♠ ❝♦♥❤❡❝✐❞❛s q✉❡ ♣♦❞❡♠ s❡r ❝♦♠♣❛r❛❞♦s ❛ ♦✉tr♦s ❛❧❣♦r✐t♠♦s ❬❲✐❞r♦✇✱

✭✶✾✽✺✮❪✳

❆ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ ❝♦♠ ❜❛s❡ ❡♠ ❝r✐tér✐♦s ❞❡ ❡rr♦ ♥ã♦ q✉❛❞rát✐❝♦ ♠é❞✐♦

t❛♠❜é♠ tê♠ s✐❞♦ s✉❣❡r✐❞♦s ♣♦r ✈ár✐♦s ❛✉t♦r❡s✱ q✉❡r ❝♦♠♦ ✉♠❛ ❢♦r♠❛ ❞❡ ♠❡❧❤♦r❛r ♦ ❞❡✲

s❡♠♣❡♥❤♦ ❞❡ ❛❞❛♣t❛çã♦ ❞❡st❡s ❛❧❣♦r✐t♠♦s ♣❛r❛ ❛♠❜✐❡♥t❡s ❡st❛tíst✐❝♦s ♣❛rt✐❝✉❧❛r❡s ❬❲❛❧❛❝❤

❡ ❲✐❞r♦✇✱ ✭✶✾✽✹✮❪✱ ❬●✐❜s♦♥ ❡ ●r❛②✱ ✭✶✾✽✽✮❪✱ ♦✉ ❝♦♠♦ ❢♦r♠❛ ❞❡ s✐♠♣❧✐✜❝❛r ♦ ❝á❧❝✉❧♦ ❞♦

❛❧❣♦r✐t♠♦ ❡♠ ❤❛r❞✇❛r❡✳

❉♦✉❣❧❛s ❡ ▼❡♥❣ ❝♦♠❡♥t❛♥❞♦ ❛ r❡s♣❡✐t♦ ❞❡ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ ❜❛s❡❛❞❛s ❡♠

❝r✐tér✐♦s ❞❡ ❡rr♦ ♥ã♦ q✉❛❞rát✐❝♦ ♠é❞✐♦✱ ❛ ✜♠ ❞❡ ✉♥✐✜❝❛r ❛ ❞✐s❝✉ssã♦ ❞❡ss❡s ❛❧❣♦r✐t♠♦s

♠♦❞✐✜❝❛❞♦s r❡❛❧✐③❛r❛♠ ✉♠ sér✐❡ ❞❡ ❛♥á❧✐s❡ ❞❡ss❡ ❛❧❣♦r✐t♠♦ ❡♠ ✶✾✾✹ ♥♦ ❛rt✐❣♦ ✧❙t♦❝❤❛st✐❝

❣r❛❞✐❡♥t ❛❞❛♣t❛t✐♦♥ ✉♥❞❡r ❣❡♥❡r❛❧ ❡rr♦r ❝r✐t❡r✐❛✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧ Pr♦❝✳✱ ❱♦❧✳

✹✷✱ ♥♦ ✻✳✧✳

❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛✱ ✈❡r ❋✐❣✳ ✹✳✶✳ ❊♠ q✉❡ ♦

♦❜❥❡t✐✈♦ é ❡♥❝♦♥tr❛r ✉♠❛ ♣❧❛♥t❛ ❞❡s❝♦♥❤❡❝✐❞❛ ❝♦♠ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ♣♦❧✐♥♦♠✐❛❧

❞❛❞❛ ♣♦r w∗

k(z) ♣❛r❛ s❡r ♠♦❞❡❧❛❞♦ ♣♦r ✉♠ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ❞❡ t❡♠♣♦ ❞✐s❝r❡t♦ wk(z)✳ ❆

❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ ♣❧❛♥t❛ ❡ ❞♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ♥❛ ❢♦r♠❛



✹ ❆♥á❧✐s❡ ❡♠ Pr❡❝✐sã♦ ❋✐♥✐t❛ ❞♦ ❆❧❣♦r✐t♠♦ ❆❞❛♣t❛t✐✈♦ ❇❛s❡❛❞♦ ♥♦ ❊rr♦ ◆ã♦ ▲✐♥❡❛r ✸✹

❞❡ r❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦ ✜♥✐t❛ ✭❋■❘✮ ❞❛❞♦ ♣♦r✿

❋✐❣✉r❛ ✹✳✶✿ ❋✐❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ ❡♠ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛✳

w(z) = w1 + w2z
−1 + w3z

−2 + ...+ wNz
−N+1, ✭✹✳✶✮

♦♥❞❡ ❞❡✜♥✐♠♦s ♦ ✈❡t♦r w = [w1w2...wN ]
T t❛❧ q✉❡ w = w

∗ ♣❛r❛ ♦ s✐st❡♠❛ ❞❡s❝♦♥❤❡❝✐❞♦ ❡

w = wk ♣❛r❛ ♦ ✜❧tr♦ ❛❞❛♣tá✈❡❧ ❛ ❝❛❞❛ ✐t❡r❛çã♦ k✳ ❉❡s❡❥❛♠♦s ♦❜t❡r ❡st✐♠❛t✐✈❛s ♣r❡❝✐s❛s

❞♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ ♠♦❞❡❧♦ ❞❛ ♣❧❛♥t❛ w
∗ ❞❛❞❛s ❛s ♦❜s❡r✈❛çõ❡s r✉✐❞♦s❛s ❞❛ s❛í❞❛ ❞❛ ♣❧❛♥t❛

dk✱ ♦ q✉❡ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ❛ r❡s♣♦st❛ ❞❡s❡❥❛❞❛ ❞♦ ♠♦❞❡❧♦ ❛❞❛♣t❛t✐✈♦✱ q✉❛♥❞♦

❛❝✐♦♥❛❞♦ ♣❡❧❛ ❡♥tr❛❞❛ ❡st♦❝ást✐❝❛ xk ❡ ♣❡rt✉r❜❛❞♦ ❝♦♠ ❛♠♦str❛s ❞❡ r✉í❞♦ nk✳ P❛r❛ ❞❡r✐✈❛r

❛ ❢❛♠í❧✐❛ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❛❞❛♣t❛çã♦ ❞❡ ❣r❛❞✐❡♥t❡ ❡st♦❝ást✐❝♦ ❝♦♠ ❜❛s❡ ❡♠ ❝r✐tér✐♦s ❞❡

❡rr♦ ♥ã♦ q✉❛❞rát✐❝♦ ♠é❞✐♦✱ q✉❡ ❡♠ ♣r✐♠❡✐r♦ ❧✉❣❛r ❢♦r♠❛r ♦ ❡rr♦ ❞❡ ✈❛❧♦r ❡s❝❛❧❛r ek ❝♦♠♦

❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛ r❡s♣♦st❛ ❞❡s❡❥❛❞❛ ❡ ❛ s❛í❞❛ ❞♦ ♠♦❞❡❧♦ ❛❞❛♣t❛t✐✈♦ yk✳ ◆ós ✉s❛♠♦s ❡ss❡

❡rr♦ ♣❛r❛ ❛❥✉st❛r ♦ ✈❡t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ✜❧tr♦ wk ❡♠ ❝❛❞❛ ✐t❡r❛çã♦ ♥♦ ❛❧❣♦r✐t♠♦ ❞❛❞❛

❞❛ ❢♦r♠❛ ❬❉♦✉❣❧❛s ❛♥❞ ▼❡♥❣✱ ✭✶✾✾✹✮❪✿

wk+1 = wk − µ▽̂k, ✭✹✳✷✮

♦♥❞❡ µ é ✉♠ ♣❛râ♠❡tr♦ ❞❡ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❡ ▽̂k é ♦ ❣r❛❞✐❡♥t❡ ❞♦ ✈❡t♦r ♣❡s♦ wk ❞❡ ✉♠❛

❢✉♥çã♦ ❞❡ ❡rr♦ (ek)✱ ♦ ❝❤❛♠❛❞♦ ❝r✐tér✐♦ ❞❡ ❡rr♦✳ ❊st❡ ❝r✐tér✐♦ ❞❡ ❡rr♦ é ❛✐♥❞❛ s✐♠étr✐❝♦ ❡

❣❡r❛❧♠❡♥t❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s s❡❣✉✐♥t❡s ❬❉♦✉❣❧❛s ❛♥❞ ▼❡♥❣✱ ✭✶✾✾✹✮❪✿

0 6 θ(ek) = θ(−ek) ✭✹✳✸✮

0 6 e1 6 e2 → = θ(−ek) 6 θ(e2). ✭✹✳✹✮

❆✈❛❧✐❛♥❞♦ ♦ ❣r❛❞✐❡♥t❡ ▽̂k✱ ❞❡s❝♦❜r✐♠♦s q✉❡ ❬❉♦✉❣❧❛s ❛♥❞ ▼❡♥❣✱ ✭✶✾✾✹✮❪✿



✹ ❆♥á❧✐s❡ ❡♠ Pr❡❝✐sã♦ ❋✐♥✐t❛ ❞♦ ❆❧❣♦r✐t♠♦ ❆❞❛♣t❛t✐✈♦ ❇❛s❡❛❞♦ ♥♦ ❊rr♦ ◆ã♦ ▲✐♥❡❛r ✸✺

▽̂k =
∂θ(ek)

∂wk

✭✹✳✺✮

=
θ
′

(ek)∂ek
∂wk

✭✹✳✻✮

= −θ
′

(ek)xk, ✭✹✳✼✮

♦♥❞❡ ♦ ♣r✐♠❡✐r♦ ❢✉♥❝✐♦♥❛❧ ❞❡♥♦t❛ ❞✐❢❡r❡♥❝✐❛çã♦✳ ❉❡✜♥✐♥❞♦ ❛ ❢✉♥çã♦ f(ek) = θ(ek)✱ ♣♦❞❡✲

♠♦s ❡①♣r❡ss❛r ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❣r❛❞✐❡♥t❡ ❡st♦❝ást✐❝♦ ♣❡❧♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦ ❞❡ ❊q✉❛çõ❡s

❬❉♦✉❣❧❛s ❛♥❞ ▼❡♥❣✱ ✭✶✾✾✹✮❪✿

wk+1 = wk − µf(ek)xk, ✭✹✳✽✮

ek = dk − yk, ✭✹✳✾✮

yk = w
t
kxk. ✭✹✳✶✵✮

❈♦♠♣❛r❛♥❞♦ ✭✹✳✼✮ ❡ ✭✹✳✾✮ ❝♦♠ ❡q✉❛çõ❡s s❡♠❡❧❤❛♥t❡s ❞❡✜♥✐❞❛s ♣❛r❛ ❛ ❛❞❛♣t❛✲

çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ▲▼❙ ❬❲✐❞r♦✇✱ ✭✶✾✽✺✮❪✱ ♣❡r❝❡❜❡♠♦s q✉❡ ✉♠ ❝r✐tér✐♦ ❞❡ ❡rr♦ ❣❡r❛❧ ❧❡✈❛ ❛

✉♠❛ ♠♦❞✐✜❝❛çã♦ ❞♦ ❡rr♦ ♥♦ ❛❧❣♦r✐t♠♦ ▲▼❙ ♣❡❧❛ ❢✉♥çã♦ í♠♣❛r✲s✐♠étr✐❝❛ ♥ã♦✲❧✐♥❡❛r f(.)

❡♠ ❡st✐♠❛t✐✈❛ ✐♥st❛♥tâ♥❡❛s ❞♦ ❣r❛❞✐❡♥t❡ ▽̂k✳

❆❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s ❢♦r♠✉❧❛❞♦s ♣♦r ✭✹✳✼✮ ❡ ✭✹✳✾✮ ❢♦r❛♠ ❛❜♦r❞❛❞♦s ❞❡♥tr♦ ❞❛

❝♦♠✉♥✐❞❛❞❡ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ s✐♥❛❧ ❝♦♠ ♠❡♥♦s ❢r❡q✉ê♥❝✐❛✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣♦r ❝❛✉s❛

❞❡ ✈ár✐❛s ❞✐✜❝✉❧❞❛❞❡s ♠❛t❡♠át✐❝❛s ❛ss♦❝✐❛❞❛s à s✉❛ ❛♥á❧✐s❡✳ ❊st❛s ❞✐✜❝✉❧❞❛❞❡s ♥ã♦ ❞❡s✲

❝❛rt❛ ❛ s✉❛ ✉t✐❧✐❞❛❞❡ ♣♦t❡♥❝✐❛❧ ♥❛ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛✳ ◆♦ ❡♥t❛♥t♦✱ ♦♥❞❡ ❢♦✐ ✐♥❞✐❝❛❞♦ q✉❡

♦ ✉s♦ ❞❡ ✉♠ ❝r✐tér✐♦ ❞❡ ❡rr♦ ♥ã♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ♣♦❞❡ ♠❡❧❤♦r❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ✉♠

❛❧❣♦r✐t♠♦ ❛❞❛♣t❛t✐✈♦ q✉❛♥❞♦ ❛ ❞✐str✐❜✉✐çã♦ ❞♦ r✉í❞♦ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ♥ã♦ é ❣❛✉ss✐❛♥❛ ❬●✐❜✲

s♦♥ ❛♥❞ ●r❛②✱ ✭✶✾✽✽✮❪✳ ❊st❛ ♥❡❣❧✐❣ê♥❝✐❛ ❞❡ ❝r✐tér✐♦s ❞❡ ❡rr♦ ♥ã♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ✐❧✉♠✐♥❛

✉♠ ✈✐és ♣r❡❞♦♠✐♥❛♥t❡ ♥❛ ❝♦♠✉♥✐❞❛❞❡ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ s✐♥❛❧ ❡♠ ❞✐r❡çã♦ ❡st❛tíst✐❝❛s

❣❛✉ss✐❛♥❛s✱ ✉♠ ✈✐és q✉❡ é ♠♦t✐✈❛❞❛ ♠❛✐s ♣❡❧❛ tr❛t❛❜✐❧✐❞❛❞❡ ♠❛t❡♠át✐❝❛ ❛♦ ✐♥✈és ❞❡ ❡①♣❡✲

r✐ê♥❝✐❛s ♣rát✐❝❛s✳ ❊st❛tíst✐❝❛s ❣❛✉ss✐❛♥❛s sã♦ ♠✉✐t❛s ✈❡③❡s ❥✉st✐✜❝❛❞♦s ❛tr❛✈és ❞♦ ❚❡♦r❡♠❛

❞♦ ▲✐♠✐t❡ ❈❡♥tr❛❧ ✭❚▲❈✮❀ ◆♦ ❡♥t❛♥t♦✱ ❡ss❛s r❡❢❡rê♥❝✐❛s à ❚▲❈ sã♦ q✉❡st✐♦♥á✈❡✐s✱ ❝♦♠♦

♦ ♥ú♠❡r♦ ❞❡ s✐♥❛✐s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❞❡✈❡ s❡r ♠✉✐t♦ ❣r❛♥❞❡ ♣❛r❛ ❛❧❝❛♥ç❛r

❣❛✉ss✐❛♥✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛✳ ❆❧é♠ ❞✐ss♦✱ ❤á ✉♠❛ sér✐❡ ❞❡ ❝♦♠✉♥✐❝❛çõ❡s ♣rát✐❝❛s ❡ ❛♠❜✐❡♥t❡



✹✳✶ ❆♥á❧✐s❡ ❞❡ ❆❞❛♣t❛çã♦ ✸✻

❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ s✐♥❛❧✱ t❛✐s ❝♦♠♦ ❝❛♥❛✐s ❡❧❡tr♦♠❛❣♥ét✐❝♦s ❞❡ tr❛♥s♠✐ssã♦✱ ❛♠❜✐❡♥t❡s

