
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❊①❛t❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ❊♥❣❡♥❤❛r✐❛ ❞❡

❊❧❡tr✐❝✐❞❛❞❡

▼❡❧❤♦r✐❛s ❞❡ ❊st❛❜✐❧✐❞❛❞❡ ◆✉♠ér✐❝❛ ❡ ❈✉st♦

❈♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❆♣r♦①✐♠❛❞♦r❡s ❞❡ ❋✉♥çõ❡s

❱❛❧♦r ❞❡ ❊st❛❞♦ ❇❛s❡❛❞♦s ❡♠ ❊st✐♠❛❞♦r❡s ❘▲❙

♣❛r❛ Pr♦❥❡t♦ ❖♥❧✐♥❡ ❞❡ ❙✐st❡♠❛s ❞❡ ❈♦♥tr♦❧❡

❍❉P✲❉▲◗❘

❊r♥❡st♦ ❋r❛♥❦❧✐♥ ▼❛rç❛❧ ❋❡rr❡✐r❛

❙ã♦ ▲✉ís
✷✵✶✻



❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❊①❛t❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ❊♥❣❡♥❤❛r✐❛ ❞❡

❊❧❡tr✐❝✐❞❛❞❡

▼❡❧❤♦r✐❛s ❞❡ ❊st❛❜✐❧✐❞❛❞❡ ◆✉♠ér✐❝❛ ❡ ❈✉st♦

❈♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❆♣r♦①✐♠❛❞♦r❡s ❞❡ ❋✉♥çõ❡s

❱❛❧♦r ❞❡ ❊st❛❞♦ ❇❛s❡❛❞♦s ❡♠ ❊st✐♠❛❞♦r❡s ❘▲❙

♣❛r❛ Pr♦❥❡t♦ ❖♥❧✐♥❡ ❞❡ ❙✐st❡♠❛s ❞❡ ❈♦♥tr♦❧❡

❍❉P✲❉▲◗❘

❊r♥❡st♦ ❋r❛♥❦❧✐♥ ▼❛rç❛❧ ❋❡rr❡✐r❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦

❡♠ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❊❧❡tr✐❝✐❞❛❞❡ ❞❛ ❯❋▼❆ ❝♦♠♦ ♣❛rt❡ ❞♦s

r❡q✉✐s✐t♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ❊♥❣❡♥❤❛r✐❛ ❊❧étr✐❝❛ ♥❛ ár❡❛ ❞❡ ❆✉t♦♠❛çã♦ ❡ ❈♦♥tr♦❧❡✳

❙ã♦ ▲✉ís
✷✵✶✻



❋❡rr❡✐r❛✱ ❊r♥❡st♦ ❋r❛♥❦❧✐♥ ▼❛rç❛❧

▼❡❧❤♦r✐❛s ❞❡ ❊st❛❜✐❧✐❞❛❞❡ ◆✉♠ér✐❝❛ ❡ ❈✉st♦ ❈♦♠♣✉t❛❝✐♦♥❛❧ ❞❡

❆♣r♦①✐♠❛❞♦r❡s ❞❡ ❋✉♥çõ❡s ❱❛❧♦r ❞❡ ❊st❛❞♦ ❜❛s❡❛❞♦s ❡♠ ❊st✐♠❛❞♦✲

r❡s ❘▲❙ ♣❛r❛ Pr♦❥❡t♦ ❖♥❧✐♥❡ ❞❡ s✐st❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ❍❉P✲❉▲◗❘ ✴

❊r♥❡st♦ ❋r❛♥❦❧✐♥ ▼❛rç❛❧ ❋❡rr❡✐r❛✳ ✲ ❙ã♦ ▲✉ís✱ ✷✵✶✻✳

✶✼✽❢✳

■♠♣r❡ss♦ ♣♦r ❝♦♠♣✉t❛❞♦r ✭❢♦t♦❝ó♣✐❛✮✳

❖r✐❡♥t❛❞♦r✿ ❏♦ã♦ ❱✐❛♥❛ ❞❛ ❋♦♥s❡❝❛ ◆❡t♦✳

❈♦✲❖r✐❡♥t❛❞♦r❛✿ P❛trí❝✐❛ ❍❡❧❡♥❛ ▼♦r❛❡s ❘ê❣♦✳

❉✐ss❡rt❛çã♦ ✭▼❡str❛❞♦✮ ✲ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦✱ Pr♦✲

❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❊❧❡tr✐❝✐❞❛❞❡✱ ✷✵✶✻✳

✶✳ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ✷✳ ❆♣r❡♥❞✐③❛❣❡♠ ♣♦r ❘❡❢♦rç♦ ✸✳ Pr♦✲

❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ❍❡✉ríst✐❝❛ ✹✳ ❈♦♥tr♦❧❡ ▼✉❧t✐✈❛r✐á✈❡❧ ✺✳ ❈♦♥tr♦❧❡

Ót✐♠♦ ✻✳ ❘❡❣✉❧❛❞♦r ▲✐♥❡❛r ◗✉❛❞rát✐❝♦ ❉✐s❝r❡t♦ ✼✳ ▼í♥✐♠♦s ◗✉❛❞r❛✲

❞♦s ❘❡❝✉rs✐✈♦s✳

❈❉❯ ✻✽✶✳✺



▼❡❧❤♦r✐❛s ❞❡ ❊st❛❜✐❧✐❞❛❞❡ ◆✉♠ér✐❝❛ ❡ ❈✉st♦
❈♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❆♣r♦①✐♠❛❞♦r❡s ❞❡ ❋✉♥çõ❡s
❱❛❧♦r ❞❡ ❊st❛❞♦ ❇❛s❡❛❞♦s ❡♠ ❊st✐♠❛❞♦r❡s ❘▲❙
♣❛r❛ Pr♦❥❡t♦ ❖♥❧✐♥❡ ❞❡ ❙✐st❡♠❛s ❞❡ ❈♦♥tr♦❧❡

❍❉P✲❉▲◗❘

❊r♥❡st♦ ❋r❛♥❦❧✐♥ ▼❛rç❛❧ ❋❡rr❡✐r❛

❆♣r♦✈❛❞❛ ❡♠ ✵✽✴✵✸✴✷✵✶✻

❇❆◆❈❆ ❊❳❆▼■◆❆❉❖❘❆

Pr♦❢✳ ❏♦ã♦ ❱✐❛♥❛ ❞❛ ❋♦♥s❡❝❛ ◆❡t♦
❉r✳ ❡♠ ❊♥❣❡♥❤❛r✐❛ ❊❧étr✐❝❛

❖r✐❡♥t❛❞♦r

Pr♦❢❛✳ P❛trí❝✐❛ ❍❡❧❡♥❛ ▼♦r❛❡s ❘ê❣♦
❉r✳ ❡♠ ❊♥❣❡♥❤❛r✐❛ ❊❧étr✐❝❛

❈♦✲❖r✐❡♥t❛❞♦r❛

Pr♦❢✳ ❋r❛♥❝✐s❝♦ ❞❛s ❈❤❛❣❛s ❙♦✉③❛
❉r✳ ❡♠ ❊♥❣❡♥❤❛r✐❛ ❊❧étr✐❝❛

❊①❛♠✐♥❛❞♦r ■♥t❡r♥♦

Pr♦❢❛✳ ▲❛✉r✐♥❞❛ ▲ú❝✐❛ ◆♦❣✉❡✐r❛ ❞♦s ❘❡✐s
❉r✳ ❡♠ ❊♥❣❡♥❤❛r✐❛ ❊❧étr✐❝❛

❊①❛♠✐♥❛❞♦r ❊①t❡r♥♦



✧❆ ❝✐ê♥❝✐❛ ✈✐✈❡ ❞❡ s✉❝❡ss✐✈❛s s♦❧✉çõ❡s ❞❛❞❛s ❛ ♣♦rq✉ês ❝❛❞❛ ✈❡③ ♠❛✐s s✉t✐s✱ ❝❛❞❛

✈❡③ ♠❛✐s ♣ró①✐♠♦s à ❡ssê♥❝✐❛ ❞♦s ❢❡♥ô♠❡♥♦s✧✳ P❛st❡✉r



➚ ♠✐♥❤❛ ❢❛♠í❧✐❛ q✉❡ ❛❥✉❞♦✉ ❛ t♦r♥❛r ✐ss♦ ♣♦ssí✈❡❧ ❡ ❛♦s ♠❡✉s ♦r✐❡♥t❛❞♦r❡s q✉❡

♠❡ ✐♥str✉ír❛♠ ♥❛ ❝♦♥❝❧✉sã♦ ❞❡ss❡ tr❛❜❛❧❤♦✳



❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡ ❛ ❉❡✉s✳

➚ ♠✐♥❤❛ ♠✐♥❤❛ ❢❛♠í❧✐❛ q✉❡ ♠❡ ✐♥❝❡♥t✐✈♦✉ ♥❡ss❛ ❝♦♥q✉✐st❛✳

❆♦ Pr♦❢✳ ❉r✳ ❏♦ã♦ ❱✐❛♥❛ ❞❛ ❋♦♥s❡❝❛ ◆❡t♦ ❡ ❛ Pr♦❢❛✳ ❉r❛✳ P❛trí❝✐❛ ❍❡❧❡♥❛

▼♦r❛❡s ❘ê❣♦ ♣❡❧♦ ❣r❛♥❞❡ ❡♠♣❡♥❤♦ ❝♦♠♦ ♦r✐❡♥t❛❞♦r❡s✳

❆♦s ❝♦♠♣❛♥❤❡✐r♦s ❡ ❝♦♠♣❛♥❤❡✐r❛s ❞♦ ▲❛❜s❡❝✐✳



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦✱ ❛♣r❡s❡♥t❛✲s❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡ ❛ ❛♥á❧✐s❡ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ♥✉✲

♠ér✐❝❛ ❞❡ ✉♠ ♥♦✈♦ ❛❧❣♦r✐t♠♦ ❝rít✐❝♦ ❛❞❛♣t❛t✐✈♦ ♣❛r❛ ❛♣r♦①✐♠❛r ❛ ❢✉♥çã♦ ✈❛❧♦r

❞❡ ❡st❛❞♦ ♣❛r❛ ♦ ♣r♦❥❡t♦ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ♦♥❧✐♥❡✱ ✉t✐❧✐③❛♥❞♦ ♦ r❡✲

❣✉❧❛❞♦r ❧✐♥❡❛r q✉❛❞rát✐❝♦ ❞✐s❝r❡t♦ ✭❉▲◗❘✮✱ ❝♦♠ ❜❛s❡ ❡♠ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛

❤❡✉ríst✐❝❛ ✭❍❉P✮✳ ❖ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ❢❛③ ✉s♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ✉♥✐tár✐❛s ❡ ♠é✲

t♦❞♦s ❞❡ ❞❡❝♦♠♣♦s✐çã♦ QR ♣❛r❛ ♠❡❧❤♦r❛r ❛ ❡✜❝✐ê♥❝✐❛ ❞❛ ❛♣r❡♥❞✐③❛❣❡♠ ♦♥❧✐♥❡ ♥❛

r❡❞❡ ❝rít✐❝❛ ♣♦r ♠❡✐♦ ❞❛ ❛❜♦r❞❛❣❡♠ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s r❡❝✉rs✐✈♦s ✭❘▲❙✮✳ ❆

❡str❛té❣✐❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❡s❡♥✈♦❧✈✐❞❛ ❢♦r♥❡❝❡ ♠❡❧❤♦r✐❛s ♥♦ ❞❡s❡♠♣❡♥❤♦ ❝♦♠✲

♣✉t❛❝✐♦♥❛❧ ❡♠ t❡r♠♦s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ❡ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ q✉❡ ✈✐s❛♠

t♦r♥❛r ♣♦ssí✈❡✐s ❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ❡♠ t❡♠♣♦ r❡❛❧ ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❞♦ ♣r♦❥❡t♦ ❞❡

❝♦♥tr♦❧❡ ót✐♠♦ ❝♦♠ ❜❛s❡ ❡♠ ♣❛r❛❞✐❣♠❛s ❞❡ ❛♣r❡♥❞✐③❛❞♦ ♣♦r r❡❢♦rç♦ ❛t♦r✲❝rít✐❝♦✳ ❖

❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ❞♦ ❛❧❣♦r✐t♠♦ ♦♥❧✐♥❡ ♣r♦✲

♣♦st♦✱ ❞❡♥♦♠✐♥❛❞♦ ❘▲❙µ✲QR✲❍❉P✲❉▲◗❘✱ sã♦ ❛✈❛❧✐❛❞♦s ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s