❛❝úst✐❝♦s s✉❜♠❛r✐♥♦s✱ ❡ ❝❛♥❛✐s t❡❧❡❢ô♥✐❝♦s✱ ❡♠ q✉❡ ❛ ✐♥t❡r❢❡rê♥❝✐❛ ♥ã♦✲●❛✉ss✐❛♥❛ ❡①✐st❡✱

é ❝♦♥❤❡❝✐❞❛ ❡ t❡♠ s✐❞♦ ❝♦♠ ♣r❡❝✐sã♦ ♠♦❞❡❧❛❞❛✳ ❆❧❣♦r✐t♠♦s ✉s❛♥❞♦ ❝r✐tér✐♦s ❞❡ ❡rr♦ ♥ã♦

♠é❞✐♦s q✉❛❞rát✐❝♦s sã♦ út❡✐s ♣❛r❛ ♣♦t❡♥❝✐❛✐s ♠❡❧❤♦r✐❛s ❞❡ ❞❡s❡♠♣❡♥❤♦ ♥❡ss❛s s✐t✉❛çõ❡s✳

P❛r❛ ✐♥t❡r❢❡rê♥❝✐❛s ❣❛✉ss✐❛♥❛s✱ ❡ss❡s ❛❧❣♦r✐t♠♦s t❛♠❜é♠ ❧❡✈❛♠ ❛ ✉♠❛ ❡st✐♠❛t✐✈❛ ✐♠♣❛r❝✐❛❧

❞♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ ✜❧tr♦ s♦❜ ❛s r❡str✐çõ❡s ❞❛❞❛s ❡♠ ✭✹✳✸✮ ❬❏♦❤♥s♦♥ ❛♥❞ ❘❛♦✱ ✭✶✾✾✶✮❪✳

❆ ❡s❝♦❧❤❛ ❞❡ ✉♠ ❝r✐tér✐♦ ❞❡ ❡rr♦ ❞❛❞❛ ✉♠❛ ✐♥❢♦r♠❛çã♦ ❛ ♣r✐♦r✐ s♦❜r❡ ❛ ❞✐s✲

tr✐❜✉✐çã♦ ❞❡ r✉í❞♦ ❢♦✐ ❛❜♦r❞❛❞❛ ♥❛ ❛♥á❧✐s❡ ❞❡ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ ❝♦♠♦ ✉♠❛ ♣r♦❝✉r❛

❞❡ ♣❛râ♠❡tr♦ ❡♠ q✉❡ ✉♠❛ ❡str✉t✉r❛ ❛❞❡q✉❛❞❛ ❞♦ ❝r✐tér✐♦ é ❛ss✉♠✐❞❛✱ ❡ ♦ ❛❧❣♦r✐t♠♦ é

♦t✐♠✐③❛❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦s ♣❛râ♠❡tr♦s q✉❡ ♣❡r♠✐t❛♠ ❛t✐♥❣✐r ♦ ♠á①✐♠♦ ❞❡s❡♠♣❡♥❤♦

♠❡❧❤♦r❛❞♦ ❡♠ r❡❧❛çã♦ ❛♦ ❛❧❣♦r✐t♠♦ ▲▼❙✳ ❚❛❧ ♠ét♦❞♦ ❞❡ ❝♦♥❝❡♣çã♦ ❣❡r❛❧♠❡♥t❡ ❧❡✈❛ ❛

✉♠ ❛❧❣♦r✐t♠♦ s✉❜✲ót✐♠♦ ❝♦♠♦ ♦ ❝r✐tér✐♦ é ❧✐♠✐t❛❞♦ ❛ ✉♠❛ ❝❧❛ss❡ r❡str✐t❛ ❞❡ ❢✉♥çõ❡s✳ ◆♦

❝❛♠♣♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛✱ ♦s ❝r✐tér✐♦s ❞❡ ❡rr♦ ♥ã♦ q✉❛❞rát✐❝♦s ♠é❞✐♦s ❢♦r❛♠ ✉s❛✲

❞♦s ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦✉t❧✐❡rs ❞❡ ❞❛❞♦s✱ q✉❡ t❡♥❞❡♠ ❛ ❝❛✉s❛r ❣r❛♥❞❡s ❡rr♦s ♥❛s

❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❬❲❛❧❛❝❤ ❛♥❞ ❲✐❞r♦✇✱ ✭✶✾✽✹✮❪✳

✹✳✶ ❆♥á❧✐s❡ ❞❡ ❆❞❛♣t❛çã♦

❈♦♥s✐❞❡r❡ ♦ ❞✐❛❣r❛♠❛ ❡♠ ❜❧♦❝♦s ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✹✳✷✱ r❡❢❡r❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛

❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛s ❝♦♠ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ ❡♠ ✉♠ ❤❛r❞✇❛r❡✳

◆❡st❛ s❡çã♦✱ ✐♥✈♦❝❛♠♦s ✉♠❛ sér✐❡ ❞❡ ♣r❡ss✉♣♦st♦s s♦❜r❡ ❛ ♥❛t✉r❡③❛ ❡st❛tíst✐❝❛

❞♦s ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ❡ r✉í❞♦ ❝❛r❛❝t❡ríst✐❝♦ ❞♦ ♠♦❞❡❧♦✱ ❝♦♠✉♠❡♥t❡ ✉t✐❧✐③❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛

❬❲❛❧❛❝❤ ❛♥❞ ❲✐❞r♦✇✱ ✭✶✾✽✹✮❪✳ ◆❡st❛ ❛♥á❧✐s❡✱ ♥ós ❧✐♥❡❛r✐③❛♠♦s ✉♠❛ ❢✉♥çã♦ ♥ã♦ ❧✐♥❡❛r

❛r❜✐trár✐❛ f(ek) s♦❜r❡ ✉♠ ♣♦♥t♦ ❞❡ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❛❞❡q✉❛❞♦ ✭❛♠♦str❛ ❞❡ r✉í❞♦ nk✮ ❡✱

❡♠ s❡❣✉✐❞❛✱ ♣r♦ss❡❣✉✐♠♦s ❝♦♠ ❛ ❛♥á❧✐s❡ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❡♠ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦✳ ❆q✉✐

❛ss✉♠✐♠♦s ♦s s❡❣✉✐♥t❡s ♣r❡ss✉♣♦st♦s ❬❋♦♥s❡❝❛ ❡t ❛❧✳✱ ✭✷✵✶✼✮❪✿

• ❛ss✉♠❡✲s❡ q✉❡ xk é ✉♠ s✐♥❛❧ ❛❧❡❛tór✐♦ ❞✐s❝r❡t♦ ❝♦♠ −1 < xk ≤ 1✱ ♥ã♦ s♦❢r❡ q✉❛♥t✐✲

③❛çã♦ ❡ ❝❛❞❛ xk ✈❡t♦r ❞❡ ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ é ❡st❛t✐st✐❝❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ t♦❞♦s

♦s ✈❡t♦r❡s ❞❡ ❞❛❞♦s ❛♥t❡r✐♦r❡s xk ♣❛r❛ j < k✳

• ❛ s❡q✉ê♥❝✐❛ ❞❡ r✉í❞♦ ❛♠♦str❛❞♦ ✭♣♦r ♠❡❞✐çã♦ ♦✉ ❡rr♦s ❞❡ q✉❛♥t✐③❛çã♦ ❣❡r❛❞♦ ❡♠
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❋✐❣✉r❛ ✹✳✷✿ ■❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛ ✐♠♣❧❡♠❡♥t❛❞♦ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✳ ❖♥❞❡ xk ❞❡s✐❣♥❛ ♦

s✐♥❛❧ ❞❡ ❡♥tr❛❞❛✳ ❖s ❜❧♦❝♦s Qd ❡ Qc sã♦ q✉❛♥t✐③❛❞♦r❡s ❞❡ b ❜✐ts✳ ❆ss✐♠✱ ♦ q✉❛♥t✐③❛❞♦r✱

Qd✱ ✉s❛ bd ❜✐ts ♣❛r❛ ♦s ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ❡ Qc q✉❛♥t✐③❛ ♦s ❝♦❡✜❝✐❡♥t❡s ❡♠ bc ❜✐ts✳ ❖

s✐♥❛❧ ❞❡ s❛í❞❛ yQk ✐♥❞✐❝❛ ❛ ❢♦r♠❛ q✉❛♥t✐③❛❞❛✳ ❖ s✐♥❛❧ ❞❡s❡❥❛❞♦ ❞❡✜♥✐❞♦ ♣♦r dk ❞♦ s✐st❡♠❛

❞❡s❝♦♥❤❡❝✐❞♦ ❡ dQk s✉❛ ❢♦r♠❛ q✉❛♥t✐③❛❞❛✳ ❖ r✉í❞♦ ❞❡ ♠❡❞✐çã♦ nk ❡ ♦ s✐♥❛❧ ❞❡ ❡rr♦

q✉❛♥t✐③❛❞♦ eQk✳ ❖s ❝♦❡✜❝✐❡♥t❡s wk ❞♦ s✐st❡♠❛ ❞❡s❝♦♥❤❡❝✐❞♦ ❡ wQk ❞♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦✳

q✉❛❧q✉❡r ❡t❛♣❛ ♥♦ ❛❧❣♦r✐t♠♦✮ é ❝♦♥s✐❞❡r❛❞♦ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❝♦♠ ♠é❞✐❛ ③❡r♦✱

q✉❡ é ❡st❛t✐st✐❝❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ q✉❛✐sq✉❡r ♦✉tr♦s ❡rr♦s ❡✴♦✉ q✉❛♥t✐❞❛❞❡s

r❡❧❛❝✐♦♥❛❞❛s✳

• ♦ ♣❛râ♠❡tr♦ ❞❡ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ µ ❞❡✈❡ s❡r ❡s❝♦❧❤✐❞♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❞❡

t❛❧ ♠♦❞♦ q✉❡ ♦ ❡①❝❡ss♦ ❞❡ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ♥❛ ✐t❡r❛çã♦ k s❡❥❛ ♠✉✐t♦ ♠❡♥♦r ❞♦

q✉❡ ♦ ♠í♥✐♠♦ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ♣❡rt♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳

• ❛s ✈❛r✐❛çõ❡s ❞♦s ❡rr♦s ❞❡♣❡♥❞❡♠ ❞♦ t✐♣♦ ❞❛ q✉❛♥t✐③❛çã♦ ❡ ❛r✐t♠ét✐❝❛ q✉❡ ✈❛✐ s❡r

✉t✐❧✐③❛❞❛ ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦✳ ❊♠ ♥♦ss♦ ❝❛s♦ ✉t✐❧✐③❛♠♦s ❛r✐t♠ét✐❝❛

❞❡ ♣♦♥t♦ ✜①♦✳ ❯t✐❧✐③❛♥❞♦ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦ ♦ ❡rr♦ ♣♦❞❡ s❡r ♠♦❞❡❧❛❞♦ ❡♠

♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ ❝♦♠ ♠é❞✐❛ ③❡r♦✱ ❝♦♠ ✈❛r✐â♥❝✐❛ ❞❛❞❛ ♣♦r ✭✸✳✷✮✳ ❬❉✐♥✐③✱ ✭✷✵✶✸✮❪✳

❊①♣r❡ss❛♥❞♦ ❛ s❛í❞❛ ❞♦s s✐st❡♠❛ ❞❡s❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❬❋♦♥s❡❝❛ ❡t t❛❧✳✱ ✭✷✵✶✻✮❪✿

dk = w
∗t
x+ nk, ✭✹✳✶✶✮

♦♥❞❡ w
∗ é ♦ ❝♦❡✜❝✐❡♥t❡ ót✐♠♦✳ ❙✉♣õ❡✲s❡ q✉❡ ♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ ❡ ♦ s✐♥❛❧ ❞❡s❡❥❛❞♦ ♥ã♦
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s♦❢r❡ q✉❛♥t✐③❛çã♦✱ ❞❡ ♠♦❞♦ q✉❡ ❛♣❡♥❛s ❛ q✉❛♥t✐③❛çã♦ ✐♥t❡r♥❛ ❞❡ ❝♦♠♣✉t❛çã♦ sã♦ t✐❞❛s

❡♠ ❝♦♥t❛✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❡①♣r❡ss❛r ♦ ❡rr♦ ❝♦♠♦ ❬❋♦♥s❡❝❛ ❡t t❛❧✳✱ ✭✷✵✶✻✮❪✿

ek = (w∗t
xk − nk)−w

t
kxk. ✭✹✳✶✷✮

❊♠ s✉❛ ❢♦r♠❛ q✉❛♥t✐③❛❞❛ ❝♦♠♦ ❬❋♦♥s❡❝❛ ❡t t❛❧✳✱ ✭✷✵✶✻✮❪✿

eQk = ((w∗t
xk − nk)−w

t
kxk)Q

= nk − ne − v
t
kxk, ✭✹✳✶✸✮

♦♥❞❡ ❞❡✜♥✐♠♦s ne ❝♦♠♦ ♦ r✉í❞♦ ❞❡✈✐❞♦ ❛ q✉❛♥t✐③❛çã♦ ❡ v
t
k é ♦ ✈❡t♦r ❞❡s✈✐♦ ❞♦ ♣❡s♦ ❞❛❞♦

♣♦r ❬❋♦♥s❡❝❛ ❡t t❛❧✳✱ ✭✷✵✶✻✮❪✿

vk = wk −w
∗. ✭✹✳✶✹✮

❙✉❜tr❛✐♥❞♦ w
∗ ❞❡ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ ✭✹✳✶✸✮✱ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❛❞❛♣t❛çã♦ ❞❡ ❡rr♦

t♦r♥❛✲s❡ ❬❋♦♥s❡❝❛ ❡t t❛❧✳✱ ✭✷✵✶✻✮❪✿

(vk+1)Q = (vk + µf(nk − v
t
kxk)xk)Q. ✭✹✳✶✺✮

◗✉❡ ❛❣♦r❛ é ✉♠❛ ❡q✉❛çã♦ ♥ã♦ ❧✐♥❡❛r ✐t❡r❛t✐✈♦ ♥♦ ✈❡t♦r ❞❡ ❞❡s✈✐♦ vk✳

❊①♣r❡ss❛♥❞♦ ❛ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ f(ek) ❡♠ ✉♠❛ ❡①♣❛♥sã♦ ❡♠ sér✐❡ ❞❡ ❚❛②❧♦r

s♦❜r❡ ♦ ✈❛❧♦r ❞♦ r✉í❞♦✱ ♦❜t❡♠♦s ❬❋♦♥s❡❝❛ ❡t t❛❧✳✱ ✭✷✵✶✻✮❪✿

f(ek) =
∞∑

i=0

f i

i!
(−nek − v

t
kxk)

i

= f(nk)− f
′

(nk)(ne + v
t
kxk) +

f
′′

(nk)

2
(ne + v

t
kxk)

2

−
f

′′′

(δ)

6
(ne + v

t
kxk)

3, ✭✹✳✶✻✮

♦♥❞❡ f i(.) ❞❡♥♦t❛ ❛ ❞❡r✐✈❛❞❛ (i) ❞❛ ❢✉♥çã♦ f(.)✳ ❚❡♠♦s ✉t✐❧✐③❛❞♦ ❛ ❢♦r♠❛ ❞❡r✐✈❛❞❛ ♣❛r❛

r❡♣r❡s❡♥t❛r ♦ t❡r♠♦ r❡st❛♥t❡ ❞❡ ❚❛②❧♦r t❛❧ q✉❡ δ ❡♥❝♦♥tr❛✲s❡ ♥♦ ✐♥t❡r✈❛❧♦ [0, nek + v
t
kxk]✳

❚❡❝♥✐❝❛♠❡♥t❡ ❡st❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ sér✐❡ ❞❡ ❚❛②❧♦r ❧✐♠✐t❛ ❛ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ f(.) ♣❛r❛ ✉♠❛

❝❧❛sss❡ r❡str✐t❛ ❞❡ ❢✉♥çõ❡s q✉❡ sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s ❛té ❛ t❡r❝❡✐r❛ ♦r❞❡♠ ❛♦ ❧♦♥❣♦ ❞❡ t♦❞❛

❡①t❡♥sã♦ ❞♦ ❡rr♦ ek✳
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❆❣♦r❛ ✈❛♠♦s ❡①❛♠✐♥❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✭✹✳✶✻✮ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ ✈❡t♦r ❞❡

❞❡s✈✐♦ ❞♦ ♣❡s♦ é ♣❡q✉❡♥♦✱ ❞❡ t❛❧ ♠♦❞♦ q✉❡ ♦ t❡r♠♦ f
′′′

(δ)
6

(ne+v
t
kxk)

3 ♣♦❞❡ s❡r ❞❡s♣r❡③❛❞♦

❡♠ r❡❧❛çã♦ à ♠❡♥♦r ♦r❞❡♠ ❞♦ t❡r♠♦✳ ❙❡♥❞♦ r❡♣r❡s❡♥t❛❞♦ ♣♦r ❬❋♦♥s❡❝❛ ❡t t❛❧✳✱ ✭✷✵✶✻✮❪✿

vQ(k+1) = vk + µ[f(nk)xk − f
′

(nk)(ne + v
t
kxk)xk +

f
′′

(nk)

2
(ne + v

t
kxk)

2
xk]− nv, ✭✹✳✶✼✮

♦♥❞❡ nv é ✉♠ ✈❡t♦r ❞❡ r✉í❞♦ ❞❡✈✐❞♦ à q✉❛♥t✐③❛çã♦ ❞♦ ✈❡t♦r ♣❡s♦ vk✳

❚♦♠❛♥❞♦ ❛ ❡①♣❡❝tâ♥❝✐❛ ❞❡ ❛♠❜♦s ♦s ❧❛❞♦s✱ ♦❜t❡♠♦s ❬❋♦♥s❡❝❛ ❡t t❛❧✳✱ ✭✷✵✶✻✮❪✿

E[vQ(k+1)] = E[vk]+µE[f(nk)xk − f
′

(nk)(ne+v
t
kxk)xk +

f
′′

(nk)

2
(ne+v

t
kxk)

2
xk]−E[nv].

✭✹✳✶✽✮

❊ ✉t✐❧✐③❛♥❞♦ ♦s ♣r❡ss✉♣♦st♦s ❛♣r❡s❡♥t❛❞♦s ✜❝❛♠♦s ❬❋♦♥s❡❝❛ ❡t t❛❧✳✱ ✭✷✵✶✻✮❪✱

E[vQ(k+1)] = E[vk] + µE[−f
′

(nk)]{E[ne] + E[vt
k]E[xkxk]}. ✭✹✳✶✾✮

❆q✉✐ ❝♦♥s✐❞❡r❛♠♦s R = E[xkx
t
k]✱ ❝♦♠♦ ♠❛tr✐③ ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❞♦ s✐♥❛❧ ❞❡

❡♥tr❛❞❛✳

E[vQ(k+1)] = E[vk]− µE[f
′

(nk)]{E[ne] + E[vt
k]R}, ✭✹✳✷✵✮

= (I − µE[f
′

(nk)]R)E[vk]. ✭✹✳✷✶✮

❊♠ q✉❡ ✉t✐❧✐③❛♠♦s ♦ ❢❛t♦ ❞❡ q✉❡ ♦s ♠♦♠❡♥t♦s í♠♣❛r❡s ❞♦ r✉í❞♦ ❞❡ ♠❡❞✐çã♦

nk sã♦ ✐❣✉❛✐s ❛ ③❡r♦✳ ❉❡✜♥✐♥❞♦ ✉♠ t❛♠❛♥❤♦ ❡❢❡t✐✈♦ ❞♦ ♣❛ss♦ ❞❡ ❛❞❛♣t❛çã♦ µeff ❝♦♠♦

❬❋♦♥s❡❝❛ ❡t t❛❧✳✱ ✭✷✵✶✻✮❪✿

µeff = µE[f
′

(nk)]. ✭✹✳✷✷✮

❆ ✭✹✳✷✶✮✱ s❡ t♦r♥❛✿

E[vQ(k+1)] = (I − µE[f
′

(nk)]R)E[vk]. ✭✹✳✷✸✮
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❊♠ q✉❡ R é ❛ ♠❛tr✐③ ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❞♦s s✐♥❛✐s ❞❡ ❡♥tr❛❞❛✳ ❙✉♣♦♥❞♦ q✉❡

♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ (xk)Q s♦❢r❡ q✉❛♥t✐③❛çã♦ ❞❡✈✐❞♦ ❛ ❧✐♠✐t❛çã♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✲

✈r❛ ❡♠ s✉❛ r❡♣r❡s❡♥t❛çã♦ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✱ ❡ss❛ q✉❛♥t✐③❛çã♦ ♥♦ s✐♥❛❧ ❡♥tr❛❞❛ ✐♥✢✉❡♥❝✐❛

❞✐r❡t❛♠❡♥t❡ ❛ ♠❛tr✐③ ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❞♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ R = E[xkx
t
k] ✈❛r✐❛♥❞♦ ♦ ❡s♣❛✲

❧❤❛♠❡♥t♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ♣♦❞❡♥❞♦ ✐♠♣❛❝t❛r ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ tr❛♥s✐tór✐♦ ❞♦ ❛❧❣♦r✐t♠♦

❬❋♦♥s❡❝❛ ❡t t❛❧✳✱ ✭✷✵✶✻✮❪✳

✹✳✷ ❈♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛

❆ ✭✹✳✷✹✮ ❝♦rr❡s♣♦♥❞❡ ❡①❛t❛♠❡♥t❡ ❛ ❢♦r♠❛ ❞❡r✐✈❛❞❛ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❢✉♥❝ã♦

❞❡ ❝✉st♦ ❞❡ ❡rr♦ ❣❡r❛❧ ❡♠ ♣r❡❝✐sã♦ ✐♥✜♥✐t❛✱ ♣♦❞❡♥❞♦ s❡r ✉s❛❞❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r ✉♠ ❧✐♠✐t❡

❛♣r♦①✐♠❛❞♦ ♣❛r❛ ♦ t❛♠❛♥❤♦ ❞❡ µ q✉❡ ❣❛r❛♥t❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ ♠é❞✐❛✱ r❡s♣❡✐t❛♥❞♦ ♦s

♣r❡ss✉♣♦st♦s ❛♣r❡s❡♥t❛❞♦s✳ P♦❞❡✲s❡ ❞❡t❡r♠✐♥❛r ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❛ss♦❝✐❛❞♦ ❝♦♠ ♦

❛✉t♦✈❛❧♦r✱ ❡♠ ❣❡r❛❧✱ ♦ ❝r✐tér✐♦ ❞❡ ❡rr♦ ❞❡ ❛❞❛♣t❛çã♦ s❡rá ❞❛❞♦ ♥❛ ❢♦r♠❛ ❞❡ ❬❋♦♥s❡❝❛ ❡t

t❛❧✳✱ ✭✷✵✶✻✮❪✿

µeff =
1

µE[f ′(nk)]
. ✭✹✳✷✹✮

❆ ✜♠ ❞❡ ❞❡t❡r♠✐♥❛r ❡q✉❛çõ❡s ♣❛r❛ ♦ ❞❡s❛❥✉st❡s✱ ✉t✐❧✐③❛♠♦s ❛ ✭✹✳✶✼✮ ❡ ♠✉❧t✐✲

♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ♣♦r s✉❛ tr❛♥s♣♦st❛✱ ❡♠ s❡❣✉✐❞❛ t♦♠❛♥❞♦ ❛ ❡①♣❡r❛♥ç❛✱ ✐♥✈♦❝❛♥❞♦

♦s ♣r❡ss✉♣♦st♦s ❡ ❛ss✉♠✐♥❞♦ q✉❡ ♦ ✈❡t♦r ❞❡ ❡rr♦ ❞❡ ♣❡s♦ é ♣❡q✉❡♥♦✱ ♣♦❞❡♠♦s ✐❣♥♦r❛r ♦s

t❡r♠♦s ❞❡ ♦r❞❡♠ O3 ❬❋♦♥s❡❝❛ ❡t ❛❧✳✱ ✭✷✵✶✼✮❪✳

E[vQ(k+1)v
t
Q(k+1)] = E[vQkv

t
Qk]− 2µ[f

′

(nk)]RE[vQkv
t
Qk] + µ2E[f 2(nk)]R

+ µ2E[f 2(nk)]Rσ2
e + µ2E[f

′2(nk)]E[xkx
t
kvkv

t
kxkx

t
k]

+ µ2E[f(nkf
′′

(nk)]E[xkx
t
kvkv

t
kxkx

t
k] + σ2

vI. ✭✹✳✷✺✮

P❛r❛ R = E[xkx
t
k]✱ E[nvn

t
v] = σ2

vI ❡ E[n2
e] = σ2

e ✳

P♦❞❡♠♦s ❞❡s♣r❡③❛r ♦ q✉✐♥t♦ ❡ s❡①t♦ t❡r♠♦ ❡♠ ✭✹✳✷✻✮✱ ✉s❛♥❞♦ ♦s ♣r❡ss✉♣♦st♦s

❛♣r❡s❡♥t❛❞♦s✱ ♣♦rq✉❡ s❡ µ ❡ vQk sã♦ ♣❡q✉❡♥♦s✱ ❡ss❡s t❡r♠♦s sã♦ ♠✉✐t♦ ♠❡♥♦r❡s ❞♦ q✉❡ ♦s

♦✉tr♦s t❡r♠♦s✳ ❊ss❛ ❛♣r♦①✐♠❛çã♦ é ❥✉st✐✜❝❛❞❛ ♣❛r❛ ❝♦♥t✐♥✉❛r ❝♦♠ ❛ ❞❡r✐✈❛çã♦ s❡♠ ❢❛③❡r



✹✳✷ ❈♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛ ✹✶

s✉♣♦s✐çõ❡s ♠❛✐s r❡str✐t✐✈❛s s♦❜r❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❞❛❞♦s ❞❡ ❡♥tr❛❞❛✳ ◆♦ ❝❛s♦ ❞❡ ❞❛❞♦s ❞❡

❡♥tr❛❞❛ ●❛✉ss✐❛♥♦s ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ❬❋♦♥s❡❝❛ ❡t ❛❧✳✱ ✭✷✵✶✼✮❪✿

ΛE[ṽQkṽ
t
Qk] =

E[ṽQkṽ
t
Qk] + µ2E[f 2(nk)]Λ + µ2E[f 2(nk)]Λσ

2
e + σ2

vIΛ

2µE[f ′(nk)]
, ✭✹✳✷✻✮

♦♥❞❡✱ Λ é ❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❞❡ ❛✉t♦✈❛❧♦r❡s ❡ ṽQk ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❞♦ ✈❡t♦r ♣❡s♦✳

P♦❞❡♠♦s ✉t✐❧✐③❛r ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣❛r❛ ❡①♣r❡ss❛r ✭✹✳✷✻✮ ❝♦♠♦

✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡q✉❛çõ❡s ✐t❡r❛t✐✈❛s ❞✐ss♦❝✐❛❞❛s✳ ❉❡✜♥✐♥❞♦ ❛ ♠❛tr✐③ ✉♥✐tár✐❛ L ❞❡ ❛✉t♦✲

✈❡t♦r❡s ❡ ❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ Λ ❞❡ ❛✉t♦✈❛❧♦r❡s ♣♦❞❡♠♦s ❡①♣r❡ss❛r ❛ ♠❛tr✐③ ❞❡ ✈❛❧♦r r❡❛❧

❡ ❝♦✈❛r✐â♥❝✐❛ s✐♠étr✐❝❛ ❝♦♠♦ R = LΛLt✳ ❆ss✐♠✱ ❞❡✜♥✐♥❞♦ ♦ ✈❡t♦r ❞❡ ❡rr♦ ❞❡ ♣❡s♦ ♥♦

❞♦♠í♥✐♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s tr❛♥s❢♦r♠❛❞❛s ❝♦♠♦ ṽQk = L
t
vQk✱ ❡ ♣❛r❛ f(nk) ≫ f

′

(nk)✱ t❡♠♦s

❬❋♦♥s❡❝❛ ❡t ❛❧✳✱ ✭✷✵✶✼✮❪✿

E[ṽQ(k+1)ṽ
t
Q(k+1)] = E[ṽQkṽ

t
Qk]− 2µE[f

′

(nk)]ΛE[ṽQkṽ
t
Qk] + µ2E[f 2(nk)]Λ

+ µ2E[f 2(nk)]Λσ
2
e + σ2

vIΛ. ✭✹✳✷✼✮

❆ s♦❧✉çã♦ r❡s✉❧t❛♥t❡ ❞❡ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❛tr❛✈és ❞❛

s✉❜st✐t✉✐çã♦ ❞❛❞❛ ♣♦r✿

E[ṽQ(k+1)ṽ
t
Q(k+1)] = E[ṽQkṽ

t
Qk], ✭✹✳✷✽✮

r❡s✉❧t❛♥❞♦ ❡♠✿

ΛE[ṽQkṽ
t
Qk] =

E[ṽQkṽ
t
Qk] + µ2E[f 2(nk)]Λ + µ2E[f 2(nk)]Λσ

2
e + σ2

vIΛ

2µE[f ′(nk)]
. ✭✹✳✷✾✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ♣♦r Λ−1

Λ−1ΛE[ṽQkṽ
t
Qk] = Λ−1[

E[ṽQkṽ
t
Qk] + µ2E[f 2(nk)]Λ + µ2E[f 2(nk)]Λσ

2
e + σ2

vIΛ

2µE[f ′(nk)]
]

=
1

2E[f ′(nk)]
(µE[f 2(nk)] + µE[f 2(nk)]σ

2
e +

σ2
v

µ
)I. ✭✹✳✸✵✮

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ f(nk) ≫ f
′

(nk)✱ ❡♥tã♦✿



✹✳✷ ❈♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛ ✹✷

E[ṽQkṽ
t
Qk] =

1

2E[f ′(nk)]
(µE[f 2(nk)] +

σ2
v

µ
)I. ✭✹✳✸✶✮

◗✉❡ ♣♦ss✉✐ ❛ s♦❧✉çã♦ ❞❛❞❛ ♣♦r✿

E[ṽQkṽ
t
Qk] = E[vQkv

t
Qk]. ✭✹✳✸✷✮

❙❛❜❡✲s❡ q✉❡ ♦ ❡①❝❡ss♦ ❞❡ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ♥❛ s❛í❞❛ ❞♦ ✜❧tr♦ é ❝❛✉s❛❞♦

♣♦r ✢✉t✉❛çõ❡s ❛❧❡❛tór✐❛s (i) ♥♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ♣❡s♦ ❞✉r❛♥t❡ ❛ ❛❞❛♣t❛çã♦✱ ✈❡r ✭✹✳✸✸✮✳ ◆♦

q✉❛❧ ❛ss✉♠✐♠♦s ❛ ✐♥❞❡♣❡♥❞❡♥❝✐❛ ❞❡ xk ❡ vk✱ ❜❡♠ ❝♦♠♦ ❛ ♥❛t✉r❡③❛ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛ ❞♦