❝♦♠♣✉t❛❝✐♦♥❛✐s ❡♠ três ♠♦❞❡❧♦s ▼ú❧t✐♣❧❛s✲❊♥tr❛❞❛s ❡ ▼ú❧t✐♣❧❛s✲❙❛í❞❛s ✭▼■▼❖✮✱

q✉❡ r❡♣r❡s❡♥t❛♠ ♦ ♣✐❧♦t♦ ❛✉t♦♠át✐❝♦ ❞❡ ✉♠❛ ❛❡r♦♥❛✈❡ ❋✲✶✻ ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠✱

✉♠ ❝✐r❝✉✐t♦ ❞❡ q✉❛rt❛ ♦r❞❡♠ ❘▲❈ ❝♦♠ ❞✉❛s t❡♥sõ❡s ❞❡ ❡♥tr❛❞❛ ❡ ❞♦✐s ♥í✈❡✐s ❞❡

t❡♥sã♦ ❝♦♥tr♦❧á✈❡✐s✱ ❡ ✉♠ ❣❡r❛❞♦r ❞❡ ✐♥❞✉çã♦ ❞✉♣❧❛♠❡♥t❡ ❛❧✐♠❡♥t❛❞♦s ❝♦♠ s❡✐s

❡♥tr❛❞❛s ❡ s❡✐s s❛í❞❛s ♣❛r❛ s✐st❡♠❛s ❞❡ ❝♦♥✈❡rsã♦ ❞❡ ❡♥❡r❣✐❛ ❡ó❧✐❝❛✳

P❛❧❛✈r❛s✲❈❤❛✈❡✿ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛✱ ❆♣r❡♥❞✐③❛❣❡♠ ♣♦r ❘❡❢♦rç♦✱ Pr♦✲

❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ❍❡✉ríst✐❝❛✱ ❈♦♥tr♦❧❡ ▼✉❧t✐✈❛r✐á✈❡❧✱ ❈♦♥tr♦❧❡ Ót✐♠♦✱ ❘❡❣✉❧❛✲

❞♦r ▲✐♥❡❛r ◗✉❛❞rát✐❝♦ ❉✐s❝r❡t♦✱ ▼í♥✐♠♦s ◗✉❛❞r❛❞♦s ❘❡❝✉rs✐✈♦s✱ ❉❡❝♦♠♣♦s✐çã♦

◗❘✳



❆❜str❛❝t

❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ ❛ ♥❡✇ ❛❞❛♣t✐✈❡ ❝r✐t✐❝

❛❧❣♦r✐t❤♠ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ st❛t❡✲✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❢♦r ♦♥❧✐♥❡ ❞✐s❝r❡t❡ ❧✐♥❡❛r q✉❛❞r❛t✐❝

r❡❣✉❧❛t♦r ✭❉▲◗❘✮ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ s②st❡♠ ❞❡s✐❣♥ ❜❛s❡❞ ♦♥ ❤❡✉r✐st✐❝ ❞②♥❛♠✐❝ ♣r♦✲

❣r❛♠♠✐♥❣ ✭❍❉P✮ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❚❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ♠❛❦❡s ✉s❡

♦❢ ✉♥✐t❛r② tr❛♥s❢♦r♠❛t✐♦♥s ❛♥❞ QR ❞❡❝♦♠♣♦s✐t✐♦♥ ♠❡t❤♦❞s t♦ ✐♠♣r♦✈❡ t❤❡ ♦♥✲

❧✐♥❡ ❧❡❛r♥✐♥❣ ❡✣❝✐❡♥❝② ✐♥ t❤❡ ❝r✐t✐❝ ♥❡t✇♦r❦ t❤r♦✉❣❤ t❤❡ r❡❝✉rs✐✈❡ ❧❡❛st✲sq✉❛r❡s

✭❘▲❙✮ ❛♣♣r♦❛❝❤✳ ❚❤❡ ❞❡✈❡❧♦♣❡❞ ❧❡❛r♥✐♥❣ str❛t❡❣② ♣r♦✈✐❞❡s ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❡r✲

❢♦r♠❛♥❝❡ ✐♠♣r♦✈❡♠❡♥ts ✐♥ t❡r♠s ♦❢ ♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st

✇❤✐❝❤ ❛✐♠ ❛t ♠❛❦✐♥❣ ♣♦ss✐❜❧❡ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✐♥ r❡❛❧ t✐♠❡ ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr♦❧

❞❡s✐❣♥ ♠❡t❤♦❞♦❧♦❣② ❜❛s❡❞ ✉♣♦♥ ❛❝t♦r✲❝r✐t✐❝ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ♣❛r❛❞✐❣♠s✳

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❜❡❤❛✈✐♦r ❛♥❞ ♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♦♥❧✐♥❡ ❛❧❣♦✲

r✐t❤♠✱ ❝❛❧❧❡❞ ❘▲❙µ✲QR✲❍❉P✲❉▲◗❘✱ ❛r❡ ❡✈❛❧✉❛t❡❞ ❜② ❝♦♠♣✉t❛t✐♦♥❛❧ s✐♠✉❧❛t✐♦♥s

✐♥ t❤r❡❡ ▼✉❧t✐♣❧❡✲■♥♣✉t ❛♥❞ ▼✉❧t✐♣❧❡✲❖✉t♣✉t ✭▼■▼❖✮ ♠♦❞❡❧s✱ t❤❛t r❡♣r❡s❡♥t t❤❡

❛✉t♦♠❛t✐❝ ♣✐❧♦t ♦❢ ❛♥ ❋✲✶✻ ❛✐r❝r❛❢t ♦❢ t❤✐r❞ ♦r❞❡r✱ ❛ ❢♦✉rt❤ ♦r❞❡r ❘▲❈ ❝✐r❝✉✐t ✇✐t❤

t✇♦ ✐♥♣✉t ✈♦❧t❛❣❡s ❛♥❞ t✇♦ ❝♦♥tr♦❧❧❛❜❧❡ ✈♦❧t❛❣❡ ❧❡✈❡❧s✱ ❛♥❞ ❛ ❞♦✉❜❧②✲❢❡❞ ✐♥❞✉❝t✐♦♥

❣❡♥❡r❛t♦r ✇✐t❤ s✐① ✐♥♣✉ts ❛♥❞ s✐① ♦✉t♣✉ts ❢♦r ✇✐♥❞ ❡♥❡r❣② ❝♦♥✈❡rs✐♦♥ s②st❡♠s✳

❑❡②✇♦r❞✿ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣✱ ❘❡✐♥❢♦r❝❡♠❡♥t ▲❡❛r♥✐♥❣✱ ❍❡✉r✐st✐❝ ❉②✲

♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣✱ ▼✉❧t✐✈❛r✐❛❜❧❡ ❈♦♥tr♦❧✱ ❖♣t✐♠❛❧ ❈♦♥tr♦❧✱ ❉✐s❝r❡t❡ ▲✐♥❡❛r

◗✉❛❞r❛t✐❝ ❘❡❣✉❧❛t♦r✱ ❘❡❝✉rs✐✈❡ ▲❡❛st✲❙q✉❛r❡s✳



▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✺✳✶ ❖♣❡r❛çõ❡s ❜ás✐❝❛s ❝♦♠ ✈❡t♦r❡s ❡♠ ℜnθ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✺✳✷ ❖♣❡r❛çõ❡s ❜ás✐❝❛s ❝♦♠ ♠❛tr✐③❡s ❡♠ ℜnθ×nθ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✺✳✸ ❘❡s✉❧t❛❞♦ ❞❛ ❛✈❛❧✐❛çã♦ ❞♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✐



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ Pr♦❜❧❡♠❛ ❞❡ ❞❡t❡❝çã♦ ❞❡ r♦t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷✳✷ ❊rr♦ ❞❡ ♣r❡❞✐çã♦ ✭❉✐❢❡r❡♥ç❛ ❚❡♠♣♦r❛❧✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✸ ❊str✉t✉r❛ ❞❡ ❆♣r❡♥❞✐③❛❞♦ ❆t♦r✲❈rít✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✹ ❆❜♦r❞❛❣❡♠ ❞❡ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ♣❛r❛ ❚rás ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✺ ❆❜♦r❞❛❣❡♠ ❞❡ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ♣❛r❛ ❋r❡♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✶ ❖ ❛❧❣♦r✐t♠♦ ❉▲◗❘✲❍❉P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✻✳✶ ▼♦✈✐♠❡♥t♦ ❧♦♥❣✐t✉❞✐♥❛❧ ❞❛ ❛❡r♦♥❛✈❡✱ ❧❡✈❛♥t❛r ❡ ❜❛✐①❛r ♦ ♥❛r✐③ ✳ ✳ ✼✺

✻✳✷ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p33✱ p13 ❡

p23 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦

λ = 0.55 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✻✳✸ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ Γ ❡ ♣❛râ♠❡tr♦ ♣♦s✐✲

t✐✈✐❞❛❞❡ ρ✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.55 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✻✳✹ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p33✱ p13 ❡

p23 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦

λ = 0.55 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✻✳✺ ◆ú♠❡r♦ ❞❛ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ Φ ✭❢❛t♦r ❞❡ ❈❤♦❧❡s❦②✮ ❡ ♣❛râ♠❡tr♦

❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.55 ♣❛r❛ ✉♠

❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✻✳✻ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p33✱ p13 ❡

p23 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦

λ = 0.92 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✐✐



✻✳✼ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ Γ ❡ ♣❛râ♠❡tr♦ ♣♦s✐✲

t✐✈✐❞❛❞❡ ρ✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.92 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✻✳✽ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p33✱ p13 ❡

p23 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦

λ = 0.92 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✻✳✾ ◆ú♠❡r♦ ❞❛ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ Φ ✭❢❛t♦r ❞❡ ❈❤♦❧❡s❦②✮ ❡ ♣❛râ♠❡tr♦

❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.92 ♣❛r❛ ✉♠

❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷
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✻✳✺✾ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱

p44 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦

λ = .915 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽

✻✳✻✵ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛

✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲

❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽

✻✳✻✶ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛

✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲

❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✻✳✻✷ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ ♠❛tr✐③ Γ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ

❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.915 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✻✳✻✸ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱

p44 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦

λ = .915 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■❱❊◆❙✮ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

✻✳✻✹ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛

✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲

❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■❱❊◆❙✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶

✻✳✻✺ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛

✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲

❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■❱❊◆❙✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶

✻✳✻✻ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ r❛✐③ q✉❛❞r❛❞❛ ❞❛ ♠❛tr✐③ Φ ❡ ♣❛râ♠❡tr♦ ❞❡

♣♦s✐t✐✈✐❞❛❞❡ ρ ❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.915 ✶✷✷

✈✐✐



✻✳✻✼ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱

p44 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦

λ = .915 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❍❖❯❙❊❍❖▲❉❊❘✮ ✳ ✶✷✸

✻✳✻✽ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛

✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲

❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❍❖❯❙❊❍❖▲❉❊❘✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸

✻✳✻✾ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛

✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲

❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❍❖❯❙❊❍❖▲❉❊❘✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹

✻✳✼✵ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ r❛✐③ q✉❛❞r❛❞❛ ❞❛ ♠❛tr✐③ Φ ❡ ♣❛râ♠❡tr♦ ❞❡

♣♦s✐t✐✈✐❞❛❞❡ ρ ❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.915 ✶✷✹

✻✳✼✶ ❊sq✉❡♠❛ ❊❧étr✐❝♦ ❞♦ ●❡r❛❞♦r ❞❡ ✐♥❞✉ç❛♦ ❞✉♣❧❛♠❡♥t❡ ❛❧✐♠❡♥t❛❞♦ ✶✷✻

✻✳✼✷ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44✱

p55 ❡ p66 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦

λ = 0.983 ❡ s❡q✉ê♥❝✐❛ ❞❡ r❡✈✐t❛❧✐③❛çã♦ ❞❡ ❡st❛❞♦ 1 ✲ ❆❧❣♦r✐t♠♦

❘▲❙λ✲❍❉P✲❉▲◗❘✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

✻✳✼✸ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44✱

p55 ❡ p66 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦

λ = 0.983 ❡ s❡q✉ê♥❝✐❛ ❞❡ r❡✈✐t❛❧✐③❛çã♦ ❞❡ ❡st❛❞♦ 1 ✲ ❆❧❣♦r✐t♠♦

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽

✻✳✼✹ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ Γ ❡ ♦ ♣❛râ♠❡tr♦ ❞❡

♣♦s✐t✐✈✐❞❛❞❡ ρ✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ ❂ ✵✱✾✽✸ ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ✲ ❙❡q✉❡♥❝✐❛ ❞❡ ❘❡✈✐t❛❧✐③❛çã♦ ❊st❛❞♦ 1✳ ✳ ✳ ✳ ✳ ✳ ✶✷✾

✻✳✼✺ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ Φ ✭❋❛t♦r ❈❤♦❧❡s❦✮ ❡ ♦ ♣❛râ♠❡tr♦ ❞❡