✈❡t♦r ❞❡ ❡rr♦ ❞❡ ♣❡s♦✿

E[(vt
QkxQk)

2] = E[(
N∑

i=1

vi,kxi,k)
2]

=
N∑

i=1

E[v2i,k]E[x2
i,k], ✭✹✳✸✸✮

E[(vt
QkxQk)

2] =
1

2E[f ′(nk)]
(µE[f 2(nk)] +

σ2
v

µ
)E[x2

i,k]. ✭✹✳✸✹✮

❖ ❞❡s❛❥✉st❡ é ❞❡✜♥✐❞♦ ❝♦♠♦ ❡①❝❡ss♦ ❞❡ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ s♦❜r❡ ♦ ❡rr♦

♠í♥✐♠♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❡ ❞❛❞♦ ♣♦r ❬❋♦♥s❡❝❛ ❡t ❛❧✳✱ ✭✷✵✶✼✮❪✿

M =
ξexcess

ξmin
, ✭✹✳✸✺✮

M =
E[(vt

QkxQk)
2]

E[n2
k]

, ✭✹✳✸✻✮

♦♥❞❡ tr[.] ❞❡♥♦t❛ ❛ ♦♣❡r❛çã♦ ❞❡ tr❛ç♦ E[x2
i,k] = tr[R] ❡ E[n2

k] = σ2
k ✈❛r✐â♥❝✐❛ ❞♦ r✉í❞♦ ❞❡

♠❡❞✐çã♦✳ ❖ ❞❡s❛❥✉st❡ ♣♦❞❡ s❡r ❞❛❞♦ ♣♦r✿

M =
tr[R]

2E[f ′(nk)]σ2
k

(µE[f 2(nk)] +
σ2
v

µ
). ✭✹✳✸✼✮

P❛r❛ σ2
v

µ
= 0✱ ♥ã♦ t❡♠ ♦ r✉í❞♦ ❞❡✈✐❞♦ ❛ q✉❛♥t✐③❛çã♦✳



✹✸

✺ ❖ ❆❧❣♦r✐t♠♦ ❙✐❣♠♦✐❞❛❧ ❡♠ Pr❡❝✐sã♦ ❋✐♥✐t❛

❖ ✜❧tr♦ ❆❞❛♣t❛t✐✈♦ ❙✐❣♠♦✐❞❛❧ ✭❙❆✮ t❡♠ ❝♦♠♦ ❢✉♥çã♦ ❞❡ ❝✉st♦ ♦ ❧♦❣❛rít♠♦

♥❛t✉r❛❧ ❞♦ ❝♦ss❡♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❛♣❧✐❝❛❞♦ s♦❜r❡ ♦ ❡rr♦✱ ❞❡✜♥✐❞❛ ♣♦r✿ Fk (e) = Ln cosh (αe)✱

❡ss❛ ❢✉♥çã♦ é ✉♠❛ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ ♣❛r✱ ❝♦♥tí♥✉❛✱ s✐♠étr✐❝❛ ❡ ♥ã♦ t❡♠ ♠í♥✐♠♦ ❧♦❝❛❧✱ ❛♣❡♥❛s

♦ ♠í♥✐♠♦ ❣❧♦❜❛❧ ❬❙❛♥t❛♥❛✱ ✭✷✵✵✻✮❪✳

❋✐❣✉r❛ ✺✳✶✿ ❛✮P♦rçã♦ ❞❛ s✉♣❡r❢í❝✐❡ tr✐❞✐♠❡♥s✐♦♥❛❧ ❣❡r❛❞❛ ♣❡❧❛ ❢✉♥çã♦ Ln cosh (αe)✳

❜✮❈✉r✈❛ ❞❡ ◆í✈❡❧ ❞❛ ❢✉♥çã♦ Ln cosh (αe)✳

❆ ♣❛rt✐r ❞❛ ❢✉♥çã♦ Fk (e) = Ln cosh (αe)✱ ♣♦❞❡✲s❡ ❣❡r❛r ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s✱

♠✉❧t✐♣❧✐❝❛♥❞♦ ♦ ❛r❣✉♠❡♥t♦ e ♣♦r ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ α✳ ❖✉ s❡❥❛✱ q✉❛♥❞♦ ❛✉♠❡♥t❛ α✱

❛✉♠❡♥t❛✲s❡ ❛ ✐♥❝❧✐♥❛çã♦ ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❞❡s❡♠♣❡♥❤♦✱ ♦♥❞❡ ❛s ❝✉r✈❛s ❞❡st❛s ❢✉♥çõ❡s t❡♠

✐♥❝❧✐♥❛çõ❡s ♠❛✐♦r❡s ❞♦ q✉❡ ❛ ❝✉r✈❛ ❞❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ❞♦ ❛❧❣♦r✐t♠♦ ▲▼❙ ❬❙❛♥t❛♥❛✱

✭✷✵✵✻✮❪✳ P❛r❛ ❞❡s❡♥✈♦❧✈❡r ♦ ❛❧❣♦r✐t♠♦ ❙❆✱ ❡st✐♠❛♠♦s ♦ ❣r❛❞✐❡♥t❡ ❞❡ Fk (e)✳ ■st♦ é✱

▽̂Fk(e) = −α tanh(αe)xk, ✭✺✳✶✮

♦♥❞❡ tanh✱ r❡♣r❡s❡♥t❛ ❛ t❛♥❣❡♥t❡ ❤✐♣❡r❜ó❧✐❝❛ ❛♣❧✐❝❛❞❛ s♦❜r❡ ♦ ❡rr♦✳ ▲♦❣♦ ♦ ❛❧❣♦r✐t♠♦

❛❞❛♣t❛t✐✈♦ s❡rá ❞❛❞♦ ♣♦r✿

wk+1 = wk + µα tanh (αe)xk, ✭✺✳✷✮

♦♥❞❡ ♦ µ é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ r❡❣✉❧❛ ❛ ✈❡❧♦❝✐❞❛❞❡ ❡ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ❛❞❛♣t❛çã♦ ❬❙❛♥t❛♥❛✱

✭✷✵✵✻✮❪✳



✺✳✶ ▼ét♦❞♦ ✹✹

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛ ❋✐❣✳ ✺✳✶✱ ❡ ❛ ❡str✉t✉r❛ ❞♦ ❛❧❣♦r✐t♠♦ ❙❆✱ ❛s ❡q✉❛çõ❡s q✉❡

❞❡✜♥❡♠ ❛ ❛t✉❛❧✐③❛çã♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ♣♦❞❡♠ s❡

❞❡s❝r✐t❛s ♣♦r ❬❋♦♥s❡❝❛ ❡t ❛❧✳✱ ✭✷✵✶✻✮❪✿

dQk = (dk + nk)Q, ✭✺✳✸✮

yQk = (wQkxk)Q, ✭✺✳✹✮

eQk = (dQk − yQk)Q. ✭✺✳✺✮

❚❛❧ q✉❡ ✭✺✳✷✮ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r✿

wQ(k+1) = (wQk + µα tanh (αeQk)x(k))Q, ✭✺✳✻✮

♦♥❞❡ Q é ❛ ❢♦r♠❛ q✉❛♥t✐③❛❞❛✳ ❚♦❞♦s ♦s ❡s❝❛❧❛r❡s ❡ ❡❧❡♠❡♥t♦s ❞♦ ✈❡t♦r ❞♦ ❛❧❣♦r✐t♠♦ ❙❆

✐rá ❞❡s✈✐❛r ♦s s❡✉s ✈❛❧♦r❡s ♦r✐❣✐♥❛✐s✱ ❞❡✈✐❞♦ ❛♦s ❡❢❡✐t♦s ❞❛ q✉❛♥t✐③❛çã♦✳ P♦❞❡♠♦s ❞❡✜♥✐r

♦s ❡rr♦s ♦✉ r✉í❞♦s ❞❡ q✉❛♥t✐③❛çã♦ ♥❛s ✈❛r✐á✈❡✐s ❡ q✉❛♥t✐❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛❧❣♦r✐t♠♦

❙❆ ❝♦♠♦ ❬❋♦♥s❡❝❛ ❡t ❛❧✳✱ ✭✷✵✶✻✮❪✿

nθ = θk − θQk, ✭✺✳✼✮

♦♥❞❡ θ r❡♣r❡s❡♥t❛ ❛ ✈❛r✐á✈❡❧ ♦✉ q✉❛♥t✐❞❛❞❡ ❡ nθ é ♦ r✉í❞♦ ❞❡ q✉❛♥t✐③❛çã♦✳

✺✳✶ ▼ét♦❞♦

❖ ♣r♦❝❡ss♦ ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ❙❆ ❡♠ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦

✜①♦ ♦❜❡❞❡❝❡✉ ❛♦ s❡❣✉✐♥t❡ ✢✉①♦❣r❛♠❛ ❞❡ ❡t❛♣❛s✱ ✈❡r ❋✐❣✳ ✺✳✷✿

❊t❛♣❛ ✶✿ ❛♥t❡s ❞❡ ✐♠♣❧❡♠❡♥t❛r ✉♠ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ❞❡

♣♦♥t♦ ✜①♦✱ é ♥❡❝❡ssár✐♦ ❝r✐❛r ✉♠ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ❞❡ ♣♦♥t♦ ✢✉t✉❛♥t❡ ❝♦♠ r❡s✉❧t❛❞♦s

s❡♠❡❧❤❛♥t❡s ❛♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ♥❛ ❢♦r♠❛ ❛♥❛❧ó❣✐❝❛ ✭♣r❡❝✐sã♦ ✐♥✜♥✐t❛✮ ❝♦♠♦ ✜❧tr♦ ❞❡

r❡❢❡rê♥❝✐❛✳❊♠ s❡❣✉✐❞❛ ♣r♦❝❡❞❡♠✲s❡ ❛❧❣✉♠❛s ❡t❛♣❛s✿

❊t❛♣❛ ✷✿ s✐♠✉❧❛r ❡♠ ♣♦♥t♦ ✢✉t✉❛♥t❡ ♦ ✜❧tr♦ ❞❡ r❡❢❡rê♥❝✐❛✳ ◆❡st❛ ❡t❛♣❛

❞❡t❡r♠✐♥❛✲s❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❛♣r♦♣r✐❛❞♦ ❞♦ ✜❧tr♦✱ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✱ ❛ ✈❛r✐❛çã♦ ❞♦s ❝♦❡✲

✜❝✐❡♥t❡s ❡ ♦✉tr❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ✜❧tr♦ ❞❡ r❡❢❡rê♥❝✐❛✳



✺✳✶ ▼ét♦❞♦ ✹✺

❋✐❣✉r❛ ✺✳✷✿ ❉✐❛❣r❛♠❛ ❞♦ ✢✉①♦ ❞♦ ♣r♦❥❡t♦ ❙❆ ❡♠ ♣r❡❝✐ã♦ ✜♥✐t❛

❊t❛♣❛ ✸✿ ♣r♦❥❡t❛✲s❡ ❛ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❝♦♥✈❡rt❡r ♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ❡♠ ♣♦♥t♦

✢✉t✉❛♥t❡ ♣❛r❛ ♣♦♥t♦ ✜①♦✳

❊t❛♣❛ ✹✿ s✐♠✉❧❛✲s❡ ♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ❞❡ ♣♦♥t♦ ✜①♦✳ ◆❡st❛ ❡t❛♣❛ ❞❡t❡r♠✐♥❛✲

s❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❛♣r♦♣r✐❛❞♦ ❞❡ ♣❛❧❛✈r❛ ✭♥ú♠❡r♦ ❞❡ ❜✐ts✮ ♣❛r❛ ♣❛rt❡ ✐♥t❡✐r❛ ❡ ♣❛rt❡

❢r❛❝✐♦♥ár✐❛ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s ♦✉ ♣❛râ♠❡tr♦s ❞♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ❞❡ ♣♦♥t♦ ✜①♦✳

❊t❛♣❛ ✺✿ ❣❡r❛r✲s❡ ♦ ❝ó❞✐❣♦ ♣❛r❛ ♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦ ❞❡ ♣♦♥t♦ ✜①♦✳

❊t❛♣❛ ✻✿ ✈❛❧✐❞❛✲s❡ ♦ ♣r♦❥❡t♦ ❛♥❛❧✐s❛♥❞♦ ❛s s✉❛s ❝✉r✈❛s ❞❡ ❛♣r❡♥❞✐③❛❣❡♠✳

P❛r❛ ✉t✐❧✐③❛r ❛ ❢✉♥çã♦ tanh(e) ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ❡♠ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦✱

❢♦✐ ♥❡❝❡ssár✐♦ r❡❛❧✐③❛r♠♦s ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡st❛ ❢✉♥çã♦ ❡♠ sér✐❡ ❞❡ ❚❛②❧♦r✳ ❉❛❞❛ ✉♠❛

❢✉♥çã♦ ✐♥❞❡✜♥✐❞❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥✉♠ ❝❡rt♦ ♣♦♥t♦ a ✐♥t❡r✐♦r ❛♦ s❡✉ ❞♦♠í♥✐♦ ✭✐st♦ é✱

❡①✐st❡ ❡ é ✜♥✐t❛ ❛ ❞❡r✐✈❛❞❛ ❞❡ q✉❛❧q✉❡r ♦r❞❡♠ ❞❡ f ❡♠ a✱ fn(a)✮ ♣♦❞❡♠♦s s❡♠♣r❡ ❡s❝r❡✈❡r

❛ s✉❛ sér✐❡ ❞❡ ❚❛②❧♦r r❡❧❛t✐✈❛ ❡♠ t♦r♥♦ ❞❡ ✉♠ ♣♦♥t♦ e ❬❉♦✉❣❧❛s ❡ ▼❡♥q✱ ✭✶✾✾✹✮❪✳

tanh(a) =
n∑

n=0

fn(a)(a− e)n

n!
. ✭✺✳✽✮

❆♣❧✐❝❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ❛❞❛♣t❛t✐✈♦ ❡♠ ✉♠ ♣r♦❜❧❡♠❛ ❧❛r❣❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♥❛

❧✐t❡r❛t✉r❛ s♦❜r❡ ✜❧tr♦s ❛❞❛♣t❛t✐✈♦s q✉❡ ❝♦♥s✐st❡♠ ♥❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡s❝♦✲

♥❤❡❝✐❞♦✱ ✈❡r ❋✐❣✳ ✹✳✷✱ ♦♥❞❡ t❡♠♦s ✉♠❛ ♣❧❛♥t❛ r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛

♣♦❧✐♥♦♠✐❛❧ P (z) = 0.2037z−1 + 0.5926z−2 + 0.2037z−3 ✱ ❝✉❥❛ s❛í❞❛ é ❝♦rr♦♠♣✐❞❛ ♣♦r ✉♠

r✉í❞♦✱ nk ✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é ❡♥❝♦♥tr❛r✱ ❞❡ ♠♦❞♦ ❛❞❛♣t❛t✐✈♦✱ ✉♠ ♠♦❞❡❧♦ ❞❡ ♣❧❛♥t❛✱ P̂ (z)

❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ✉t✐❧✐③❛♥❞♦ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦✳ ❈♦♠ ❡st❡ ♦❜❥❡t✐✈♦✱ ✉t✐❧✐③❛♠♦s ♦
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❛❧❣♦r✐t♠♦ ❙❆ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s✳ ❖ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ ❢♦✐ s✐♠✉❧❛❞♦

❝♦♠♦ ✉♠ s✐♥❛❧ ❛❧❡❛tór✐♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❞✐str✐❜✉í❞♦✱ ❧✐♠✐t❛❞♦ ♥♦ ✐♥t❡r✈❛❧♦ [−1, 1]✳ ❈♦♠♦

r✉í❞♦ ✉t✐❧✐③♦✉ ✉♠ s✐♥❛❧ ❞❡ ♦r❞❡♠ 10−3 ❝♦♠ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s✳ ❖

s✐♥❛❧ ❞❡s❡❥❛❞♦ ❢♦✐ ♣♦st♦ ❝♦♠♦ ❛ s♦♠❛ ❞♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ ♠❛✐s r✉í❞♦✳ ❖ ♣❛râ♠❡tr♦ t❛♠❛✲

♥❤♦ ❞♦ ♣❛ss♦ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❙❆ ❢♦✐ µSA = 0, 01 ❡ ✉t✐❧✐③❛♠♦s ♣❛r❛ ♦ ♣❛râ♠❡tr♦ α ❝♦♠

♦ ✈❛❧♦r 3✳ ❆❧é♠ ❞♦ ❜✐t ❞❛s ✈❛r✐á✈❡✐s ✉t✐❧✐③❛♠♦s ❛q✉✐ ✉♠ ❜✐t ❞❡ s✐♥❛❧✱ r❡s✉❧t❛♥t❡ (b + 1)✳

❋♦r❛♠ r❡❛❧✐③❛❞❛s 100 s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦✱ ♦♥❞❡ ❝❛❧❝✉❧❛♠♦s ❛ ♠é❞✐❛ ❛r✐t♠ét✐❝❛

❞❡ss❛s s✐♠✉❧❛çõ❡s ❬❙❛♥t❛♥❛ ❡t ❛❧✳✱ ✭✷✵✵✻✮❪✳

✺✳✷ ❘❡s✉❧t❛❞♦s

P❛r❛ ❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ❢✉♥çã♦ tanh(e) ❡♠ sér✐❡ ❞❡ ❚❛②❧♦r ❢♦✐ s✉✜❝✐❡♥t❡ ✉♠❛

❛♣r♦①✐♠❛çã♦ ❛té ♦ q✉✐♥t♦ ❣r❛✉ ❝♦♠ α = 3✱ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✳ ✺✳✸✱ ❞❛❞❛ ♣♦r

❬❋♦♥s❡❝❛ ❡t ❛❧✳✱ ✭✷✵✶✻✮❪✿

tanh(αe) = α(
2e5

15
−

2e3

3
+ e). ✭✺✳✾✮

❋✐❣✉r❛ ✺✳✸✿ ❈♦♠♣❛r❛çã♦ ❞❛ ❢✉♥çã♦ tanh(e) ❡ s✉❛ ❢✉♥çã♦ ❡♠ sér✐❡ ❞❡ ❚❛②❧♦r✭✺♦ ❣r❛✉✮ ❡♠

♣♦♥t♦ ✢✉t✉❛♥t❡ ❝♦♠ ✻✹ ❜✐ts✳

❖ ❡rr♦ ♥❛ ❛t✉❛❧✐③❛çã♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s ✐♥t❡r♥♦s ❞♦ ❛❧❣♦r✐t♠♦ ❛❞❛♣t❛t✐✈♦ ❙❆
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q✉❛♥t✐③❛❞♦ ♣♦❞❡ s❡r ❞❛❞♦ ♣♦r✿

wQ(k+1) = wQk + µα tanh (αeQk)x(k)− nw, ✭✺✳✶✵✮

♦♥❞❡ nw é ♦ r✉í❞♦ ❞❡ q✉❛♥t✐③❛çã♦ ❞♦ ✈❡t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡ wQk ♥♦ ❛❧❣♦r✐t♠♦ ❙❆✳ ❆q✉✐

❝♦♥s✐❞❡r❛♠♦s q✉❡ ♦ r✉í❞♦ ❞❡ q✉❛♥t✐③❛çã♦ ❣❡r❛❞♦ ❡♠ q✉❛❧q✉❡r ❡t❛♣❛ ♥♦ ❛❧❣♦r✐t♠♦✱ ❝♦♠♦

✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❝♦♠ ♠é❞✐❛ ③❡r♦✱ q✉❡ é ❡st❛t✐st✐❝❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ q✉❛✐sq✉❡r

♦✉tr♦s ❡rr♦s ❡✴♦✉ q✉❛♥t✐❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s ♥♦ ❛❧❣♦r✐t♠♦ ❙❆✳

❋✐❣✉r❛ ✺✳✹✿ ❙❆ ① ▲▼❙ ❡♠ ♣♦♥t♦ ✜①♦ ✸✷ ❜✐ts✳

◆❛ ❋✐❣✳ ✺✳✺✱ ❝♦♠♣❛r❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ❙❆ ❡ ♦ ❛❧❣♦r✐t♠♦ ▲▼❙ ❝♦♠ ✸✷ ❜✐ts ❞❡

❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛✳ ❯t✐❧✐③❛♠♦s ♦ ♣❛ss♦ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❙❆ µ = 0, 03 ❡ ♣❛ss♦ ♣❛r❛

♦ ▲▼❙ ❞❡ ♠♦❞♦ q✉❡ t✐✈❡ss❡♠ ♦ ♠❡s♠♦ ❞❡s❛❥✉st❡✱ r❡❧❛çã♦ s❛t✐s❢❡✐t❛ ♣♦r✿

µSA =
2E[sech2(αnk)]

E[tanh2(αnk)]
µLMS. ✭✺✳✶✶✮

❚❛❜❡❧❛ ✺✳✶✿ ❉❡s❛❥✉st❡ ❡ ▼❙❊ ❞♦ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛

◆♦ ❞❡ ❇✐ts bc ❡ bd ❊①♣❡r✐♠❡♥t❛❧ ❊①❝❡ss♦ ▼❙❊

✽ 2, 6978 2, 6978① 10−6

✶✻ 0, 0070 7, 0851① 10−9

✸✷ 0, 0063 6, 3681① 10−9

◆❛ ❋✐❣✳ ✺✳✻✱ ❝♦♠♣❛r❛♠♦s ♦ ❙❆ ❡♠ três ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ♣❛❞rõ❡s

✭✽✱ ✶✻ ❡ ✸✷ ❜✐ts✮✱ ♦♥❞❡ ♦❜s❡r✈❛♠♦s ❛❧❣✉♥s ❢❡♥ô♠❡♥♦s ❞❡✈✐❞♦ ❛ q✉❛♥t✐③❛çã♦✱ ❝♦♠♦ ♦ ❛✉✲

♠❡♥t♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♥❛s ✐t❡r❛çõ❡s ✐♥✐❝✐❛✐s ❡♠ r❡❧❛çã♦ ❛ tr❛❥❡tór✐❛ ✐❞❡❛❧✱
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❋✐❣✉r❛ ✺✳✺✿ ❙❆ ❡♠ ❞✐❢❡r❡♥t❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛ ❜✐♥ár✐❛ ❡♠ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦✿

✽ ❜✐ts✱ ✶✻ ❜✐ts ❡ ✸✷ ❜✐ts✳

❝♦♥❥✉♥t❛♠❡♥t❡ ❝♦♠ ✉♠ r✉í❞♦ ❞❡✈✐❞♦ ❛ q✉❛♥t✐③❛çã♦ ✐♥❝r❡♠❡♥t❛❞♦ ♥❛ s✐♠✉❧❛çã♦ ❝♦♠ ✽

❜✐ts✱ ❝❛✉s❛♥❞♦ ✉♠ ❝❡rt♦ ✐♥❝r❡♠❡♥t♦ ♥♦ ❞❡s❛❥✉st❡ ❡♠ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦ ❞❡ss❡ ❛❧❣♦r✐t♠♦

❬❋♦♥s❡❝❛ ❡t ❛❧✳✱ ✭✷✵✶✻✮❪✳

◆❛ ❚❛❜❡❧❛ ✭✺✳✶✮✱ ♠♦str❛♠♦s ♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ♣❛r❛ ♦ ❞❡s❛❥✉st❡ ❡ ❡①❝❡ss♦

❞❡ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ❡①♣❡r✐♠❡♥t❛❧ ❡♥❝♦♥tr❛❞♦ ♣❛r❛ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ✉t✐✲

❧✐③❛❞♦s ♥♦ ❡①❡♠♣❧♦ ❞❛ ❋✐❣✳ ✺✳✻✱ ♠♦str❛♥❞♦ ❛ss✐♠ ✉♠ ✈❛❧♦r ✐♥❝r❡♠❡♥t❛❧ ❝♦♥s✐❞❡rá✈❡❧ ♣❛r❛

♦ ❞❡s❛❥✉st❡ ♥♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛ ❞❡ ✽ ❜✐ts✳ ❊st❡s r❡s✉❧t❛❞♦s ♠♦str❛♠ q✉❡ ♣❛r❛ ♦s

❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ❞❡ ✶✻ ❡ ✸✷ ❜✐ts ❛♣r❡s❡♥t❛ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ s❡♠❡❧❤❛♥t❡s ❡ q✉❡

♥ã♦ ❤♦✉✈❡ ✉♠ ✐♥❝r❡♠❡♥t♦ ❝♦♥s✐❞❡rá✈❡❧ ❞❡ r✉í❞♦ ❞❡ q✉❛♥t✐③❛çã♦✱ ♣♦❞❡♥❞♦ s❡r ❞❡s♣r❡③í✈❡❧✱

❞✐❢❡r❡♥t❡♠❡♥t❡ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛ ❞❡ ✽ ❜✐ts ❬❋♦♥s❡❝❛ ❡t ❛❧✳✱ ✭✷✵✶✻✮❪✳

❖s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♥❛ ❋✐❣✳ ✺✳✼✱ ♦♥❞❡ ❝♦♥s✐❞❡r❛♠♦s t❛♥t♦ ♦s ❝♦♠♣r✐✲

♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ♣❛r❛ ♦s ❞❛❞♦s✱ q✉❛♥t♦ ♣❛r❛ ♦s ❝♦❡✜❝✐❡♥t❡s ✐❣✉❛✐s bd = bc✱ s✉❣❡r❡♠

✉♠ ❛✉♠❡♥t♦ ❞♦ ♥í✈❡❧ ❞❡ ❡rr♦ ♦✉ r✉í❞♦ ❛❞✐❝✐♦♥❛❧ ❞❡✈✐❞♦ à q✉❛♥t✐③❛çã♦ ♣❛r❛ ❛❧❣✉♥s ❝♦♠✲

♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ✭✼✱ ✽✱ ✾✱ ✶✵ ❡ ✶✶ ❜✐ts✮✱ ❛❧é♠ ❞❡ ✉♠❛ ❛❧t❡r❛çã♦ ♥❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡

❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ s✉❛ tr❛❥❡tór✐❛ ✐❞❡❛❧ ♣❛r❛ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ✭✼✱ ✽ ❡ ✾ ❜✐ts✮✳

❖s r❡s✉❧t❛❞♦s ♠♦str❛❞♦s ♥❛ ❚❛❜❡❧❛ ✭✺✳✷✮✱ ✐♥❞✐❝❛♠ ♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥✲

❝♦♥tr❛❞♦s ♣❛r❛ ♦ ❞❡s❛❥✉st❡ ❡ ❡①❝❡ss♦ ❞❡ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ❡①♣❡r✐♠❡♥t❛❧✱ ❛ss✐♠ ❝♦♠♦
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❋✐❣✉r❛ ✺✳✻✿ ❈✉r✈❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ♣❛r❛ C = 0, 0590 ❡ nk = 10−3

❡♠ ❞✐❢❡r❡♥t❡s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s✳

♣❛r❛ ♦ ❞❡s❛❥✉st❡ t❡ór✐❝♦ ♣r♦♣♦st♦ ♣❡❧♦ ♥♦ss♦ tr❛❜❛❧❤♦ ♥❛ s✉❜s❡çã♦ ✭✹✳✷✮✱ ♦♥❞❡ ❡♥❝♦♥tr❛♠♦s

✭✹✳✸✼✮ ♣❛r❛ ♦ ❞❡s❛❥✉st❡✱ ♦♥❞❡ ♣♦❞❡♠♦s ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡♠ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦

❡♠ s✉❛ ❢♦r♠❛ q✉❛♥t✐③❛❞❛✱ ♠♦❞❡❧❛♥❞♦ ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ♦ ✐♥❝r❡♠❡♥t♦ ❞♦ r✉í❞♦ ❞❡✈✐❞♦ ❛

q✉❛♥t✐③❛çã♦ ❡♠ r❡❧❛çã♦ ❛♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛ ✉t✐❧✐③❛❞♦✳

❚❛❜❡❧❛ ✺✳✷✿ ❉❡s❛❥✉st❡ ❡ ▼❙❊ ❞♦ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ♣❛r❛ C = 0, 0590 ❡ nk = 10−3

◆♦ ❞❡ ❇✐ts bc ❡ bd ❊①♣❡r✐♠❡♥t❛❧ ❚❡♦r✐❝♦ ❊①❝❡ss♦ ▼❙❊

✼ 2, 8978 1, 9999 2, 8978 ① 10−6

✽ 2, 9619 0, 5000 2, 9619 ① 10−6

✾ 0, 2762 0, 2500 2, 7672 ① 10−7

✶✵ 0, 1014 0, 0625 1, 0147 ① 10−7

✶✶ 0, 0304 0, 0156 3, 0454 ① 10−8

✶✷ 0, 0070 0, 0078 7, 0851 ① 10−9

✶✸ 0, 0063 0, 0078 6, 3681 ① 10−9

◆❛ ❋✐❣✳ ✺✳✽ ❛❧t❡r❛♠♦s ❛♣❡♥❛s ♦ r✉í❞♦ ❞♦ ♣r♦❜❧❡♠❛ ♣❛r❛ ♦r❞❡♠ 10−2 ❝♦♠

❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s✱ ♦♥❞❡ ♦❜s❡r✈❛♠♦s ✉♠❛ ♠✉❞❛♥ç❛ ❡♠ s❡✉ ❝♦♠✲

♣♦rt❛♠❡♥t♦ ❡♠ r❡❧❛çã♦ ❛ ❋✐❣✳ ✺✳✼✱ ❛♣❡♥❛s ♦❜s❡r✈♦✉✲s❡ ✐♥❝r❡♠❡♥t♦ ❞❡ r✉í❞♦s ❞❡✈✐❞♦ à

q✉❛♥t✐③❛çã♦ ♣❛r❛ ♦ ❞❡s❛❥✉st❡ ♥♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ✭✼ ❡ ✽ ❜✐ts✮✳

◆❛ ❚❛❜❡❧❛ ✭✺✳✸✮ ♦❜s❡r✈❛♠♦s ♦s ✈❛❧♦r❡s ♣❛r❛ ♦ ❞❡s❛❥✉st❡ ❡①♣❡r✐♠❡♥t❛❧ ❡ ❞❡✲
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s❛❥✉st❡ t❡ór✐❝♦✱ ❝♦♥s✐❞❡r❛♠♦s ♦s ✈❛❧♦r❡s ❡♥❝♦♥tr❛❞♦s s❛t✐s❢❛tór✐♦✱ ✉♠❛ ♦❜s❡r✈❛çã♦ ✐♥t❡✲

r❡ss❛♥t❡ é q✉❡ ♦ ❡①❝❡ss♦ ❞❡ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ♣❛r❛ t♦❞♦s ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛✲

❧❛✈r❛s ✉t✐❧✐③❛❞♦s ♥❛ t❛❜❡❧❛ é ♠✉✐t♦ ♠❡♥♦r ❡♠ r❡❧❛çã♦ ❛♦ ❡rr♦ ♠í♥✐♠♦ ♠é❞✐♦ q✉❛❞rát✐❝♦