♣♦s✐t✐✈✐❞❛❞❡ ρ✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ ❂ ✵✱✾✽✸ ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ✲ ❙❡q✉❡♥❝✐❛ ❞❡ ❘❡✈✐t❛❧✐③❛çã♦ ❊st❛❞♦ 1✳ ✳ ✳ ✳ ✳ ✳ ✶✷✾

✻✳✼✻ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44✱

p55 ❡ p66 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦

λ = 0.983 ❡ s❡q✉ê♥❝✐❛ ❞❡ r❡✈✐t❛❧✐③❛çã♦ ❞❡ ❡st❛❞♦ 2 ✲ ❆❧❣♦r✐t♠♦

❘▲❙λ✲❍❉P✲❉▲◗❘✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✵

✈✐✐✐



✻✳✼✼ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44✱

p55 ❡ p66 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦

λ = 0.983 ❡ s❡q✉ê♥❝✐❛ ❞❡ r❡✈✐t❛❧✐③❛çã♦ ❞❡ ❡st❛❞♦ 2 ✲ ❆❧❣♦r✐t♠♦

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶

✻✳✼✽ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ Γ ❡ ♦ ♣❛râ♠❡tr♦ ❞❡

♣♦s✐t✐✈✐❞❛❞❡ ρ✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ ❂ ✵✱✾✽✸ ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ✲ ❙❡q✉❡♥❝✐❛ ❞❡ ❘❡✈✐t❛❧✐③❛çã♦ ❊st❛❞♦ 2✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷

✻✳✼✾ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ Φ ✭❋❛t♦r ❈❤♦❧❡s❦✮ ❡ ♦ ♣❛râ♠❡tr♦ ❞❡

♣♦s✐t✐✈✐❞❛❞❡ ρ✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ ❂ ✵✱✾✽✸ ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ✲ ❙❡q✉❡♥❝✐❛ ❞❡ ❘❡✈✐t❛❧✐③❛çã♦ ❊st❛❞♦ 2✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷

❇✳✶ ❘♦t❛çã♦ ❞❡ ●✐✈❡♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✹

❇✳✷ ❘♦t❛çã♦ ❞❡ ●✐✈❡♥s ♣❛r❛ ❢♦r♠❛çã♦ ❞❡ ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r s✉♣❡✲
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✺✳✷✳✷ ❊st❛❜✐❧✐❞❛❞❡ ◆✉♠ér✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✺✳✷✳✸ ❚❡♠♣♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✺✳✸ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✻ ❚❡st❡ ❈♦♠♣✉t❛❝✐♦♥❛❧ ✼✸

✻✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✻✳✷ ▼♦❞❡❧♦ ❞❛ ❆❡r♦♥❛✈❡ ❋✲✶✻ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✻✳✷✳✶ ❙✐♠✉❧❛çã♦ ❝♦♠ λ = .55 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✻✳✷✳✷ ❙✐♠✉❧❛çã♦ ❝♦♠ λ = .92 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✻✳✸ ▼♦❞❡❧♦ ❞♦ ❈✐r❝✉✐t♦ ❊❧étr✐❝♦ ▼■▼❖ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✻✳✸✳✶ ❙✐♠✉❧❛çã♦ ❝♦♠ λ = .72 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✻✳✸✳✷ ❙✐♠✉❧❛çã♦ ❝♦♠ λ = .82 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✻✳✸✳✸ ❙✐♠✉❧❛çã♦ ❝♦♠ λ = .874 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✻✳✸✳✹ ❙✐♠✉❧❛çã♦ ❝♦♠ λ = .905 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✻✳✸✳✺ ❙✐♠✉❧❛çã♦ ❝♦♠ λ = .915 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✻✳✹ ▼♦❞❡❧♦ ❞♦ ●❡r❛❞♦r ❉❋■● ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

✻✳✹✳✶ ❙❡q✉ê♥❝✐❛ ❞❡ ❘❡✈✐t❛❧✐③❛çã♦ ❞❡ ❊st❛❞♦ 1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

①✐✐



✶

✻✳✹✳✷ ❙❡q✉ê♥❝✐❛ ❞❡ ❘❡✈✐t❛❧✐③❛çã♦ ❞❡ ❊st❛❞♦ 2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✾

✻✳✺ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✸

✼ ❈♦♥❝❧✉sõ❡s ✶✸✹

✼✳✶ ❈♦♥❝❧✉sõ❡s ●❡r❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹

✼✳✷ Pr✐♥❝✐♣❛✐s ❈♦♥tr✐❜✉✐çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺

✼✳✸ ❚r❛❜❛❧❤♦s ❋✉t✉r♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺

✽ P✉❜❧✐❝❛çõ❡s ✶✸✻

✽✳✶ ❈♦♥❣r❡ss♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✻

✽✳✷ ❘❡✈✐st❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✻

❆ ▲❡♠❛s ✶✸✼

❆✳✶ ▲❡♠❛ ❞❛ ❋❛t♦r❛çã♦ ❞❛ ▼❛tr✐③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✼

❆✳✷ ▲❡♠❛ ❞❛ ■♥✈❡rsã♦ ❞❡ ▼❛tr✐③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽

❇ ❉❡❝♦♠♣♦s✐çã♦ QR ✶✹✵

❇✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵

❇✳✷ ❘♦t❛çã♦ ❞❡ ●✐✈❡♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✹

❇✳✸ ❘❡✢❡①ã♦ ❞❡ ❍♦✉s❡❤♦❧❞❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺

❇✳✸✳✶ Pr♦♣r✐❡❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✼

❈ ▼❡t♦❞♦s ❞❡ ❖t✐♠✐③❛çã♦ ❞♦ ❆❧❣♦r✐t♠♦ ✶✺✵

❈✳✶ ❇❛❝❦ ❙✉❜st✐t✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✶✺✶



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

✶✳✶ ■♥tr♦❞✉çã♦

◆❛ ❛t✉❛❧✐❞❛❞❡✱ ❞✐✈❡rs♦s ♣r♦❜❧❡♠❛s sã♦ ❡♥❝♦♥tr❛❞♦s ♥♦s ♠❛✐s ❞✐✈❡rs♦s t✐♣♦s

❞❡ s❡t♦r❡s ❧✐❣❛❞♦s ❛ ✐♥❞ústr✐❛✱ ❝✐ê♥❝✐❛✱ t❡❝♥♦❧♦❣✐❛✱ ❡❝♦♥♦♠✐❛ ❡ ♠✉✐t♦s ♦✉tr♦s q✉❡

♥❡❝❡ss✐t❛♠ ❞❡ ❛❧❣✉♠ t✐♣♦ ❞❡ ❝♦♥tr♦❧❡ q✉❡ ❣❛r❛♥t❛ q✉❡ ♦ ♣r♦❝❡ss♦ ❢✉♥❝✐♦♥❡ ❛♣r♦✲

♣r✐❛❞❛♠❡♥t❡ ❡ s❛t✐s❢❛ç❛ ♦s ♦❜❥❡t✐✈♦s ❞❡ ❞❡s❡♠♣❡♥❤♦ ♣r❡s❝r✐t♦s✳ ❈♦♠ ❛ ❡✈♦❧✉çã♦

❞❡ ♣r♦❝❡ss♦s ✐♥❞✉str✐❛✐s ❡ ❝♦♠ ♥♦✈❛s ❛♣❧✐❝❛çõ❡s ♣❛r❛ ❝♦♥tr♦❧❡ s✉r❣✐♥❞♦ ❛ ❝❛❞❛ ♠♦✲

♠❡♥t♦ ✭❋r❛♥❦❧✐♥ ❡t ❛❧✳ ✷✵✶✹✮✱ té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧❡ ♠♦❞❡r♥♦ ❞❡✈❡♠ s❡r ❛♣❧✐❝❛❞❛s

♣❛r❛ ❝♦♥tr♦❧❡ ❡♠ t❡♠♣♦ r❡❛❧ ❞❡ss❛s ♣❧❛♥t❛s✳ ❆ t❡♦r✐❛ ❞❡ ❝♦♥tr♦❧❡ ❛❞❛♣t❛t✐✈♦ ✭▲❡✇✐s

❛♥❞ ❱r❛❜✐❡ ✷✵✵✾❝✮ ❛♣r❡s❡♥t❛ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❡✜❝✐❡♥t❡ ❡ ❝♦♠ ❜♦♥s r❡s✉❧t❛❞♦s ♣❛r❛

❡ss❡s ♣r♦❜❧❡♠❛s✳

❊♠ ✉♠❛ ♦✉tr❛ ♣❡rs♣❡❝t✐✈❛ ❞❡ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡✱ t❡♠✲s❡ ❛ t❡♦r✐❛ ❞❡ ❝♦♥tr♦❧❡

ót✐♠♦ q✉❡ ❧✐❞❛ ❝♦♠ ❛ ♦♣❡r❛çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❝♦♠ ✉♠ ❝✉st♦ ♠í♥✐♠♦

✭▲❡✇✐s ❡t ❛❧✳ ✷✵✶✷✮✭❑✐r❦ ✷✵✵✹✮✭❋r✐❡❞❧❛♥❞ ✷✵✵✺✮✭❋❛❧❜ ✷✵✵✻✮✳ ◆ã♦ ♦❜st❛♥t❡✱ ♥♦ ✜✲

♥❛❧✱ ❛♣ós ♦ ❝♦♥tr♦❧❛❞♦r s❡r ♣r♦❥❡t❛❞♦✱ ❡❧❡ é ❝♦❧♦❝❛❞♦ ❡♠ s❡r✈✐ç♦ s❡♠ ♠❡❝❛♥✐s♠♦s

❛ss♦❝✐❛❞♦s ♣❛r❛ ❛❞❛♣t❛r s❡✉ ♣r♦❥❡t♦ ❡♠ r❡s♣♦st❛ às ♠✉❞❛♥ç❛s ♥♦ ❝♦♥t❡①t♦ ✭♣❧❛♥t❛✱

❛♠❜✐❡♥t❡✱ ♠❡❞✐❞❛s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❛ss♦❝✐❛❞❛s✮✳ ❖s ♣r♦❥❡t♦s ❞❡ ❝♦♥tr♦❧❡ sã♦ ♥♦r✲

♠❛❧♠❡♥t❡ r❡❛❧✐③❛❞♦s ✈✐❛ s♦❧✉çã♦ ♦✤✐♥❡ ❞❛ ❡q✉❛çã♦ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥

✭♣♦r ❡①❡♠♣❧♦✱ ❛ ❡q✉❛çã♦ ❞❡ ❘✐❝❝❛t✐✮✱ t❡♥❞♦ ♣♦r ❜❛s❡ ✉♠ ♠♦❞❡❧♦ ❞❡t❛❧❤❛❞♦ ❞❛

❞✐♥â♠✐❝❛ ❞❛ ♣❧❛♥t❛✳

❈♦♥tr♦❧❛❞♦r❡s ❛❞❛♣t❛t✐✈♦s✱ ♣♦r s✉❛ ✈❡③✱ ❛♣r❡♥❞❡♠ ♦♥❧✐♥❡ ♣❛r❛ ❝♦♥tr♦❧❛r s✐st❡✲

♠❛s ❝♦♠ ❞✐♥â♠✐❝❛s ❞❡s❝♦♥❤❡❝✐❞❛s ✉s❛♥❞♦ ❞❛❞♦s ♠❡❞✐❞♦s ❡♠ t❡♠♣♦ r❡❛❧ ❛♦ ❧♦♥❣♦

✷



❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯➬➹❖ ✸

❞❛ tr❛❥❡tór✐❛ ❞♦ s✐st❡♠❛✳ ◆❡st❡ q✉❛❞r♦✱ ✐♥❝❡rt❡③❛s ❞❡ ♠♦❞❡❧❛❣❡♠ ♣♦❞❡♠ ❡①✐st✐r✱

✐♥❝❧✉✐♥❞♦ ♦s ♣❛râ♠❡tr♦s ✐♠♣r❡❝✐s♦s✱ ❞✐♥â♠✐❝❛s ♥ã♦✲♠♦❞❡❧❛❞❛s ❞❡ ❛❧t❛ ❢r❡q✉ê♥❝✐❛✱

❡ ♣❡rt✉r❜❛çõ❡s✳ ❆❧é♠ ❞✐ss♦✱ t❛♥t♦ ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ q✉❛♥t♦ ♦s ♦❜❥❡t✐✈♦s ❞❡

❞❡s❡♠♣❡♥❤♦ ♣♦❞❡♠ ♠✉❞❛r ❝♦♠ ♦ t❡♠♣♦✳ ❊♥tr❡t❛♥t♦✱ ❝♦♥tr♦❧❛❞♦r❡s ❛❞❛♣t❛t✐✈♦s

♥ã♦ sã♦ ❣❡r❛❧♠❡♥t❡ ♣r♦❥❡t❛❞♦s ❝♦♠ ❛ q✉❛❧✐❞❛❞❡ ❞❡ s❡r❡♠ ót✐♠♦s ♥♦ s❡♥t✐❞♦ ❞❡

♠✐♥✐♠✐③❛r❡♠ ❢✉♥çõ❡s ❞❡ ❝✉st♦ ❝♦♠♦ ❞❡✜♥✐❞♦ ♥♦ q✉❛❞r♦ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦✳

❊♠ ✉♠❛ ❝❧❛ss❡ ❞❡ ♠ét♦❞♦s ❞❡♥♦♠✐♥❛❞❛ ❝♦♥tr♦❧❡ ❛❞❛♣t❛t✐✈♦ ✐♥❞✐r❡t♦ ✭❆str♦♠

❛♥❞ ❲✐tt❡♥♠❛r❦ ✶✾✾✹✮✱ ❡♠♣r❡❣❛✲s❡ té❝♥✐❝❛s ❞❡ ❡st✐♠❛çã♦ ♣❛r❛ s❡ ❞❡t❡r♠✐♥❛r ♦s

♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ❛ ♣❛rt✐r ❞❛s ♠❡❞✐❞❛s ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛ ❞♦ s✐st❡♠❛ ❡✱ ❡♠

s❡❣✉✐❞❛✱ ✉s❛✲s❡ ♦ ♠♦❞❡❧♦ ♦❜t✐❞♦ ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡ ♣r♦❥❡t♦ ót✐♠♦ ✭❡q✉❛çã♦

❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥✮✳ ❙❛❜❡✲s❡ ❜❡♠ q✉❡ ♣r♦❝❡❞✐♠❡♥t♦s ❞❡ ♠♦❞❡❧❛❣❡♠ ❡

✐❞❡♥t✐✜❝❛çã♦ ♣❛r❛ ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ ❞❛❞♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r✱ ♠✉✐t❛s ✈❡③❡s✱ é ✉♠

♣r♦❝❡❞✐♠❡♥t♦ ✐t❡r❛t✐✈♦ ❞❡♠♦r❛❞♦ ♦ q✉❛❧ r❡q✉❡r ♣r♦❥❡t♦ ❞❡ ♠♦❞❡❧♦✱ ✐❞❡♥t✐✜❝❛çã♦

❞❡ ♣❛râ♠❡tr♦ ❡ ✈❛❧✐❞❛çã♦ ❞❡ ♠♦❞❡❧♦ ❡♠ ❝❛❞❛ ✐t❡r❛çã♦✳ ❊st❛ té❝♥✐❝❛ t♦r♥❛✲s❡ ❛✐♥❞❛

♠❡♥♦s ✈✐á✈❡❧ q✉❛♥❞♦ ♦ s✐st❡♠❛ ❛♣r❡s❡♥t❛ ❞✐♥â♠✐❝❛s ♥ã♦ ❧✐♥❡❛r❡s ❞❡s❝♦♥❤❡❝✐❞❛s ❛s

q✉❛✐s s❡ ♠❛♥✐❢❡st❛♠ ❡♠ ❝❡rt❛s r❡❣✐õ❡s ♦♣❡r❛❝✐♦♥❛✐s✳

❚♦r♥♦✉✲s❡ ❡♥tã♦ ♥❡❝❡ssár✐♦ ❞❡s❡♥✈♦❧✈❡r ✉♠ ♠ét♦❞♦ ♦♥❧✐♥❡ q✉❡ ❢♦r♥❡ç❛ s♦❧✉çõ❡s

❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ♣❛r❛ ✉♠ s✐st❡♠❛ ❝♦♠ ❞✐♥â♠✐❝❛ ♥ã♦✲❧✐♥❡❛r s❡♠ ❢❛③❡r r❡❢❡rê♥❝✐❛

❛♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ❞❡ t❛❧ s✐st❡♠❛✳ ❯♠❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ s✉♣r✐r ❡ss❛ ♥❡❝❡s✲

s✐❞❛❞❡ sã♦ ♦s ♠ét♦❞♦s ❞❡ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ❛♣r♦①✐♠❛❞❛ ✭❆❞❛♣t✐✈❡ ❉②♥❛♠✐❝

Pr♦❣r❛♠♠✐♥❣ ✲ ❆❉P✮✳ ❚❛❧ ❛❜♦r❞❛❣❡♠ ❡♠♣r❡❣❛ ✉♠ ♠❡❝❛♥✐s♠♦ ✧♣❛r❛ ❢r❡♥t❡ ♥♦

t❡♠♣♦✧q✉❡ ❜✉s❝❛ ♣♦r ✉♠❛ ♣♦❧ít✐❝❛ ❞❡ ❝♦♥tr♦❧❡ ót✐♠❛ ❛❞❛♣t❛♥❞♦ s✉❝❡ss✐✈❛♠❡♥t❡

❞✉❛s ❡str✉t✉r❛s ♣❛r❛♠étr✐❝❛s✱ ♥♦♠✐♥❛❧♠❡♥t❡ ✉♠❛ r❡❞❡ ❞❡ ❛çã♦ ❡ ✉♠❛ r❡❞❡ ❝rít✐❝❛✱

♣❛r❛ ❛♣r♦①✐♠❛r ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✳ ❆ r❡❞❡ ❞❡ ❛çã♦ ❝❛❧❝✉❧❛ ❛s ❛çõ❡s ❞❡

❝♦♥tr♦❧❡✱ ❡♥q✉❛♥t♦ ❛ r❡❞❡ ❝rít✐❝❛ ❛♣r❡♥❞❡ ❛ ❛♣r♦①✐♠❛r ❛ ❢✉♥çã♦ ✈❛❧♦r✳ ❊st❛ ❢✉♥çã♦

❛✈❛❧✐❛ ♦ ❡❢❡✐t♦ ❞♦ ❝♦♥tr♦❧❡ s♦❜r❡ ♦ s❡✉ ❞❡s❡♠♣❡♥❤♦ ❢✉t✉r♦✱ ❡ ❢♦r♥❡❝❡ ❞✐r❡tr✐③❡s s♦✲

❜r❡ ❝♦♠♦ ♠❡❧❤♦r❛r ❛ ❧❡✐ ❞❡ ❝♦♥tr♦❧❡✳ ❊ss❛s ❡str✉t✉r❛s ❝♦♠❜✐♥❛❞❛s ❝♦♠ ♠ét♦❞♦s ❞❡

❛♣r❡♥❞✐③❛❣❡♠ ♣♦r r❡❢♦rç♦ ✭❘❡✐♥❢♦r❝❡♠❡♥t ▲❡❛r♥✐♥❣ ✲ ❘▲✮ tê♠ s✐❞♦ ✉s❛❞♦s ❝♦♠♦

✉♠ q✉❛❞r♦ ❞❡ ✧❛♣r❡♥❞✐③❛❣❡♠ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ♠♦❞❡❧♦✧q✉❡ r❡s♦❧✈❡ ♣r♦❜❧❡♠❛s ❞❡

❞❡❝✐sã♦ ót✐♠❛ ❡♠ t❡♠♣♦ r❡❛❧✳

❆ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ❛♣r♦①✐♠❛❞❛✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♣r♦❣r❛♠❛çã♦

♥❡✉r♦✲❞✐♥â♠✐❝❛ r❡tr♦❝❡❞❡✱ ♥♦ ♠í♥✐♠♦✱ ❛♦ ❛♥♦ ❞❡ ✶✾✻✽ ✭❲❡r❜♦s ✶✾✻✽✮ q✉❛♥❞♦

❲❡r❜♦s ♣r♦♣ôs ❛ ❝♦♥str✉çã♦ ❞❡ s✐st❡♠❛s ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ♣♦r r❡❢♦rç♦ ♣♦r ♠❡✐♦



❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯➬➹❖ ✹

❞❡ ❛♣r♦①✐♠❛çõ❡s ❛❞❛♣t❛t✐✈❛s ♣❛r❛ ❛ ❡q✉❛çã♦ ❍❏❇✳ ❆♥t❡s ❞❡ ✶✾✻✽✱ ♣❡sq✉✐s❛ ❡♠

❘▲ ❡ ♣❡sq✉✐s❛ r❡❧❛❝✐♦♥❛❞❛ à ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ❡r❛♠ ❞✉❛s ár❡❛s ✐♥❞❡♣❡♥❞❡♥✲

t❡s✳ ❖✉tr♦s ♣❡sq✉✐s❛❞♦r❡s q✉❡ ❝♦♥tr✐❜✉ír❛♠ ♥❛ ❢♦r♠✉❧❛çã♦ ❞❡ ❆❉P ❞❡st❛❝❛♠✲s❡

❇❛rt♦ ✭❇❛rt♦ ❡t ❛❧✳ ✶✾✽✸✮✱ ❲✐❞r♦✇ ✭❲✐❞r♦✇ ❡t ❛❧✳ ✶✾✼✸✮✱ ❍♦✇❛r❞ ✭❍♦✇❛r❞ ✶✾✻✵✮✱

❲❛t❦✐♥s ✭❲❛t❦✐♥s ✶✾✽✾✮✱ ❇❡rts❡❦❛s ❡ ❚s✐ts✐❦❧✐s ✭❇❡rts❡❦❛s ❛♥❞ ❚s✐ts✐❦❧✐s ✶✾✾✻✮✳

❙❡❣✉♥❞♦ ▲❡✇✐s ❡ ❉❡r♦♥❣ ✭▲❡✇✐s ❛♥❞ ▲✐✉ ✷✵✶✷✮✱ ❆❉P r❡❢❡r❡✲s❡ ❛ ✉♠❛ ❢❛♠í❧✐❛ ❞❡

♠ét♦❞♦s ❛t♦r✲❝rít✐❝♦ ♣❛r❛ ❡♥❝♦♥tr❛r ❛s ♠❡❧❤♦r❡s s♦❧✉çõ❡s ❡♠ t❡♠♣♦ r❡❛❧✳ ❊st❛s

té❝♥✐❝❛s ✉t✐❧✐③❛♠ ♠❡❧❤♦r✐❛s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ❝♦♠♦ ❛♣r♦①✐♠❛çã♦ ❞❡ ❢✉♥çã♦✱ ♣❛r❛

❞❡s❡♥✈♦❧✈❡r ❛❧❣♦r✐t♠♦s ♣❛r❛ s✐st❡♠❛s ❝♦♠♣❧❡①♦s ❝♦♠ ❞✐stúr❜✐♦s ❡ ✐♥❝❡rt❡③❛s ♥❛

s✉❛ ❞✐♥â♠✐❝❛✳

❆ ❛♣r❡♥❞✐③❛❣❡♠ ♣♦r r❡❢♦rç♦ ❞❡s❝r❡✈❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✐st❡♠❛s ❞❡ ❛♣r❡♥❞✐③❛❞♦

❞❡ ♠áq✉✐♥❛ q✉❡ ♦♣❡r❛♠ ❝♦♠ ❜❛s❡ ❡♠ ♣r✐♥❝í♣✐♦s ✉t✐❧✐③❛❞♦s ❡♠ ❛♥✐♠❛✐s✱ ❣r✉♣♦s

s♦❝✐❛✐s ❡ s✐st❡♠❛s ♥❛t✉r❛✐s✳ ▼ét♦❞♦s ❘▲ ❢♦r❛♠ ✉s❛❞♦s ♣♦r ■✈❛♥ P❛✈❧♦✈ ♥❛ ❞é❝❛❞❛

❞❡ ✶✽✻✵ ♣❛r❛ tr❡✐♥❛r s❡✉s ❝ã❡s ✭P❛✈❧♦✈ ✶✾✷✼✮✳ ❘▲ r❡❢❡r❡✲s❡ ❛ ✉♠ ❛t♦r ♦✉ ❛❣❡♥t❡

q✉❡ ✐♥t❡r❛❣❡ ❝♦♠ s❡✉ ❛♠❜✐❡♥t❡ ❡ ♠♦❞✐✜❝❛ s✉❛s ❛çõ❡s ♦✉ ♣♦❧ít✐❝❛s ❞❡ ❝♦♥tr♦❧❡

❜❛s❡❛❞❛s ❡♠ ❡stí♠✉❧♦s r❡❝❡❜✐❞♦s ❡♠ r❡s♣♦st❛ ❛ s✉❛s ❛çõ❡s✳ ❖s ❛❧❣♦r✐t♠♦s ❞❡

❘▲ sã♦ ❝♦♥str✉í❞♦s ❜❛s❡❛❞♦s ♥❛ ✐❞❡✐❛ ❞❡ q✉❡ ❛s ❞❡❝✐sõ❡s ❞❡ ❝♦♥tr♦❧❡ ❞❡ s✉❝❡ss♦

❞❡✈❡♠ s❡r ❧❡♠❜r❛❞❛s✱ ♣♦r ♠❡✐♦ ❞❡ ✉♠ s✐♥❛❧ ❞❡ r❡❢♦rç♦✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❡❧❛s s❡

t♦r♥❛♠ ♠❛✐s ♣r♦♣❡♥s❛s ❛ s❡r❡♠ ✉s❛❞❛s ♦✉tr❛ ✈❡③✳ ❉❡st❛ ❢♦r♠❛✱ ♦ ❢♦❝♦ ❞♦ ♣r♦❝❡ss♦

❞❡ ❛♣r❡♥❞✐③❛❣❡♠ é ✈♦❧t❛❞♦ ♣❛r❛ ✉♠ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ q✉❡ q✉❛♥t✐✜❝❛ ♦ q✉ã♦

♣ró①✐♠♦ ❞❛ ♦t✐♠❛❧✐❞❛❞❡ ❡stá ♦ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❡♠ ♦♣❡r❛çã♦✱

❥á ♥ã♦ t❡♥❞♦ ❝♦♠♦ ♦❜❥❡t♦ ❞❡ ✐♥t❡r❡ss❡ ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛✳

➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ♣❛r❛ ✐♠♣❧❡♠❡♥t❛çõ❡s ❡♠ t❡♠♣♦ r❡❛❧ ❞❡ ❝♦♥tr♦❧❛✲

❞♦r❡s ót✐♠♦s ❛❞❛♣t❛t✐✈♦s ❡♠ s✐st❡♠❛s ❝♦♠♣✉t❛❝✐♦♥❛✐s ✭❋P●❆✱ ❆❙■❈ ❡ P❙♦❈✮✱ ❛❧✲

❣♦r✐t♠♦s ❞❡ ❆❉P ❞❡✈❡♠ ❝♦♥t❛r ♣r✐♠❡✐r❛♠❡♥t❡ ❝♦♠ ❛♣r♦①✐♠❛❞♦r❡s ❞❡ ❢✉♥çã♦ q✉❡

❡♥❝♦♥tr❡♠ ✧❜♦❛s✧s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ❞❛ ❡q✉❛çã♦ ❍❏❇ ♥♦ s❡♥t✐❞♦ ❞❡ ❛t❡♥❞❡r ❛❧✲

❣✉♥s ♣❛râ♠❡tr♦s ❞❡ ❞❡s❡♠♣❡♥❤♦✱ t❛✐s ❝♦♠♦✿ ❈♦♥✈❡r❣ê♥❝✐❛ P❛r❛♠étr✐❝❛✱ ❘❡❞✉çã♦

❞♦ ❖✈❡rs❤♦♦t✱ ❊st❛❜✐❧✐❞❛❞❡ ◆✉♠ér✐❝❛✱ ❚❡♠♣♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛ ❡ ❈♦♠♣❧❡①✐❞❛❞❡

◆✉♠ér✐❝❛✳

❆ss✐♠✱ ❢♦❝❛♥❞♦✲s❡ ❡♠ ♠❡❧❤♦r❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❆❉P ♣❛r❛ ❝♦♥✲

tr♦❧❡ ❡♠ t❡♠♣♦ r❡❛❧✱ ❝♦♠ r❡s♣❡✐t♦ ❛♦s ♣❛râ♠❡tr♦s ♠❡♥❝✐♦♥❛❞♦s ❛❝✐♠❛✱ ❛♣r❡s❡♥t❛✲

s❡✱ ♥❡st❡ tr❛❜❛❧❤♦✱ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠ ♠ét♦❞♦ ❝rít✐❝♦ ❛❞❛♣t❛t✐✈♦ ❜❛s❡❛❞♦ ❡♠

tr❛♥s❢♦r♠❛çõ❡s ✉♥✐tár✐❛s ❡ ❞❡❝♦♠♣♦s✐çã♦ QR✱ ❛s q✉❛✐s sã♦ ✐♥❝♦r♣♦r❛❞❛s ♥❛ r❡❞❡
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❝rít✐❝❛ ♣❛r❛ ♠❡❧❤♦r❛r ❛ ❡✜❝✐ê♥❝✐❛ ❞❛ ❛♣r❡♥❞✐③❛❣❡♠ ♦♥❧✐♥❡ ♣♦r ♠❡✐♦ ❞❛ ❛❜♦r❞❛❣❡♠

❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s r❡❝✉rs✐✈♦s ✭❘❡❝✉rs✐✈❡ ▲❡❛st ❙q✉❛r❡ ✲ ❘▲❙✮✳ ❊s♣❡❝✐✜❝❛✲

♠❡♥t❡✱ ❡ss❡s ❡sq✉❡♠❛s sã♦ ♦r✐❡♥t❛❞♦s ♣❛r❛ r❡s♦❧✈❡r ♦♥❧✐♥❡ ❛ ❡q✉❛çã♦ ❍❏❇ ❞♦ t✐♣♦

❘✐❝❝❛t✐ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛ ❞♦ r❡❣✉❧❛❞♦r ❧✐♥❡❛r q✉❛❞rát✐❝♦ ❞✐s❝r❡t♦ ✭❉✐s❝r❡t❡

▲✐♥❡❛r ◗✉❛❞r❛t✐❝ ❘❡❣✉❧❛t♦r ✲ ❉▲◗❘✮✳ ❈♦♠♦ ❝✐t❛❞♦ ❡♠ ✭●♦❧✉❜ ❛♥❞ ▲♦❛♥ ✶✾✾✻✮✱

✭❍❛②❦✐♥ ✶✾✾✺✮✱ ✭❍♦r♥ ❛♥❞ ❏♦❤s♦♥ ✶✾✽✼✮✱ ✭❞❡ ❈❛♠♣♦s ❛♥❞ ❙tr❛♥❣ ✷✵✵✾✮✱ ♠ét♦❞♦s

❞❡ ❞❡❝♦♠♣♦s✐çã♦ QR ❝♦♥st✐t✉❡♠ ✉♠❛ ❡①❝❡❧❡♥t❡ ❢❡rr❛♠❡♥t❛ ♠❛t❡♠át✐❝❛ q✉❡ ♣r♦✲

♠♦✈❡♠ ♠❛✐♦r r♦❜✉st❡③✱ r❡❞✉çã♦ ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❡ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ✉♠❛ ♣♦ssí✈❡❧

✐♠♣❧❡♠❡♥t❛çã♦ ❡♠ ♠✐❝r♦❝♦♥tr♦❧❛❞♦r❡s ♣♦r ♠❡✐♦ ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ s✐stó❧✐❝❛✳

✶✳✷ ❖❜❥❡t✐✈♦s

✶✳✷✳✶ ❖❜❥❡t✐✈♦ ●❡r❛❧

P♦rt❛♥t♦ ♦s ♦❜❥❡t✐✈♦s ♣r✐♥❝✐♣❛✐s ❞❡ss❡ ♣r♦❥❡t♦ sã♦✿

• ❉❡s❡♥✈♦❧✈❡r ♠ét♦❞♦s ❞❡ s♦❧✉çã♦ ♦♥❧✐♥❡ ❞❡ ❈♦♥tr♦❧❡ Ót✐♠♦ ❞♦ t✐♣♦ ❘❡❣✉❧❛❞♦r

▲✐♥❡❛r ◗✉❛❞rát✐❝♦ ❉✐s❝r❡t♦ ✭❉▲◗❘✮ ♣♦r ♠❡✐♦ ❞❡ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛

❆♣r♦①✐♠❛❞❛ ✭❆❉P✮

• ❉❡s❡♥✈♦❧✈❡r ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❈♦♥tr♦❧❡ Ót✐♠♦ ❆❞❛♣t❛t✐✈♦ q✉❡ ♣♦ss✉❛ t♦t❛❧

❝❛♣❛❝✐❞❛❞❡ ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦ ❡♠ ❛♠❜✐❡♥t❡ ✐♥❞✉str✐❛❧✳

✶✳✷✳✷ ❖❜❥❡t✐✈♦s ❊s♣❡❝í✜❝♦s

• ❉❡s❡♥✈♦❧✈❡r ❆❧❣♦r✐t♠♦ ❞❡ ❆❉P ❝♦♠ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ ❝♦♠♣✉✲

t❛❝✐♦♥❛❧ ❛ ♥í✈❡❧ ❞❡ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧

❈♦♠ ❛ ❡✈♦❧✉çã♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛ ❝♦♠♣✉t❛çã♦✱ ❛ ♣r❡♦❝✉♣❛çã♦ ❝♦♠ ❛ ♦t✐♠✐✲

③❛çã♦ ❞❛ ❡①❡❝✉çã♦ ❞♦s ❛❧❣♦r✐t♠♦s ❞❡ ❝♦♥tr♦❧❡ ❢♦✐ ✐❣♥♦r❛❞❛✳ P♦ré♠✱ ♣❛r❛

❛❧❣✉♠❛s s♦❧✉çõ❡s ❡♠ t❡♠♣♦ r❡❛❧✱ ❡ss❛ ♣r♦❜❧❡♠át✐❝❛ ♥ã♦ ♣♦❞❡ s❡r ❞❡s❝❛r✲

t❛❞❛✱ ♥❡❝❡ss✐t❛♥❞♦ ❛ss✐♠ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❛❧t♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❡①❡❝✉çã♦✳

❆ss✐♠✱ ♣❡❧❛ t❡♦r✐❛ ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ✉♠ ♣r♦❜❧❡♠❛ é ❝♦♥s✐❞❡✲

r❛❞♦ ❝♦♠♦ ✐♥❡r❡♥t❡♠❡♥t❡ ❞✐❢í❝✐❧ s❡ ❛ s✉❛ s♦❧✉çã♦ r❡q✉❡r r❡❝✉rs♦s s✐❣♥✐✜❝❛t✐✲

✈♦s✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ ♦ ❛❧❣♦r✐t♠♦ ✉s❛❞♦✳ ❆ t❡♦r✐❛ ❢♦r♠❛❧✐③❛ ❡st❛ ✐♥t✉✐çã♦
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♣♦r ♠❡✐♦ ❞❛ ✐♥tr♦❞✉çã♦ ❞❡ ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ❞❡ ❝♦♠♣✉t❛çã♦ ♣❛r❛ ❡st✉✲

❞❛r ❡ q✉❛♥t✐✜❝❛r ♦s r❡❝✉rs♦s ♥❡❝❡ssár✐♦s ♣❛r❛ r❡s♦❧✈ê✲❧♦s✱ t❛✐s ❝♦♠♦ t❡♠♣♦✱

❛r♠❛③❡♥❛♠❡♥t♦✱ q✉❛♥t✐❞❛❞❡ ❞❡ ❝♦♠✉♥✐❝❛çã♦✱ ♥ú♠❡r♦ ❞❡ ♣♦rt❛s ♥♦ ❝✐r❝✉✐t♦

❡ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss❛❞♦r❡s ✭P❛♣❛❞✐♠✐tr✐♦✉ ✶✾✾✹✮ ✭❆r♦r❛ ❛♥❞ ❇❛r❛❦ ✷✵✵✻✮✳

• ▼❡❧❤♦r❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ♥❛ ❡①❡❝✉çã♦ ❞❡ ❛❧❣♦r✐t♠♦s ❝♦♠✲

♣❧❡①♦s ❝♦♠♦ ♦ ❘▲❙λ✲❍❉P✲❉▲◗❘

◗✉❛♥❞♦ s❡ ❝♦♠❜✐♥❛ ✈ár✐❛s té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧❡ ❡♠ ✉♠ ú♥✐❝♦ ❛❧❣♦r✐t♠♦ é

♥♦r♠❛❧ q✉❡ ♦❝♦rr❛ ♣r♦❜❧❡♠❛s ❝♦♠ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ♥❛ ❡①❡❝✉çã♦ ❞❡ss❡✱

❧♦❣♦ s❡rá ♥❡❝❡ssár✐❛ ✉♠❛ ❛♥á❧✐s❡ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❞♦ ❛❧❣♦r✐t♠♦✳ ◆♦ ❝♦♥t❡①t♦

❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ✐ss♦ ♦❝♦rr❡ ❞❡✈✐❞♦ ❛♦ ❢❡♥ô♠❡♥♦ ❞❡ ✐♥st❛❜✐❧✐❞❛❞❡ ♥✉♠é✲

r✐❝❛ q✉❡ s❡ r❡❢❡r❡ à ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ♦♥❞❡ ❛s ✈❛r✐á✈❡✐s ❛t✉❛❧✐③❛❞❛s

♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦s ♠ét♦❞♦s ❘▲❙ ♣❛r❛ s♦❧✉çã♦ ♦♥❧✐♥❡ ❞❡

❝♦♥tr♦❧❡ ót✐♠♦ ❉▲◗❘ ♣❡r❞❡♠ s✉❛s ♣r♦♣r✐❡❞❛❞❡s t❡ór✐❝❛s✳ ❊①❡♠♣❧♦s ❞❡ t❛✐s

♣r♦♣r✐❡❞❛❞❡s sã♦ ❛ s✐♠❡tr✐❛ ❡ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❞❛

❛❜♦r❞❛❣❡♠ ❘▲❙✳ ❉❡✈✐❞♦ ❛♦s ♣r♦❜❧❡♠❛s ❞❡ ♠❛❧ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❞❡ss❛ ♠❛✲

tr✐③✱ ❛ s♦❧✉çã♦ ♣❛r❛ ✉♠❛ ♣♦❧ít✐❝❛ ❞❡ ❞❡❝✐sã♦ ót✐♠❛ ♣❛r❛ ✉♠ ❞❛❞♦ ♣♦♥t♦ ❞❡

♦♣❡r❛çã♦ ♣♦❞❡ ♥ã♦ ❝♦♥✈❡r❣✐r✳

✶✳✸ ▼♦t✐✈❛çã♦

❈♦♠ ♦ ❛✈❛♥ç♦ ❞❡ t❡❝♥♦❧♦❣✐❛s ❞❡ ✐♥❢♦r♠❛çã♦ ❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ♣♦r s♦❧✉çõ❡s ❞❡

❝♦♥tr♦❧❡ ❞❡ ❛❧t♦ ❞❡s❡♠♣❡♥❤♦ t❡♠ ❤❛✈✐❞♦ ✉♠ ✐♥t❡r❡ss❡ ❝r❡s❝❡♥t❡ ♥♦ ❞❡s❡♥✈♦❧✈✐✲

♠❡♥t♦ ❞❡ ♠ét♦❞♦s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ q✉❡ t❡♥❤❛♠ ❡s♣❡❝✐✜❝❛çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛

s✉❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♥♦ ♠✉♥❞♦ r❡❛❧✳ ❉❡♥tr❡ ❡ss❡s r❡q✉✐s✐t♦s ❡stã♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡

❝á❧❝✉❧♦s ❡ ♦ ✉s♦ ❞❡ ♠❡♠ór✐❛✱ ❝♦♠ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ r❡❧❛t✐✈❛♠❡♥t❡ ❜❛✐①♦✱ ❞❡

♠♦❞♦ q✉❡ ❛❧❣♦r✐t♠♦s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ♣♦ss❛♠ s❡r ❡①❡❝✉t❛❞♦s ♣♦r ♠✐❝r♦♣r♦❝❡s✲

s❛❞♦r❡s ✐♥❞✉str✐❛❧✐③❛❞♦s✱ ♦s q✉❛✐s sã♦ r❡s♣♦♥sá✈❡✐s ♣❡❧♦ ❝♦♥tr♦❧❡ ❞❡ ❛✉t♦♠ó✈❡✐s✱

❛❡r♦♥❛✈❡s✱ ♠áq✉✐♥❛s ❛✉t♦♠át✐❝❛s ❡ ♣r♦❝❡ss♦s ✐♥❞✉str✐❛✐s✳ ❖✉tr♦ r❡q✉✐s✐t♦ é ❛ ❝❛✲

♣❛❝✐❞❛❞❡ ❞❡ t❛✐s ❛❧❣♦r✐t♠♦s ♦♣❡r❛r❡♠ s❛t✐s❢❛t♦r✐❛♠❡♥t❡ ♠❡s♠♦ ♥❛ ♣r❡s❡♥ç❛ ❞❡

♠❛❧✲❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❞♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ ❡ ❡rr♦ ❞❡ q✉❛♥t✐③❛çã♦ ✭❡rr♦ ❞❡ ❛rr❡❞♦♥✲

❞❛♠❡♥t♦✮✳ ❊ss❡s sã♦ ♦s ♣r✐♥❝✐♣❛✐s tó♣✐❝♦s q✉❡ ✐♠♣✉❧s✐♦♥❛r❛♠ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

❞❡ss❛ ♣❡sq✉✐s❛ t❡♥❞♦ ❡♠ ✈✐st❛ ♦ ♣r♦❥❡t♦ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❆❉P ♣❛r❛ ❝♦♥tr♦❧❡ ót✐♠♦

❝♦♠ ♠❛✐♦r ❝❛♣❛❝✐❞❛❞❡ ♣❛r❛ ♦♣❡r❛r❡♠ ❡♠ s✐st❡♠❛s ❡♠❜❛r❝❛❞♦s✳



❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯➬➹❖ ✼

✶✳✹ ❊st❛❞♦ ❞❛ ❆rt❡

❊♠ ✉♠ ♠✉♥❞♦ ♦♥❞❡ ♦s ♣r♦❝❡ss♦s ❞❡✈❡♠ s❡r ❛♣r✐♠♦r❛❞♦s ❡♠ ❜✉s❝❛ ❞❡ ♠❛✐♦r

♣r♦❞✉çã♦ ❡ ♠❡♥♦r ❝♦♥s✉♠♦ ❛ ❛✉t♦♠❛çã♦ ❣❛♥❤❛ ♣❛♣❡❧ ❞❡ ❞❡st❛q✉❡✳ P❛r❛ ✐ss♦ ✈ár✐❛s

té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧❡ t❡♠ s✐❞♦ ♣r♦♣♦st❛s ❜✉s❝❛♥❞♦ ❛❧❝❛♥ç❛r í♥❞✐❝❡s ❞❡ s❛t✐s❢❛çã♦✱

✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❜❡♠ ❡st✉❞❛❞❛ é ❛ ❞♦ ❈♦♥tr♦❧❡ Ót✐♠♦ q✉❡ ❜✉s❝❛ ❡♠ s✉❛ s♦❧✉çã♦

♠✐♥✐♠✐③❛r ♦✉ ♠❛①✐♠✐③❛r ✉♠ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❛ss♦❝✐❛❞♦ ❛♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❛ ♣❧❛♥t❛ ✭❉✐❡r❦s ❛♥❞ ❏❛❣❛♥♥❛t❤❛♥ ✷✵✶✶✮ ✭◗✉✐r✐♦♥ ❡t ❛❧✳ ✷✵✵✹✮ ✭❆♥❞❡rs♦♥ ❛♥❞

▼♦♦r❡ ✶✾✾✵✮✳ ❆ ♣r✐♥❝✐♣❛❧ ❞❡s✈❛♥t❛❣❡♠ ❞❛s ❛❜♦r❞❛❣❡♥s ❝❧áss✐❝❛s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦

é q✉❡ ❡❧❛s r❡s♦❧✈❡♠ ❛ ❡q✉❛çã♦ ❞❡ ♣r♦❥❡t♦ ❍❏❇ ✭❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥✮ ✭▲❡✇✐s

❛♥❞ ❱r❛❜✐❡ ✷✵✵✾❝✮ ❞❡ ♠♦❞♦ ♦✛✲❧✐♥❡✱ ♦ ❝♦♥tr♦❧❛❞♦r é ❛❥✉st❛❞♦ ❛♥t❡s ❞❡ ❡♥tr❛r ❡♠

♦♣❡r❛çã♦✱ t♦r♥❛♥❞♦ ♦ s✐st❡♠❛ ♣♦✉❝♦ r♦❜✉st♦ à ♣♦ssí✈❡✐s ✈❛r✐❛çõ❡s ♣❛r❛♠étr✐❝❛s✳

❊♠ ❜✉s❝❛ ❞❡ ✉♠❛ ❛❜♦r❞❛❣❡♠ q✉❡ ❢♦r♥❡ç❛ s♦❧✉çõ❡s ♠❛✐s ❛❜r❛♥❣❡♥t❡s ♣❛r❛

♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦✱ s✉r❣❡ ❛ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ✭❉②♥❛♠✐❝ Pr♦❣r❛♠✲

♠✐♥❣ ✲ ❉P✮ q✉❡ ❣❛♥❤♦✉ ❡s♣❛ç♦ ❝♦♠♦ ✉♠ ♠ét♦❞♦ q✉❡ ❜✉s❝❛ ❡♥❝♦♥tr❛r ❛ s♦❧✉çã♦

ót✐♠❛ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❞❡❝✐sã♦ s❡q✉❡♥❝✐❛✐s✳ ❆ ❉P ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♥♦ ✜♥❛❧ ❞♦s

❛♥♦s ✶✾✺✵ ❝♦♠ ♦ tr❛❜❛❧❤♦ ❞❡ ❇❡❧❧♠❛♥ ❡ P♦♥tr②❛❣✐♥ ✭❇❡❧❧♠❛♥ ❛♥❞ ❑❛❧❛❜❛ ✶✾✻✺✮

✭❇❡❧❧♠❛♥ ✷✵✵✸✮✭❇❡rts❡❦❛s ✶✾✽✼✮ ✭❇❡rts❡❦❛s ✶✾✾✺✮✳ ❖ ♣r♦❜❧❡♠❛ ❞❛ ♣r♦❣r❛♠❛çã♦

❞✐♥â♠✐❝❛ é ❡❧❛ s❡r ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ✧♣❛r❛ trás ♥♦ t❡♠♣♦✧q✉❡ ♥ã♦ ♦❢❡r❡❝❡ ♠ét♦❞♦s

♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ❞❡ ✉♠❛ ❢♦r♠❛ ✧♣❛r❛ ❢r❡♥t❡ ♥♦ t❡♠♣♦✧✱

❝❛r❛❝t❡ríst✐❝❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ❝♦♥tr♦❧❡ ❡♠ t❡♠♣♦ r❡❛❧✳

◆❛ t❡♥t❛t✐✈❛ ❞❡ ❞❡s❡♥✈♦❧✈❡r ✉♠ ♠ét♦❞♦ q✉❡ t✐✈❡ss❡ ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❛♣r❡♥✲

❞✐③❛❞♦ ♣❛r❡❝✐❞❛ ❝♦♠ ❛ ❞♦s ❛♥✐♠❛✐s s✉r❣❡ ❛ ❆♣r❡♥❞✐③❛❣❡♠ ♣♦r ❘❡❢♦rç♦ ✭❘▲✮ q✉❡✱

s❡❣✉♥❞♦ ❙✉tt♦♥ ❡ ❇❛rt♦ ✭❙✉tt♦♥ ❛♥❞ ❇❛rt♦ ✶✾✾✽✮ ✭❙✉tt♦♥ ❡t ❛❧✳ ✶✾✾✷✮✱ é ✉♠ ❢♦r✲

♠❛❧✐s♠♦ ❞❛ ✐♥t❡❧✐❣ê♥❝✐❛ ❛rt✐✜❝✐❛❧ q✉❡ ♣❡r♠✐t❡ ❛♦s s✐st❡♠❛s ❛♣r❡♥❞❡r❡♠ ❛ t♦♠❛r

✧❜♦❛s✧❞❡❝✐sõ❡s ✭♣♦❧ít✐❝❛s ❞❡ ❝♦♥tr♦❧❡✮ ♦❜s❡r✈❛♥❞♦ ♦ s❡✉ ♣ró♣r✐♦ ❝♦♠♣♦rt❛♠❡♥t♦✱ ❡

✉s❛r❡♠ ❡str❛té❣✐❛s ❡♠❜✉t✐❞❛s ♣❛r❛ ♠❡❧❤♦r❛r s✉❛s ❛çõ❡s ❛tr❛✈és ❞❡ ✉♠ ♠❡❝❛♥✐s♠♦

♣♦r r❡❢♦rç♦✳ ■ss♦ ❣❛r❛♥t❡ q✉❡ ♦ s✐st❡♠❛ ❛♣r❡♥❞❛ q✉❛❧ s❡rá ❛ ♠❡❧❤♦r ❞❡❝✐sã♦ ❜❛✲

s❡❛❞❛ ❡♠ ❡①♣❡r✐ê♥❝✐❛s ♣❛ss❛❞❛s✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ ♦ ✉s♦ ❞❡ ❡str❛té❣✐❛s ♣❛r❛ ♣r♦❥❡t❛r

s✐st❡♠❛s ♣❛r❛ ♦s q✉❛✐s ♠♦❞❡❧♦s ❡①♣❧í❝✐t♦s ♥ã♦ ❡stã♦ ❞✐s♣♦♥í✈❡✐s✳

❆ss✐♠ ❜✉s❝❛♥❞♦ ✉♠❛ té❝♥✐❝❛ q✉❡ ✈❡♥❤❛ ❛ ❝♦♠❜✐♥❛r ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦s três

♠ét♦❞♦s ❛♥t❡r✐♦r❡s✱ ❝❤❡❣❛✲s❡ ❛ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ❆♣r♦①✐♠❛❞❛ ✭▼✉rr❛② ❡t ❛❧✳

✷✵✵✷✮ ✭❙t✐♥❣✉ ❛♥❞ ▲❡✇✐s ✷✵✶✵✮ q✉❡ é ✉♠❛ ❝❧❛ss❡ ❞❡ ❛❧❣♦r✐t♠♦s q✉❡ ❢♦r♥❡❝❡ ✉♠❛

s♦❧✉çã♦ ♦♥❧✐♥❡ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ✉s❛♥❞♦ r❡♣r❡s❡♥t❛çõ❡s ❛♣r♦①✐♠❛✲
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❞❛s ❞❛ ❢✉♥çã♦ ✈❛❧♦r ❛ s❡r ♠✐♥✐♠✐③❛❞❛ t❡♥❞♦ ♣♦r ❜❛s❡ ♦ ♣r✐♥❝í♣✐♦ ❞❛ ♦t✐♠❛❧✐❞❛❞❡

❞❡ ❇❡❧❧♠❛♥✳ ❖ ✉s♦ ❞❛ té❝♥✐❝❛ ❞♦ ❝rít✐❝♦ ❛❞❛♣t❛t✐✈♦ ♣❡r♠✐t❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ s❡❥❛

♦♥❧✐♥❡✱ ♣♦rq✉❡ ❡❧❛ ❡❢❡t✐✈❛♠❡♥t❡ r❡s♦❧✈❡ ❛s ❡q✉❛çõ❡s ❞❡ ♦t✐♠✐③❛çã♦ ❍❏❇ ❡♠ ✉♠❛

♠❛♥❡✐r❛ ✧♣❛r❛ ❢r❡♥t❡ ♥♦ t❡♠♣♦✧✱ ❡♥q✉❛♥t♦ q✉❡ ❛ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ tr❛❞✐❝✐✲

♦♥❛❧✱ ❝♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ r❡q✉❡r ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ✧♣❛r❛ trás ♥♦

t❡♠♣♦✧✱ ✭❲❡r❜♦s ✶✾✾✵✮✳

❆❉P t❡♠ ♠♦str❛❞♦ ✐♥ú♠❡r❛s ❛♣❧✐❝❛çõ❡s ❡♠ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ♦♥❧✐♥❡✱

t❛✐s ❝♦♠♦ ❛❡r♦♥❛✈❡s ❞❡ ❛❧t♦ ❞❡s❡♠♣❡♥❤♦ ♦✉ s✐st❡♠❛s ❞❡ ♠íss❡✐s✱ ✭❇❡rts❡❦❛s ❡t

❛❧✳ ✷✵✵✵✮✱ ♣✐❧♦t♦ ❛✉t♦♠át✐❝♦✱ ✭❋❡rr❛r✐ ❛♥❞ ❙t❡♥❣❡❧ ✷✵✵✹✮✱ ✭▲✐♥ ✷✵✵✺✮✱ ❡ r♦❜ót✐❝❛✱

✭❑❤❛♥ ❛♥❞ ▲❡✇✐s ✷✵✶✷✮✳ ❊♠ ✭❱✐❛♥❛ ❞❛ ❋♦♥s❡❝❛ ◆❡t♦ ❡t ❛❧✳ ✷✵✶✸✮✱ ♦s ❛✉t♦r❡s

❞❡s❡♥✈♦❧✈❡r❛♠ ✉♠ ♥♦✈♦ ♠ét♦❞♦ ♣❛r❛ ♦ ♣r♦❥❡t♦ ❞❡ s✐st❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦

♦♥❧✐♥❡ ♣❛r❛ ❣❡r❛çã♦ ❞❡ ❡♥❡r❣✐❛ ❡ó❧✐❝❛ ❡ s♦❧❛r ❝♦♠ ❜❛s❡ ❡♠ ♣❛r❛❞✐❣♠❛s ❆❉P✳ P♦❞❡✲

s❡ t❛♠❜é♠ ❝✐t❛r ❝♦♠♦ ✐♠♣♦rt❛♥t❡s ♣❡sq✉✐s❛s ♥❛ ár❡❛ ❞❡ ❆❉P ✭▲❡✇✐s ❛♥❞ ❱r❛❜✐❡

✷✵✵✾❛✮✱ ✭❲❛♥❣ ❡t ❛❧✳ ✷✵✵✾❜✮✱ ✭❲❛♥❣ ❡t ❛❧✳ ✷✵✵✾❛✮ ❡ ✭❇✉➩♦♥✐✉ ❡t ❛❧✳ ✷✵✶✶✮✳ ❆❧é♠

❞❡ ♦✉tr❛s ❛♣❧✐❝❛çõ❡s ❜❡♠ s✉❝❡❞✐❞❛s q✉❡ sã♦ ❛♣r❡s❡♥t❛❞❛s ❡♠ ✭❲❡❜❡r ❛♥❞ ▼❛②❡r

✷✵✵✽✮✱ ❡ s❡✉s tr❛❜❛❧❤♦s ✐♥❝❧✉❡♠ ❛♣r❡♥❞❡r ❛ ❝♦♥tr♦❧❛r✿ r♦❜ôs ♠ó✈❡✐s ❛✉tô♥♦♠♦s✱

❤❡❧✐❝ó♣t❡r♦s✱ P❍ ✐♥❞✉str✐❛❧✱ ♣❧❛♥t❛s ❞❡ ♦①✐❞❛çã♦✱ ❡ ❣❡stã♦ ❞♦ trá❢❡❣♦ ❛ér❡♦✳

❯♠❛ ♦✉tr❛ ♣r❡♦❝✉♣❛çã♦ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ❡♠ t❡♠♣♦ r❡❛❧

tr❛t❛✲s❡ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❡ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❞❡ ❝♦♥tr♦❧❡✳ ❆ ❡st❛❜✐❧✐❞❛❞❡

♥✉♠ér✐❝❛ é ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ q✉❡ ❣❛r❛♥t❡ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❛♣r❡s❡♥t❛rá ♦ ♠❡s♠♦

❝♦♠♣♦rt❛♠❡♥t♦ ❛♦ ♣❛ss❛r ❞♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ✭❘♦❜❡rt ❛♥❞ ●❡♦r❣❡ ✷✵✵✶✮✳ P❛r❛

✐ss♦✱ ♣r♦♣õ❡✲s❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❜❛s❡❛❞❛ ❡♠ ❞❡❝♦♠♣♦s✐✲

çõ❡s ♦rt♦❣♦♥❛✐s ♣❛r❛ ♠❡❧❤♦r❛r ♦ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ♥✉♠ér✐❝♦ ❞❛s ♠❛tr✐③❡s ✐♥t❡r♥❛s

❞❡ss❡s ❛❧❣♦r✐t♠♦s✱ ✭❉❡❝♦♠♣♦s✐çã♦ QR✮ ✭❙❤♦❛✐❜ ✷✵✵✻✮ ✭◗✐♥❣②❛♥ ✷✵✵✽✮✱ ♣❡r♠✐t✐♥❞♦

❛ss✐♠ q✉❡ ♦ s✐st❡♠❛ ♦♣❡r❡ s❛t✐s❢❛t♦r✐❛♠❡♥t❡ ♠❡s♠♦ ♥❛ ❡①❡❝✉çã♦ ❞❡ ❝á❧❝✉❧♦s ♠❛✲

tr✐❝✐❛✐s ♠❛✐s ❝♦♠♣❧❡①♦s✱ t❛✐s ❝♦♠♦✿ ♠✉❧t✐♣❧✐❝❛çã♦✴❞✐✈✐sã♦✱ r❛❞✐❝✐❛çã♦✱ ✐♥✈❡rsã♦ ❡

♦✉tr♦s✳

❆✐♥❞❛✱ ❞❡✈❡✲s❡ ❛♥❛❧✐s❛r ♦ ❝✉st♦ ❡ ♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦ ❛❧❣♦r✐t♠♦ ✭P❛✲

♣❛❞✐♠✐tr✐♦✉ ✶✾✾✹✮✳ ❖ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛

q✉❛♥t♦s ✢♦♣s ✭♥✉♠❡r♦ ❞❡ ♦♣❡r❛çõ❡s ♠❛t❡♠át✐❝❛s r❡❛❧✐③❛❞❛s ♣♦r ✉♠ ♠✐❝r♦♣r♦❝❡s✲

s❛❞♦r✮ sã♦ r❡q✉❡r✐❞♦s ♣❛r❛ ❡①❡❝✉çã♦ ❞♦ ♠❡s♠♦✱ ✭●♦❧✉❜ ❛♥❞ ❱❛♥ ▲♦❛♥ ✶✾✾✻✮✳ ❖

t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✭t❡♠♣♦ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❧❡✈❛ ♣❛r❛ ❡①❡❝✉t❛r ✉♠❛ ✐t❡r❛çã♦ ❞♦

❛❧❣♦r✐t♠♦✮ ♣♦❞❡ s❡r r❡❞✉③✐❞♦ ♣♦r ♠❡✐♦ ❞❛ s✐♠♣❧✐✜❝❛çã♦ ❞❡ ♦♣❡r❛çõ❡s ♠❛t❡♠át✐❝❛s
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❡♥✈♦❧✈✐❞❛s ♥♦ ❛❧❣♦r✐t♠♦ ✭❆r♦r❛ ❛♥❞ ❇❛r❛❦ ✷✵✵✻✮✳

✶✳✺ ❖r❣❛♥✐③❛çã♦ ❞❛ ❉✐ss❡rt❛çã♦

❊st❡ tr❛❜❛❧❤♦ ❝♦♥tê♠ ✼ ❝❛♣ít✉❧♦s ❡ ♠❛✐s ✸ ❛♣ê♥❞✐❝❡s✱ q✉❡ s❡rã♦ ♥❡❝❡ssár✐♦s ♣❛r❛

❛♣r❡s❡♥t❛r ❛ ❜❛s❡ t❡ór✐❝❛ s♦❜r❡ ♦s ❛ss✉♥t♦s ❛❜♦r❞❛❞♦s ♥♦ tr❛❜❛❧❤♦✱ ❜❡♠ ❝♦♠♦ ❛s

❝♦♥tr✐❜✉✐çõ❡s ❡ r❡❛❧✐③❛çõ❡s ❞❡s❡♥✈♦❧✈✐❞❛s ♥♦ ♠❡s♠♦✳ ◆♦ ✜♥❛❧ ❞♦ ❞♦❝✉♠❡♥t♦✱ ❡stã♦

❡①♣♦st♦s ❝♦♥❤❡❝✐♠❡♥t♦s ♠❛t❡♠át✐❝♦s q✉❡ ❛❥✉❞❛rã♦ ♥❛ ❢♦r♠✉❧❛çã♦ ❞❛ ♠❡t♦❞♦❧♦✲

❣✐❛ ♣❛r❛ ♣r♦❥❡t♦ ❡ ❛✈❛❧✐❛çã♦ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ♦♥❧✐♥❡ ❜❛s❡❛❞♦ ❡♠

♣❛r❛❞✐❣♠❛s ❞❡ ❆❉P✱ ♣r♦♣♦st❛ ♥❡st❡ tr❛❜❛❧❤♦✳

❖ tr❛❜❛❧❤♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❡♠ ❝❛♣ít✉❧♦s q✉❡ ❛❜♦r❞❛♠✿ ❋♦r♠✉❧❛çõ❡s ❞❡

❈♦♥tr♦❧❡ Ót✐♠♦ ❞❡s❞❡ ❛s ❛❜♦r❞❛❣❡♥s ❞❡ ❇❡❧❧♠❛♥ ❞❡ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛

❛té ❢♦r♠✉❧❛çõ❡s q✉❡ ❡♠♣r❡❣❛♠ ❛♣r♦①✐♠❛çõ❡s ❞❡ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ♣♦r ♠❡✐♦

❞❡ ❝rít✐❝♦s ❛❞❛♣t❛t✐✈♦s✱ ❉❡❝♦♠♣♦s✐çã♦ QR ❛♣❧✐❝❛❞❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡

❛❧❣♦r✐t♠♦s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ♦♥❧✐♥❡✱ ❈♦♠♣❧❡①✐❞❛❞❡ ❈♦♠♣✉t❛❝✐♦♥❛❧ ♥❛ ❛✈❛❧✐❛✲

çã♦ ❞❡ ♣❛râ♠❡tr♦s ❞❛ ❡①❡❝✉çã♦ ❞♦s ❛❧❣♦r✐t♠♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♥♦ tr❛❜❛❧❤♦✱ ❙✐♠✉✲

❧❛çõ❡s ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❡ ❣rá✜❝♦s ❞♦s s✐st❡♠❛s ❛✈❛❧✐❛❞♦s✳

❆ss✐♠✱ ♥♦ ❈❛♣ít✉❧♦ ✷ é ❛♣r❡s❡♥t❛❞❛ ❛ t❡♦r✐❛ r❡❧❛❝✐♦♥❛❞❛ à ❛♣r❡♥❞✐③❛❣❡♠ ♣♦r

r❡❢♦rç♦ ❛ q✉❛❧ é ❝❛r❛❝t❡r✐③❛❞❛ ❝♦♠♦ ✉♠ ♠❡❝❛♥✐s♠♦ q✉❡ ❡♥❣❧♦❜❛ ♣r♦❝❡ss♦s ❞❡

❞❡❝✐sã♦ ♠❛r❦♦✈✐❛♥♦s✱ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛✱ ❡sq✉❡♠❛s ❞❡ ✐t❡r❛çã♦ ❞❡ ♣♦❧ít✐❝❛ ❡

❞✐❢❡r❡♥ç❛s t❡♠♣♦r❛✐s✳ ➱ ❞✐s❝✉t✐❞♦ ❛✐♥❞❛ ❛s ♣r✐♥❝✐♣❛✐s ❛❜♦r❞❛❣❡♥s ♣❛r❛ ❛ s♦❧✉çã♦ ❞❡

♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦✱ ❛ s❛❜❡r✿ ❝á❧❝✉❧♦ ✈❛r✐❛❝✐♦♥❛❧✱ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛

♣❛r❛ trás ❡ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ♣❛r❛ ❢r❡♥t❡✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ❛♣r❡s❡♥t❛✲s❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❡sq✉❡♠❛s ❍❉P ♣❛r❛ ❞❡t❡r✲

♠✐♥❛r ❛ ♣♦❧ít✐❝❛ ❞❡ ❝♦♥tr♦❧❡ ót✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❉▲◗❘ q✉❡ ❡stá r❡❧❛❝✐♦♥❛❞♦

❝♦♠ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐✳ ❖ ♣r♦❜❧❡♠❛ ❞❛ ♠❛❧❞✐çã♦ ❞❛ ❞✐♠❡♥s✐♦♥❛❧✐✲

❞❛❞❡ é ❞✐s❝✉t✐❞♦ ♥♦ ❝♦♥t❡①t♦ ❞❡ r❡❛❧✐③❛çõ❡s ♦♥❧✐♥❡✳ ❖ ❝❛♣ít✉❧♦ ✹ é ♦♥❞❡ s❡ ❡①♣❧✐❝✐t❛

❛s ♣r✐♥❝✐♣❛✐s ❝♦♥tr✐❜✉✐çõ❡s ❞♦ tr❛❜❛❧❤♦✱ ♦✉ s❡❥❛✱ ❛ ♣r♦♣♦st❛ ❞❡ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛

❞❡ ♣r♦❥❡t♦ ♣❛r❛ s✐st❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ♦♥❧✐♥❡ ❜❛s❡❛❞❛ ❡♠ ❆❉P ❡ ♦ ❞❡s❡♥✲

✈♦❧✈✐♠❡♥t♦ ♠❛t❡♠át✐❝♦ ♥❡❝❡ssár✐♦ ♣❛r❛ ♦ ♣r♦❥❡t♦ ❞♦s ❞♦✐s ❛❧❣♦r✐t♠♦s r❡s✉❧t❛♥t❡s

❞❡ss❛ ♠❡t♦❞♦❧♦❣✐❛✱ ♥♦♠✐♥❛❧♠❡♥t❡ ❘▲❙λ✲❍❉P✲❉▲◗❘ ❡ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✳

◆♦ ❈❛♣ít✉❧♦ ✺✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❈♦♠♣❧❡①✐❞❛❞❡ ❈♦♠♣✉t❛❝✐♦♥❛❧ ❜❡♠ ❝♦♠♦ ❛❧❣✉♥s

♠ét♦❞♦s ♣❛r❛ ❛✈❛❧✐❛çã♦ ❞❛ ♠❡s♠❛✱ ❝♦♠♦✿ ❈✉st♦ ❈♦♠♣✉t❛❝✐♦♥❛❧✱ ❊st❛❜✐❧✐❞❛❞❡
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◆✉♠ér✐❝❛ ❡ ❚❡♠♣♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛✳ ◆❛ s❡q✉ê♥❝✐❛✱ t❡st❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s sã♦

❛♣r❡s❡♥t❛❞♦s✱ ❈❛♣ít✉❧♦ ✻✱ ✈❡r✐✜❝❛♥❞♦ ❛ ♠❡❧❤♦r✐❛ ❞♦s ❛❧❣♦r✐t♠♦s ❘▲❙λ✲QR✲❍❉P✲

❉▲◗❘ ❞❡s❡♥✈♦❧✈✐❞♦s ❛♦ ✉s❛r ❞❡❝♦♠♣♦s✐çã♦ QR✳ ❖ ❞❡s❡♠♣❡♥❤♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ é

❛✈❛❧✐❛❞♦ ❛ ♥í✈❡❧ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ❞❡ss❡s ❛❧❣♦r✐t♠♦s✳

◆♦ ❈❛♣ít✉❧♦ ✼✱ ❛♣r❡s❡♥t❛♠✲s❡ ❛s ❝♦♥❝❧✉sõ❡s s♦❜r❡ ❛s ♠❡t♦❞♦❧♦❣✐❛s ❛❜♦r❞❛❞❛s

♣❛r❛ ❛♣r♦①✐♠❛çã♦ ❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐ ❡ s✉❣❡stõ❡s ❞❡ tr❛❜❛❧❤♦s

❢✉t✉r♦s✳ P♦r ✜♠✱ ♦s ❆♣ê♥❞✐❝❡s sã♦ ✈♦❧t❛❞♦s ♣❛r❛ ❝♦♠♣❧❡♠❡♥t❛r ❛ ❢✉♥❞❛♠❡♥t❛✲

çã♦ ❞❛s ❛❜♦r❞❛❣❡♥s ✉t✐❧✐③❛❞❛s✳ ◆❛s ❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s✱ ❧✐st❛✲s❡ ♦ ❛❝❡r✈♦

✉t✐❧✐③❛❞♦ ♥❛ ❝♦♥str✉çã♦ ❞❛s ❜❛s❡s só❧✐❞❛s ♥❡❝❡ssár✐❛s ❛♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❛

❞✐ss❡rt❛çã♦✳



❈❛♣ít✉❧♦ ✷

❆♣r❡♥❞✐③❛❣❡♠ ♣♦r ❘❡❢♦rç♦ ❡

❈♦♥tr♦❧❡ Ót✐♠♦

✷✳✶ ■♥tr♦❞✉çã♦

◆♦ ✉♥✐✈❡rs♦ ❞♦ ❛♣r❡♥❞✐③❛❞♦ ✭✐♥t❡❧✐❣❡♥❝✐❛ ❛rt✐✜❝✐❛❧✮ ❡①✐st❡♠ ❞♦✐s ♣❛r❛❞✐❣♠❛s

♣r✐♥❝✐♣❛✐s✿ ❛♣r❡♥❞✐③❛❣❡♠ ❝♦♠ ✉♠ ♣r♦❢❡ss♦r ✭s✉♣❡r✈✐s✐♦♥❛❞❛✮ ❡ ❛♣r❡♥❞✐③❛❣❡♠ s❡♠

♣r♦❢❡ss♦r✳ ❖ ♣❛r❛❞✐❣♠❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ s❡♠ ♣r♦❢❡ss♦r é s✉❜❞✐✈✐❞✐❞♦ ❡♠ ❛♣r❡♥✲

❞✐③❛❣❡♠ ❛✉t♦✲♦r❣❛♥✐③❛❞❛ ✭♥ã♦ s✉♣❡r✈✐s✐♦♥❛❞❛✮ ✭❍❛②❦✐♥ ✷✵✵✽✮ ❡ ❛♣r❡♥❞✐③❛❣❡♠ ♣♦r

r❡❢♦rç♦✱ q✉❡ é ♦ ❢♦❝♦ ❞❡ss❡ ❝❛♣ít✉❧♦✳

❚♦❞♦ ♦r❣❛♥✐s♠♦ ✈✐✈♦ ✐♥t❡r❛❣❡ ❝♦♠ ♦ ❛♠❜✐❡♥t❡ ❡ ✉s❛ ❡st❛s ✐♥t❡r❛çõ❡s ♣❛r❛

♠❡❧❤♦r❛r s✉❛s ❛çõ❡s ♣❛r❛ s♦❜r❡✈✐✈❡r✳ ❊st❛s ♠♦❞✐✜❝❛çõ❡s ❞❛s ❛çõ❡s ❜❛s❡❛❞❛s ♥❛s

✐♥t❡r❛çõ❡s✱ é ❝❤❛♠❛❞❛ ❞❡ ❆♣r❡♥❞✐③❛❣❡♠ ♣♦r ❘❡❢♦rç♦ ✭❆❘✮✳

❆♣r❡♥❞✐③❛❣❡♠ ♣♦r ❘❡❢♦rç♦ s❡ r❡❢❡r❡ ❛ ✉♠ ❛t♦r ♦✉ ❛❣❡♥t❡ q✉❡ ✐♥t❡r❛❣❡ ❝♦♠ ♦

❛♠❜✐❡♥t❡ ❡ ♠♦❞✐✜❝❛ s✉❛s ❛çõ❡s✱ ♦✉ ♣♦❧ít✐❝❛s ❞❡ ❝♦♥tr♦❧❡✱ ❜❛s❡❛❞♦s ♥♦s ❡stí♠✉❧♦s

r❡❝❡❜✐❞♦s ❡♠ r❡s♣♦st❛ ❛ ❡ss❛s ❛çõ❡s✳ ❖s ❛❧❣♦r✐t♠♦s ❞❡ ❆❘ sã♦ ❝♦♥str✉í❞♦s ❝♦♠

❛ ✐❞❡✐❛ ❞❡ q✉❡ ❞❡❝✐sõ❡s s✉❝❡ss✐✈❛s ❞❡ ❝♦♥tr♦❧❡ sã♦ t♦♠❛❞❛s ❝♦♠ ❛ ✐♥t❡♥çã♦ ❞❡

♠❛①✐♠✐③❛r ♦ r❡❢♦rç♦ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳

❊ss❡ r❡❢♦rç♦ ♣♦❞❡ t❡r ❞✉❛s ❢♦r♠❛s ❜ás✐❝❛s✿ ❝✉st♦ ♦✉ r❡❝♦♠♣❡♥s❛✱ q✉❡ ❡stã♦

✐♥tr✐♥s❡❝❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s✱ ❛ ♥❡❝❡ss✐❞❛❞❡ ♣♦r ♦❜t❡r ♦ ♠í♥✐♠♦ ❞❡ ❝✉st♦ ♦✉ ♦

♠á①✐♠♦ ❡♠ r❡❝♦♠♣❡♥s❛ r❡s✉❧t❛ ❡♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦✱ q✉❡ ❞❡✈❡ s❡r

r❡s♦❧✈✐❞♦ ♣❛r❛ ♦ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r✳

❆ ♦t✐♠❛❧✐❞❛❞❡ ❞♦s ❝♦♥tr♦❧❛❞♦r❡s é ❣❛r❛♥t✐❞❛ ♣♦r ♠❡✐♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❍❛♠✐❧t♦♥✲

✶✶
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❏❛❝♦❜✲❇❡❧❧♠❛♥✱ t❡♥❞♦✲s❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡st❛❜❡❧❡❝❡r ✉♠ ❝❛♠✐♥❤♦ ❞❡ tr❛❥❡tór✐❛s

ót✐♠❛s ❛tr❛✈és ❞❛ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛✳

❊st❡ ❝❛♣ít✉❧♦ t❡♠ ❡♥❢♦q✉❡ ♥❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦ ❝♦♥tr♦❧❛❞♦r ót✐♠♦ ♦♥❧✐♥❡ ❝♦♥✲

❞✉③✐❞❛ ♣♦r ♣r✐♥❝í♣✐♦s ❞❡ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ❡ Pr♦❝❡ss♦ ❞❡ ❉❡❝✐sã♦ ▼❛r❦♦✈✐✲

❛♥♦✱ ♣♦r ✜♠✱ ✉♠❛ ❛❜♦r❞❛❣❡♠ ✐♥tr♦❞✉tór✐❛ s♦❜r❡ ❘▲ ❡ ♦s ❛s♣❡❝t♦s ❡ss❡♥❝✐❛✐s ❝♦♠♦

❋✉♥çã♦ ❱❛❧♦r✱ ❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ❆❘