(ξmin = σ2
k = 10−4)✱ ❝♦♥❢♦r♠❡ ♦❜s❡r✈❛♠♦s ♥❛ t❛❜❡❧❛ ♣❛r❛ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s

✭✼✱ ✽✱ ✾✱ ✶✵✱ ✶✶✱ ✶✷ ❡ ✶✸ ❜✐ts✮✱ ❞❡ss❛ ❢♦r♠❛ ❝❛r❛❝t❡r✐③❛♥❞♦ ✉♠❛ ♣r❡✈✐sã♦ ❛❞❡q✉❛❞❛ ❞♦

♠♦❞❡❧♦ t❡ór✐❝♦ ♣r♦♣♦st♦✳

❋✐❣✉r❛ ✺✳✼✿ ❈✉r✈❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ♣❛r❛ C = 0, 0590 ❡♠ ❞✐❢❡r❡♥t❡s

❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s

❚❛❜❡❧❛ ✺✳✸✿ ❉❡s❛❥✉st❡ ❡ ▼❙❊ ❞♦ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ♣❛r❛ bd = 15bits✱ nk = 10−2 ❡

C = 0, 0590

◆♦ ❞❡ ❇✐ts bc ❡ bd ❊①♣❡r✐♠❡♥t❛❧ ❚❡ór✐❝♦ ❊①❝❡ss♦ ▼❙❊

✼ 0, 0440 0, 0625 4, 4046 ① 10−6

✽ 0, 0109 0, 0156 1, 0901 ① 10−6

✾ 0, 0062 0, 0078 6, 1948 ① 10−7

✶✵ 0, 0055 0, 0078 5, 5429 ① 10−7

✶✶ 0, 0054 0, 0078 5, 3892 ① 10−7

✶✷ 0, 0055 0, 0078 5, 4964 ① 10−7

✶✸ 0, 0054 0, 0078 5, 4266 ① 10−7

◆❛ ❋✐❣✳ ✺✳✽ ❛❧t❡r❛♠♦s ❛♣❡♥❛s ♦ r✉í❞♦ ❞♦ ♣r♦❜❧❡♠❛ ♣❛r❛ ♦r❞❡♠ 10−2 ❝♦♠

❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s✱ ♦♥❞❡ ♦❜s❡r✈❛♠♦s ✉♠❛ ♠✉❞❛♥ç❛ ❡♠ s❡✉ ❝♦♠✲



✺✳✷ ❘❡s✉❧t❛❞♦s ✺✶

♣♦rt❛♠❡♥t♦ ❡♠ r❡❧❛çã♦ ❛ ❋✐❣✳ ✺✳✼✱ ❛♣❡♥❛s ♦❜s❡r✈♦✉✲s❡ ✐♥❝r❡♠❡♥t♦ ❞❡ r✉í❞♦s ❞❡✈✐❞♦ à

q✉❛♥t✐③❛çã♦ ♣❛r❛ ♦ ❞❡s❛❥✉st❡ ♥♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ✭✼ ❡ ✽ ❜✐ts✮ ❬❋♦♥s❡❝❛ ❡t ❛❧✳✱

✭✷✵✶✻✮❪✳

◆❛ ❚❛❜❡❧❛ ✭✺✳✸✮ ♦❜s❡r✈❛♠♦s ♦s ✈❛❧♦r❡s ♣❛r❛ ♦ ❞❡s❛❥✉st❡ ❡①♣❡r✐♠❡♥t❛❧ ❡ ❞❡✲

s❛❥✉st❡ t❡ór✐❝♦✱ ❝♦♥s✐❞❡r❛♠♦s ♦s ✈❛❧♦r❡s ❡♥❝♦♥tr❛❞♦s s❛t✐s❢❛tór✐♦✱ ✉♠❛ ♦❜s❡r✈❛çã♦ ✐♥t❡✲

r❡ss❛♥t❡ é q✉❡ ♦ ❡①❝❡ss♦ ❞❡ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ♣❛r❛ t♦❞♦s ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛✲

❧❛✈r❛s ✉t✐❧✐③❛❞♦s ♥❛ t❛❜❡❧❛ é ♠✉✐t♦ ♠❡♥♦r ❡♠ r❡❧❛çã♦ ❛♦ ❡rr♦ ♠í♥✐♠♦ ♠é❞✐♦ q✉❛❞rát✐❝♦

(ξmin = σ2
k = 10−4)✱ ❝♦♥❢♦r♠❡ ♦❜s❡r✈❛♠♦s ♥❛ t❛❜❡❧❛ ♣❛r❛ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s

✭✼✱ ✽✱ ✾✱ ✶✵✱ ✶✶✱ ✶✷ ❡ ✶✸ ❜✐ts✮✱ ❞❡ss❛ ❢♦r♠❛ ❝❛r❛❝t❡r✐③❛♥❞♦ ✉♠❛ ♣r❡✈✐sã♦ ❛❞❡q✉❛❞❛ ❞♦

♠♦❞❡❧♦ t❡ór✐❝♦ ♣r♦♣♦st♦✳

❋✐❣✉r❛ ✺✳✽✿ ❈✉r✈❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ♣❛r❛ bd = 15bits✱ nk = 10−3 ❡

C = 0, 0590 ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s

◆❛ ❋✐❣✳ ✺✳✾ ❡ ❚❛❜❡❧❛ ✭✺✳✹✮✱ ❞❡✐①❛♠♦s ✜①♦ ♦ ♥ú♠❡r♦ ❞❡ ❜✐ts ♣❛r❛ ♦s ❞❛❞♦s bd✱

♥❡st❡ ❝❛s♦ 15bits✱ ❡ ✈❛r✐❛♠♦s ♥ú♠❡r♦ ❞❡ ❜✐ts ❞♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ bc ♣❛r❛ ✭✼✱ ✽✱ ✾✱ ✶✵ ❡

✶✶ ❜✐ts✮✱ ♦♥❞❡ ♦❜s❡r✈❛♠♦s q✉❡ ♥ã♦ ❤♦✉✈❡ ❛❧t❡r❛çã♦ ❡♠ s✉❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛

s✉❛ tr❛❥❡tór✐❛ ✐❞❡❛❧ ❬❋♦♥s❡❝❛ ❡t ❛❧✳✱ ✭✷✵✶✻✮❪✳

◆❛ ❚❛❜❡❧❛ ✭✺✳✹✮ ❡♥❝♦♥tr❛♠♦s ✈❛❧♦r❡s ♣❛r❛ ♦ ❞❡s❛❥✉st❡ ❡①♣❡r✐♠❡♥t❛❧ ❡ t❡ór✐❝♦

s❡♠❡❧❤❛♥t❡s ❛ ❚❛❜❡❧❛ ✭✺✳✷✮✱ ❡①❝❡t♦ ♣❛r❛ ♦s ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛s ✭✼ ❡ ✽ ❜✐ts✮✱ ♦♥❞❡

t❛♠❜é♠ ♦❜s❡r✈❛♠♦s q✉❡ ♦ ❡①❝❡ss♦ ❞❡ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ❡stá ♥❛ ♠❡s♠❛ ♦r❞❡♠ ❞♦



✺✳✷ ❘❡s✉❧t❛❞♦s ✺✷

❚❛❜❡❧❛ ✺✳✹✿ ❉❡s❛❥✉st❡ ❡ ▼❙❊ ❞♦ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ♣❛r❛ bd = 15bits✱ nk = 10−3 ❡

C = 0, 0590

◆♦ ❞❡ ❇✐ts bc ❊①♣❡r✐♠❡♥t❛❧ ❚❡♦r✐❝♦ ❊①❝❡ss♦ ▼❙❊

✼ 4, 4654 1, 9999 4, 4654 ① 10−6

✽ 1, 1144 0, 5000 1, 1145 ① 10−6

✾ 0, 2570 0, 2500 2, 5703 ① 10−7

✶✵ 0, 0705 0, 0625 7, 0529 ① 10−8

✶✶ 0, 0187 0, 0156 1, 8703 ① 10−8

✶✷ 0, 0064 0, 0078 6, 4395 ① 10−9

✶✸ 0, 0068 0, 0078 6, 7681 ① 10−9

❡rr♦ ♠í♥✐♠♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ (ξmin = σ2
k = 10−6)✳



✺✸

✻ ❉✐s❝✉ssã♦

❖❜s❡r✈❛♠♦s ♥❛ ❋✐❣✳ ✺✳✸✱ ♦ r❡s✉❧t❛❞♦ ❞♦ ❛❧❣♦r✐t♠♦ ❙❆ ❞❛❞♦ ♣❡❧❛ ❢✉♥çã♦ tanh(e)

❡ ❞♦ ❛❧❣♦r✐t♠♦ ❙❆ ❞❛❞♦ ❡♠ sér✐❡ ❚❛②❧♦r ❛té ♦ q✉✐♥t♦ ❣r❛✉✱ r❡♣r❡s❡♥t❛❞♦ ♣♦r ✭✺✳✽✮✱ ❝♦♠

❡rr♦ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❡s♣r❡③í✈❡❧✳ ❊st❡ r❡s✉❧t❛❞♦ ❞❡ss❛ ❛♣r♦①✐♠❛çã♦ ❝♦♠ ❡rr♦ ❞❡s♣r❡③í✈❡❧

é ✐♠♣♦rt❛♥t❡✱ ♣♦r q✉❡ ❡st❡ s❡rá ✉t✐❧✐③❛❞♦ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦

❙❆ ❞❛❞♦ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ♣r❡❝✐sã♦ ✜♥✐t❛ ❝♦♠ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦✱ ❞❡✈✐❞♦ ❛ ✉♠❛

❧✐♠✐t❛çã♦ ❞❡ss❛ r❡♣r❡s❡♥t❛çã♦ q✉❡ ✉t✐❧✐③❛ ❛♣❡♥❛s ❢✉♥çõ❡s ❝♦♠♣♦st❛s ♣♦r s♦♠❛s ❡ ♠✉❧t✐♣❧✐✲

❝❛çõ❡s✳

◆❛ ❋✐❣✳ ✺✳✺ ❝♦♠♣❛r❛♠♦s ♦ ❙❆ ❝♦♠ ♦ ▲▼❙ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦

❞❡ ♣❛❧❛✈r❛ ❞❡ ✸✷ ❜✐ts✱ ♦♥❞❡ ♠♦str❛✲s❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛♣r♦①✐♠❛❞♦ ❛♦s ❛❧❣♦r✐t♠♦s ✐♠✲

♣❧❡♠❡♥t❛❞♦s ❡♠ ♣r❡❝✐sã♦ ✐♥✜♥✐t❛✳ ❊st❡ r❡s✉❧t❛❞♦ t❡♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❞❡st❛❝❛r ❛ ❞✐❢❡r❡♥ç❛

❞❡ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ♣❛r❛ ♦ ♠❡s♠♦ ❞❡s❛❥✉st❡ ❡♥tr❡ ♦s ❞♦✐s ❛❧❣♦r✐t♠♦s✳ ❆ss✐♠

♣♦❞❡♠♦s ♠♦str❛r ❛ ♣r✐♥❝✐♣❛❧ ❝❛r❛❝t❡r✐st✐❝❛ ❞♦ ❛❧❣♦r✐t♠♦ ❙❆ ❡♠ r❡❧❛çã♦ ❛♦ ❛❧❣♦r✐t♠♦ ▲▼❙

✐♠♣❧❡♠❡♥t❛❞♦s ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✳

◆❛ ❋✐❣✳ ✺✳✻ ❝♦♠♣❛r❛♠♦s ♦ ❙❆ ❡♠ três ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ♣❛❞rõ❡s ✭✽✱

✶✻ ❡ ✸✷ ❜✐ts✮✳ ❊st❡ r❡s✉❧t❛❞♦ é ✐♠♣♦rt❛♥t❡✱ ♣♦r q✉❡ ♠♦str❛ ✉♠❛ ❝❡rt❛ ❞✐s❝r❡♣â♥❝✐❛ ♥❛

tr❛❥❡tór✐❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞♦ ❛❧❣♦r✐t♠♦ ❙❆✱ ♦♥❞❡ ♦❜s❡r✈❛♠♦s ❛❧❣✉♥s ❢❡♥ô♠❡♥♦s ❞❡✈✐❞♦

❛ q✉❛♥t✐③❛çã♦✱ ❝♦♠♦ ♦ ❛✉♠❡♥t♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♥❛s ✐t❡r❛çõ❡s ✐♥✐❝✐❛✐s ❡♠

r❡❧❛çã♦ ❛ tr❛❥❡tór✐❛ ✐❞❡❛❧✱ ❝♦♥❥✉♥t❛♠❡♥t❡ ❝♦♠ ✉♠ r✉í❞♦ ❞❡✈✐❞♦ ❛ q✉❛♥t✐③❛çã♦ ✐♥❝r❡♠❡♥✲

t❛❞♦ ♥❛ s✐♠✉❧❛çã♦ ❝♦♠ ✽ ❜✐ts✱ ❝❛✉s❛♥❞♦ ✉♠ ❝❡rt♦ ✐♥❝r❡♠❡♥t♦ ♥♦ ❞❡s❛❥✉st❡ ❡♠ ❡st❛❞♦

❡st❛❝✐♦♥ár✐♦ ❞❡ss❡ ❛❧❣♦r✐t♠♦✳

◆❛ ❚❛❜❡❧❛ ✭✺✳✶✮✱ ♠♦str❛♠♦s ♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ♣❛r❛ ♦ ❞❡s❛❥✉st❡ ❡ ❡①❝❡ss♦

❞❡ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ❡①♣❡r✐♠❡♥t❛❧ ❡♥❝♦♥tr❛❞♦ ♣❛r❛ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ✉t✐✲

❧✐③❛❞♦s ♥♦ ❡①❡♠♣❧♦ ❞❛ ❋✐❣✳ ✺✳✻✱ ♠♦str❛♥❞♦ ❛ss✐♠ ✉♠ ✈❛❧♦r ✐♥❝r❡♠❡♥t❛❧ ❝♦♥s✐❞❡rá✈❡❧ ♣❛r❛

♦ ❞❡s❛❥✉st❡ ♥♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛ ❞❡ ✽ ❜✐ts✳ ❊st❡s r❡s✉❧t❛❞♦s ♠♦str❛♠ q✉❡ ♣❛r❛ ♦s

❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ❞❡ ✶✻ ❡ ✸✷ ❜✐ts ❛♣r❡s❡♥t❛ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ s❡♠❡❧❤❛♥t❡s ❡ q✉❡

♥ã♦ ❤♦✉✈❡ ✉♠ ✐♥❝r❡♠❡♥t♦ ❝♦♥s✐❞❡rá✈❡❧ ❞❡ r✉í❞♦ ❞❡ q✉❛♥t✐③❛çã♦✱ ♣♦❞❡♥❞♦ s❡r ❞❡s♣r❡③í✈❡❧✱

❞✐❢❡r❡♥t❡♠❡♥t❡ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛ ❞❡ ✽ ❜✐ts✳
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❖s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♥❛ ❋✐❣✳ ✺✳✼✱ ♦♥❞❡ ❝♦♥s✐❞❡r❛♠♦s t❛♥t♦ ♦s ❝♦♠♣r✐✲

♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ♣❛r❛ ♦s ❞❛❞♦s✱ q✉❛♥t♦ ♣❛r❛ ♦s ❝♦❡✜❝✐❡♥t❡s ✐❣✉❛✐s bd = bc✱ s✉❣❡r❡♠

✉♠ ❛✉♠❡♥t♦ ❞♦ ♥í✈❡❧ ❞❡ ❡rr♦ ♦✉ r✉í❞♦ ❛❞✐❝✐♦♥❛❧ ❞❡✈✐❞♦ à q✉❛♥t✐③❛çã♦ ♣❛r❛ ❛❧❣✉♥s ❝♦♠✲

♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ✭✼✱ ✽✱ ✾✱ ✶✵ ❡ ✶✶ ❜✐ts✮✱ ❛❧é♠ ❞❡ ✉♠❛ ❛❧t❡r❛çã♦ ♥❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡

❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ s✉❛ tr❛❥❡tór✐❛ ✐❞❡❛❧ ♣❛r❛ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ✭✼✱ ✽ ❡ ✾ ❜✐ts✮✳

❖s r❡s✉❧t❛❞♦s ♠♦str❛❞♦s ♥❛ ❚❛❜❡❧❛ ✭✺✳✷✮✱ ✐♥❞✐❝❛♠ ♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡♥✲

❝♦♥tr❛❞♦s ♣❛r❛ ♦ ❞❡s❛❥✉st❡ ❡ ❡①❝❡ss♦ ❞❡ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ❡①♣❡r✐♠❡♥t❛❧✱ ❛ss✐♠ ❝♦♠♦

♣❛r❛ ♦ ❞❡s❛❥✉st❡ t❡ór✐❝♦ ♣r♦♣♦st♦ ♣❡❧♦ ♥♦ss♦ tr❛❜❛❧❤♦ ♥❛ s✉❜s❡çã♦ ✭✹✳✷✮✱ ♦♥❞❡ ❡♥❝♦♥tr❛♠♦s

✭✹✳✸✼✮ ♣❛r❛ ♦ ❞❡s❛❥✉st❡✱ ♦♥❞❡ ♣♦❞❡♠♦s ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡♠ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦

❡♠ s✉❛ ❢♦r♠❛ q✉❛♥t✐③❛❞❛✱ ♠♦❞❡❧❛♥❞♦ ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ♦ ✐♥❝r❡♠❡♥t♦ ❞♦ r✉í❞♦ ❞❡✈✐❞♦ ❛

q✉❛♥t✐③❛çã♦ ❡♠ r❡❧❛çã♦ ❛♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛ ✉t✐❧✐③❛❞♦✳

P❛r❛ ✉♠❛ ♣r❡✈✐sã♦ ❛❞❡q✉❛❞❛ ❞♦ ❞❡s❛❥✉st❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ♣r❡ss✉♣♦st♦s é

✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛♠♦s q✉❡ ♣❛r❛ ✉♠ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ ♠✉✐t♦ ♣❡q✉❡♥♦ ❡ ♦ ❡①❝❡ss♦ ❞❡

❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ s❡❥❡ ♠✉✐t♦ ♠❡♥♦r ❡♠ r❡❧❛çã♦ ❛♦ ❡rr♦ ♠í♥✐♠♦ ♠é❞✐♦ q✉❛❞rát✐❝♦

(ξmin = σ2
k = 10−6)✱ ❝♦♥❢♦r♠❡ ♦❜s❡r✈❛♠♦s ♥❛ t❛❜❡❧❛ ♣❛r❛ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s

✭✾✱ ✶✵✱ ✶✶✱ ✶✷ ❡ ✶✸ ❜✐ts✮✳

◆❛ ❋✐❣✳ ✺✳✽ ❛❧t❡r❛♠♦s ❛♣❡♥❛s ♦ r✉í❞♦ ❞♦ ♣r♦❜❧❡♠❛ ♣❛r❛ ♦r❞❡♠ 10−2 ❝♦♠

❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s✱ ♦♥❞❡ ♦❜s❡r✈❛♠♦s ✉♠❛ ♠✉❞❛♥ç❛ ❡♠ s❡✉ ❝♦♠✲

♣♦rt❛♠❡♥t♦ ❡♠ r❡❧❛çã♦ ❛ ❋✐❣✳ ✺✳✼✱ ❛♣❡♥❛s ♦❜s❡r✈♦✉✲s❡ ✐♥❝r❡♠❡♥t♦ ❞❡ r✉í❞♦s ❞❡✈✐❞♦ à

q✉❛♥t✐③❛çã♦ ♣❛r❛ ♦ ❞❡s❛❥✉st❡ ♥♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ✭✼ ❡ ✽ ❜✐ts✮✳

◆❛ ❚❛❜❡❧❛ ✭✺✳✸✮ ♦❜s❡r✈❛♠♦s ♦s ✈❛❧♦r❡s ♣❛r❛ ♦ ❞❡s❛❥✉st❡ ❡①♣❡r✐♠❡♥t❛❧ ❡ ❞❡✲

s❛❥✉st❡ t❡ór✐❝♦✱ ❝♦♥s✐❞❡r❛♠♦s ♦s ✈❛❧♦r❡s ❡♥❝♦♥tr❛❞♦s s❛t✐s❢❛tór✐♦✱ ✉♠❛ ♦❜s❡r✈❛çã♦ ✐♥t❡✲

r❡ss❛♥t❡ é q✉❡ ♦ ❡①❝❡ss♦ ❞❡ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ♣❛r❛ t♦❞♦s ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛✲

❧❛✈r❛s ✉t✐❧✐③❛❞♦s ♥❛ t❛❜❡❧❛ é ♠✉✐t♦ ♠❡♥♦r ❡♠ r❡❧❛çã♦ ❛♦ ❡rr♦ ♠í♥✐♠♦ ♠é❞✐♦ q✉❛❞rát✐❝♦

(ξmin = σ2
k = 10−4)✱ ❝♦♥❢♦r♠❡ ♦❜s❡r✈❛♠♦s ♥❛ t❛❜❡❧❛ ♣❛r❛ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s

✭✼✱ ✽✱ ✾✱ ✶✵✱ ✶✶✱ ✶✷ ❡ ✶✸ ❜✐ts✮✱ ❞❡ss❛ ❢♦r♠❛ ❝❛r❛❝t❡r✐③❛♥❞♦ ✉♠❛ ♣r❡✈✐sã♦ ❛❞❡q✉❛❞❛ ❞♦

♠♦❞❡❧♦ t❡ór✐❝♦ ♣r♦♣♦st♦✳

❖✉tr♦ r❡s✉❧t❛❞♦ ❡♥❝♦♥tr❛♠♦s ♥❛ ❋✐❣✳ ✺✳✾✱ ♦♥❞❡ ✜①❛♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

♣❛❧❛✈r❛ ♣❛r❛ ♦s ❞❛❞♦s bd✱ ♥♦ ❝❛s♦ 15bits✱ ♦♥❞❡ ♦❜s❡r✈❛♠♦s q✉❡ ♥ã♦ ❤♦✉✈❡ ❛❧t❡r❛çã♦ ❡♠

s✉❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ s✉❛ tr❛❥❡tór✐❛ ✐❞❡❛❧✳ P❛r❛ ❡♥t❡♥❞❡r ❡ss❡ ❢❡♥ô♠❡♥♦

❞❡s❡♥✈♦❧✈❡♠♦s ♥❛ s✉❜s❡çã♦ ✭✹✳✶✮ ✉♠ ❡st✉❞♦ ❞❡ r❡❣✐♠❡ tr❛♥s✐tór✐♦ ❞♦ ❛❧❣♦r✐t♠♦ ❙❆ ❡♠

♣r❡❝✐sã♦ ✜♥✐t❛✳ P♦❞❡♠♦s ♦❜s❡r✈❛r ❛tr❛✈és ❞❡ ✭✹✳✷✸✮ ✉♠❛ ❞❡✈✐❞❛ ❡①♣❧✐❝❛çã♦ ❞❡✈❡ ❡st❛r
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r❡❧❛❝✐♦♥❛❞❛ à q✉❛♥t✐③❛çã♦ ❞♦s s✐♥❛✐s ❞❡ ❡♥tr❛❞❛ xk q✉❡ ❢♦r♠❛ ❛ ♠❛tr✐③ ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦

R✱ q✉❡ ♠♦❞✐✜❝❛ ♦ ✈❛❧♦r ❞❛ ♠❛tr✐③ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ q✉❡ ❝♦♠♣õ❡♠ ♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛✱

✐♥✢✉❡♥❝✐❛♥❞♦ ❞✐r❡t❛♠❡♥t❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦✳

◆❛ ❚❛❜❡❧❛ ✭✺✳✹✮ ❡♥❝♦♥tr❛♠♦s ✈❛❧♦r❡s ♣❛r❛ ♦ ❞❡s❛❥✉st❡ ❡①♣❡r✐♠❡♥t❛❧ ❡ t❡ór✐❝♦

s❡♠❡❧❤❛♥t❡s ❛ ❚❛❜❡❧❛ ✭✺✳✷✮✱ ❡①❝❡t♦ ♣❛r❛ ♦s ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛s ✭✼ ❡ ✽ ❜✐ts✮✱ ♦♥❞❡

t❛♠❜é♠ ♦❜s❡r✈❛♠♦s q✉❡ ♦ ❡①❝❡ss♦ ❞❡ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ❡stá ♥❛ ♠❡s♠❛ ♦r❞❡♠ ❞♦

❡rr♦ ♠í♥✐♠♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ (ξmin = σ2
k = 10−6)✳

◆❛s ❚❛❜❡❧❛s ✭✺✳✷✮✱ ✭✺✳✸✮ ❡ ✭✺✳✹✮ ♠♦str❛♠♦s ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ❞❡s❛❥✉st❡ ❡①✲

♣❡r✐♠❡♥t❛❧ ❡ ♦ ❞❡s❛❥✉st❡ t❡ór✐❝♦ ♣r♦♣♦st♦ ♣❡❧♦ ♥♦ss♦ tr❛❜❛❧❤♦✱ q✉❡ ❞❡♣❡♥❞❡♠ ❞♦ ♣r♦❜❧❡♠❛

❡♥✈♦❧✈✐❞♦✱ t❛❧ ❝❛r❛❝t❡ríst✐❝❛ t❛♠❜é♠ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ♦✉tr♦s ❛❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✲

✈♦s ❝♦♠♦ ♦ ▲▼❙✳ ❖s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♥❡ss❛s ❚❛❜❡❧❛s ❞❡♠♦♥str❛♠ ✉♠❛ ❛♣r♦①✐♠❛çã♦

❝♦♠ ✉♠ ❡rr♦ ❛❝❡✐tá✈❡❧ ❞♦s r❡s✉❧t❛❞♦s t❡ór✐❝♦s ❡ ♦s ❡①♣❡r✐♠❡♥t❛✐s ♣❛r❛ ♦ ❞❡s❛❥✉st❡✱ ✈❛❧✐✲

❞❛♥❞♦ ♥❡st❡ ❝❛s♦ ♦ ♠♦❞❡❧♦ ♣r♦♣♦st♦ ♣❡❧♦ ♥♦ss♦ tr❛❜❛❧❤♦✳ ❯♠ ❞❡s❛✜♦ ✐♥t❡r❡ss❛♥t❡ ❞♦

♥♦ss♦ tr❛❜❛❧❤♦ ❞❡✈❡ ❡st❛r r❡❧❛❝✐♦♥❛❞♦ ❛♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛ q✉❛♥t✐③❛çã♦ ❞♦ s✐♥❛❧ ❞❡ ❡♥✲

tr❛❞❛ ❝♦♠ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛ ✉t✐❧✐③❛❞♦✱ ❛ss✐♠ ♣♦❞❡✲s❡ ❞❡✜♥✐r ♠❛t❡♠❛t✐❝❛♠❡♥t❡

♦ ✈❛❧♦r ♠í♥✐♠♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛ ♣❛r❛ q✉❡ ♥ã♦ ♦❝♦rr❛ ❛❧t❡r❛çã♦ ❞❛ tr❛❥❡tór✐❛

✐❞❡❛❧ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❙❆✳

◆♦ss❛ ❛♥á❧✐s❡ s❡ ❛♣r♦①✐♠❛ ❞❡ ♦✉tr❛s ❛♥á❧✐s❡s r❡❛❧✐③❛❞❛s ❡♠ ♦✉tr♦s ❛❧❣♦r✐t♠♦s

♣♦r ♦✉tr♦s ❛✉t♦r❡s✱ q✉❡ ✉t✐❧✐③❛♠ ❛❧❣♦r✐t♠♦s ❜❛s❡❛❞♦s ♥❛ té❝♥✐❝❛ ❞♦ ❣r❛❞✐❡♥t❡✱ ❝♦♠♦ ❡♠

❬❈❛r❛✐s❝♦s ❛♥❞ ▲✐✉ ✭✶✾✽✹✮❪ q✉❡ ❛♥❛❧✐s❛♠ ♦ r❡❣✐♠❡ ❡st❛❝✐♦♥ár✐♦✱ ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♦ ❞❡s❛✲

❥✉st❡✱ ❞♦ ❛❧❣♦r✐t♠♦ ▲▼❙ ✐♠♣❧❡♠❡♥t❛❞♦ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛✱ ❝♦♠♣❛r❛♥❞♦ r❡s✉❧t❛❞♦s t❡ór✐❝♦s

❝♦♠ ♦s ❡①♣❡r✐♠❡♥t❛✐s✱ ♦♥❞❡ ✈❡r✐✜❝♦✉✲s❡ q✉❡ ♦ r✉í❞♦ ❞❡ q✉❛♥t✐③❛çã♦ ✐♥✢✉ê♥❝✐❛ ♥♦ r❡s✉❧✲

t❛❞♦ ✜♥❛❧ ♣❛r❛ ♦ ❞❡s❛❥✉st❡✱ ❛tr❛✈és ❞❡ ✉♠ ✐♥❝r❡♠❡♥t♦ ❞❡ ✉♠ r✉í❞♦ ❞❡ q✉❛♥t✐③❛çã♦✱ ❝✉❥♦

✈❛❧♦r ❞❡st❡ ❞❡♣❡♥❞❡ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞♦ t❛♠❛♥❤♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛ ✉t✐❧✐③❛❞♦

♥♦ ♣r♦❜❧❡♠❛✳ ❈♦♥❝❧✉✐✉ q✉❡ ♣❛r❛ ✉♠ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ ♠✉✐t♦ ♣❡q✉❡♥♦ ❡ ♦ ❡①❝❡ss♦ ❞❡

❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ♠✉✐t♦ ♠❛✐♦r q✉❡ ♦ ❡rr♦ ♠í♥✐♠♦ ♠é❞✐♦ q✉❛❞rát✐❝♦✱ s❡✉s r❡s✉❧t❛❞♦s

t❡ór✐❝♦s ♣r❡❞✐③✐❛♠ ♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❡ q✉❡ ♦ ❡rr♦ ❞❡ q✉❛♥t✐③❛çã♦ ♣♦❞❡r✐❛ s❡r

❞❡s♣r❡③í✈❡❧ ❝♦♠ ♦ ❛✉♠❡♥t♦ ♥♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛s✳

❖✉tr❛ ❛♥á❧✐s❡ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ▲▼❙ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r

●✉♣t❛ ✭✷✵✵✵✮✱ ❡st❡ tr❛❜❛❧❤♦ ✐♥✈❡st✐❣❛ ✉♠ ❢❡♥ô♠❡♥♦ ❞❡ ❛✉♠❡♥t♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r✲

❣ê♥❝✐❛ ♣❛r❛ ❛❧❣✉♥s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❛❧❛✈r❛s ❡s♣❡❝í✜❝♦s✱ ❞❡st❛ ❢♦r♠❛ ❡st❡ ♣r♦❜❧❡♠❛ ❞❛

✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ t❡♠ ✐♥✢✉❡♥❝✐❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛s



✻ ❉✐s❝✉ssã♦ ✺✻

✉t✐❧✐③❛❞♦ ♥♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛✱ ❛✐♥❞❛ ♠♦str❛ r❡s✉❧t❛❞♦s q✉❡ ❞❡✜♥❡♠ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛✲

❧❛✈r❛ ♠í♥✐♠♦ ✉t✐❧✐③❛❞♦ ♥♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ q✉❡ ♥ã♦ ♠♦❞✐✜q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

❞❡st❡ ❛❧❣♦r✐t♠♦✳



✺✼

✼ ❈♦♥❝❧✉sõ❡s ❋✐♥❛✐s ❡ P❡rs♣❡❝t✐✈❛s

◆❡st❡ tr❛❜❛❧❤♦✱ ❛♥❛❧✐s❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ❙❆ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ✉t✐❧✐③❛♥❞♦ ❛r✐t✲

♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✜①♦✳ P❛r❛ ✐st♦ ❞❡r✐✈❛♠♦s ❡①♣r❡ssõ❡s ❛♥❛❧ít✐❝❛s ♣❛r❛ ♦ ❞❡s❛❥✉st❡ ❡♠

♣r❡❝✐sã♦ ✜♥✐t❛ ❡ r❡❛❧✐③❛♠♦s ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❡♠ sér✐❡ ❞❡ t❛②❧♦r ♦ q✉❡ t♦r♥♦✉ ♣♦ssí✈❡❧

r❡❛❧✐③❛r ❡ss❛ ✐♠♣❧❡♠❡♥t❛çã♦✳ ❆s ❡①♣r❡ssõ❡s ❛♥❛❧ít✐❝❛s ❡♥❝♦♥tr❛❞❛s✱ ♠♦str❛♠ q✉❡ ❛ ✈❡❧♦❝✐✲

❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ é ❝♦♥tr♦❧❛❞❛ ♣❡❧❛ q✉❛♥t✐③❛çã♦ ❞♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ q✉❡

♠♦❞✐✜❝❛ ❛ ♠❛tr✐③ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞♦ ✜❧tr♦ ❛❞❛♣t❛t✐✈♦✳

❖ ♠♦❞❡❧♦ ♣r♦♣♦st♦ ♣❛r❛ ♦ ❞❡s❛❥✉st❡ t❡ór✐❝♦✱ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❡st❡ tr❛❜❛❧❤♦✱ ❛♣r❡✲

s❡♥t♦✉ ✈❛❧♦r❡s ❛♣r♦①✐♠❛❞♦s ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦s ✈❛❧♦r❡s ❞♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ♦❜t✐❞♦

❛tr❛✈és ❞❛ s✐♠✉❧❛çã♦✳ ◆❡ss❡ ♠♦❞❡❧♦ ❡♠ ❡st✉❞♦✱ ♣❛r❛ ✉♠❛ ♣r❡✈✐sã♦ ❛❞❡q✉❛❞❛ ❞♦ ❞❡s❛❥✉st❡

♣♦❞❡ s❡r ♥❡❝❡ssár✐♦ ❡s❝♦❧❤❡r ✉♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛ ❞❡ ❢♦r♠❛ q✉❡ ♦ ❡①❝❡ss♦ ❞❡ ❡rr♦

q✉❛❞rát✐❝♦ ♠é❞✐♦ s❡❥❛ ♠✉✐t♦ ♠❡♥♦r q✉❡ ♦ ❡rr♦ ♠í♥✐♠♦ q✉❛❞rát✐❝♦ ♠é❞✐♦✳ ❆ss✐♠✱ ♣♦❞❡✲

s❡ ❡s♣❡❝✐✜❝❛r ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛❧❛✈r❛ ♠í♥✐♠♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s ♣❛r❛

❝♦♥✈❡r❣ê♥❝✐❛ ❝♦♠ r✉í❞♦ ❞❡ q✉❛♥t✐③❛çã♦ ❞❡s♣r❡③í✈❡❧ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❙❆✳

❖s r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ❡♥❝♦♥tr❛❞♦s s✉❣❡r❡♠ ✉♠❛ ❡st❛❜✐❧✐❞❛❞❡ ♥ú♠❡r✐❝❛

♣❛r❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ss❡ ❛❧❣♦r✐t♠♦ ❡♠ ♣r❡❝✐sã♦ ✜♥✐t❛ ❡①♣❛♥❞✐❞♦ ❡♠ sér✐❡ ❞❡ t❛②❧♦r ❡

❛ ♣♦ssí✈❡❧ ✐♠♣❧❡♠❡♥t❛çã♦ ❡♠ ❞✐s♣♦s✐t✐✈♦s ❞❡ ❤❛r❞✇❛r❡ ❞❡ss❡ ❛❧❣♦r✐t♠♦✳ ■ss♦ ✐♠♣❧✐❝❛ ❡♠

♥♦✈❛s ❛❧t❡r♥❛t✐✈❛s ♣❛r❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ s✐♥❛✐s ❡♥❝♦♥tr❛❞♦s

❡♠ ❞✐✈❡rs❛s ár❡❛s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ♥❛ ♠❡❞✐❝✐♥❛✱ ♠✐❧✐t❛r ❡ ♦✉tr♦s✳

❖s ♣ró①✐♠♦s r✉♠♦s ❞❡ss❛ ♣❡sq✉✐s❛ s❡rá ❝♦♥t✐♥✉❛r♠♦s ❛✈❛❧✐❛♥❞♦ ❡st❛ ❛♥á❧✐s❡

♣❛r❛ ❛ ♠❛tr✐③ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛✱ ♣❛r❛ ❞✐❢❡r❡♥t❡s s✐♥❛✐s ❞❡ ❡♥tr❛❞❛ ❡

r✉í❞♦s✳ ❈♦♠♦ ♣❡sq✉✐s❛ ❢✉t✉r❛ s✉❣❡r✐♠♦s ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ss❡ ❛❧❣♦r✐t♠♦ ❡♠ ❞✐s♣♦s✐t✐✈♦

❞❡ ❤❛r❞✇❛r❡✳



✺✽

❘❡❢❡rê♥❝✐❛s

❬❇❡rs❤❛❞ ❛♥❞ ❇❡r♠✉❞❡③✱✭✶✾✾✻✮❪ ❇❡rs❤❛❞✱ ◆✳ ❏✳✱✫ ❇❡r♠✉❞❡③✱ ❏✳✱ ❈✳✱ ▼✳✱ ✶✾✾✻✳ ❆ ◆♦♥❧✐♥❡❛r

❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧ ❢♦r t❤❡ q✉❛♥t✐③❡❞ ▲▼❙ ❛❧❣♦r✐t❤♠ ✲ ❚❤❡ ♣♦✇❡r✲♦❢✲t✇♦ st❡♣ s✐③❡ ❝❛s❡✳

■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣✳ Pr♦❝✳✱✳✈♦❧✳ ❙P✲✹✹✱ ♥♦✳ ✶✶✱ ♣♣✳ ✷✽✾✺✲✷✾✵✵❀

❬❈❛r❛✐s❝♦s ❛♥❞ ▲✐✉✱ ✭✶✾✽✹✮❪ ❈❛r❛✐s❝♦s✱ ❈✳✱✫ ▲✐✉✱ ❇✳✱ ✶✾✽✹✳ ❆ ❆ r♦✉♥❞♦✛ ❡rr♦r ❛♥❛❧②s✐s ♦❢

▲▼❙ ❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠✳ ■❊❊❊ ❚r❛♥s✳ ❆❝♦✉st✳✱ ❙♣❡❡❝❤✱ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱✳✈♦❧✳ ❆❙❙P✲

✸✷✱ ♥♦✳ ✶✱ ♣♣✳ ✸✹✲✹✶❀

❬❉✐♥✐③✱ ✭✷✵✶✸✮❪ ❉✐♥✐③✱ P✳✱ ✷✵✶✸✳ ❆❞❛♣t✐✈❡ ✜❧t❡r✐♥❣✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✳

❬❉♦✉❣❧❛s ❛♥❞ ▼❡♥❣✱ ✭✶✾✾✹✮❪ ❉♦✉❣❧❛s✱ ❙✳✱ ❈✳✱✫ ▼❡♥❣✱ ❚✳✱ ❍✳✱ ✶✾✾✹✳ ❙t♦❝❤❛st✐❝ ❣r❛❞✐❡♥t

❛❞❛♣t❛t✐♦♥ ✉♥❞❡r ❣❡♥❡r❛❧ ❡rr♦r ❝r✐t❡r✐❛✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣✳ Pr♦❝✳✱✳❱♦❧✳ ✹✷✱ ♥♦✳

✻✳

❬●✉♣t❛ ❛♥❞ ❍❡r♦✱ ✭✷✵✵✵✮❪ ●✉♣t❛✱ ❘✳✱✫ ❍❡r♦✱ ❆✳✱ ❖✳✱ ✷✵✵✵✳ ❚r❛♥s✐❡♥t ❇❡❤❛✈✐♦r ♦❢ ✜①❡❞

♣♦✐♥t ▲▼❙ ❛❞❛♣t❛t✐♦♥✱✳ ❯♥✐✈❡rs✐t② ♦❢ ▼✐❝❤✐❣❛♥✱ ❆♥♥ ❆r❜♦r✱✳▼■ ✹✽✶✵✾✲✷✶✷✷✳
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%% UNIVERSIDADE FEDERAL DO MARANHAO 
%% MESTRADO DE ENGENHARIA DE ELETRICIDADE 
%% LABORATORIO DE PROCESSAMENTO DA INFORMACAO BIOLOGICA 
%% JOSÉ DE RIBAMAR SILVA FONSECA 
 
%%        CODIGO : QUANTIZAÇÃO DO FILTRO ADAPTATIVO SIGMOIDAL 
 
%% Referencias: 
% Fonseca, J. R. S. et al. Dezembro 2016. 
 
resetglobalfimath; 
WordLength = 16; %numero de bits total 
FractionalLength =  14;  %numero de bits fracao 
T1 = 
numerictype('Signedness','signed','Slope',1,'Bias',0,'WordLength',WordLen
gth,...'FractionLength',FractionalLength); 
F1 = 
fimath('ProductMode','SpecifyPrecision','ProductWordLength',WordLength,..
.ProductFractionLength',FractionalLength,'SumMode','SpecifyPrecision',... 
'SumWordLength',WordLength,'SumFractionLength',FractionalLength,'Overflow
Mode',...'Saturate'); 
  
  
a1= 4; 
A = eye(a1); 
N1=fi(a1, T1, F1); 
  
VEZ=100; 
M=600; 
alpha=3; 
muL=1e-2; 
muL1 = fi(muL, T1, F1); 
J=1; 
for i=1:VEZ, 
    %Sinal de Entrada 
    x  = rand(1,M); 
    x=maxize(stdize(x)); 
    x1= fi(x, T1, F1); 
    
     %Ruído do Sinal 
     ruido=0.001*stdize(rand(1,M)); 
    ruido1(i,:) = fi(ruido, T1, F1);ruido1(i,:) = ruido1(i,:)-
mean(ruido1(i,:)); 
 
    %Passo de Adaptação 
    muT=0.0100; 
    muT1=fi(muT, T1, F1); 
    b1 = fi([0 0.2037 0.5926 0.2037], T1, F1); 
 
    %mudar numero de bits 
    D1  = filter(b1,1,x1)+ruido1(i,:);%sinal de entrada 
  
   BIT1= 7; BIT2=8 ; BIT3= 9; BIT4=10 ; BIT5=11;  BIT6=12 ; BIT7=13; 
      
    A1=fi(A, T1, F1); 
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    X1=fdelay_pf(x1,A1); 
 
    [y1(i,:),e1(i,:)] = tlms_pontofixo1(X1,D1,muT1,alpha1, BIT1);   
    [y2(i,:),e2(i,:)] = tlms_pontofixo2(X1,D1,muT1,alpha1, BIT2); 
    [y3(i,:),e3(i,:)] = tlms_pontofixo3(X1,D1,muT1,alpha1, BIT3); 
    [y4(i,:),e4(i,:)] = tlms_pontofixo4(X1,D1,muT1,alpha1, BIT4); 
    [y5(i,:),e5(i,:)] = tlms_pontofixo5(X1,D1,muT1,alpha1, BIT5); 
    [y6(i,:),e6(i,:)] = tlms_pontofixo6(X1,D1,muT1,alpha1, BIT6); 
    [y7(i,:),e7(i,:)] = tlms_pontofixo7(X1,D1,muT1,alpha1, BIT7); 
end 
  
ems1= std(e1.data); 
  
ems2= std(e2.data); 
ems3= std(e3.data); 
ems4= std(e4.data); 
ems5= std(e5.data); 
ems6= std(e6.data); 
ems7= std(e7.data); 
  
vruido= var(ruido); 
Media_ruido = mean(vruido) 
  
  
%Desajuste 1 
vari1 = var(ems1(:,M-200:M-1)); 
vari2 = var(ems2(:,M-200:M-1)); 
vari3 = var(ems3(:,M-200:M-1)); 
vari4 = var(ems4(:,M-200:M-1)); 
vari5 = var(ems5(:,M-200:M-1)); 
vari6 = var(ems6(:,M-200:M-1)); 
vari7 = var(ems7(:,M-200:M-1)); 
  
JMCm1 = mean(vari1); 
JMCm2 = mean(vari2); 
JMCm3 = mean(vari3); 
JMCm4 = mean(vari4); 
JMCm5 = mean(vari5); 
JMCm6 = mean(vari6); 
JMCm7 = mean(vari7); 
  
D_exper1 = (JMCm1 - mean(vruido))/mean(vruido)+1; 
D_exper2 = (JMCm2 - mean(vruido))/mean(vruido)+1; 
D_exper3 = (JMCm3 - mean(vruido))/mean(vruido)+1; 
D_exper4 = (JMCm4 - mean(vruido))/mean(vruido)+1; 
D_exper5 = (JMCm5 - mean(vruido))/mean(vruido)+1; 
D_exper6 = (JMCm6 - mean(vruido))/mean(vruido)+1; 
D_exper7 = (JMCm7 - mean(vruido))/mean(vruido)+1; 
  
vbits1=((2^(-2*(BIT1))/12)*0.0590); 
vbits2=((2^(-2*(BIT2))/12)*0.0590); 
vbits3=((2^(-2*(BIT3))/12)*0.0590); 
vbits4=((2^(-2*(BIT4))/12)*0.0590); 
vbits5=((2^(-2*(BIT5))/12)*0.0590); 
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vbits6=((2^(-2*(BIT6))/12)*0.0590); 
vbits7=((2^(-2*(BIT7))/12)*0.0590); 
  
D_teorico1 = 
fi(((muT*(mean(tanh(alpha*ruido).^2))+(vbits1)/muT)*trace(X1*X1')/M)/ 
(2*(mean(sech(alpha*ruido).^2))*mean(var(ruido))), T1, F1); 
Figure, 
t=1:M;semilogy([ems1;ems2;ems3;ems4;ems5;ems6;ems7]'); grid; 
title('Curva de Aprendizagem Precisão finita Sigmoidal entrada: 
15+1bits'); 
legend(['SA=',num2str(BIT1)],['SA=',num2str(BIT2)], 
['SA=',num2str(BIT3)], ['SA=',num2str(BIT4)], ['SA=',num2str(BIT5)], 
['SA=',num2str(BIT6)], ['SA=',num2str(BIT7)]); 
xlabel('iterações'); 
ylabel('Erro'); 

 


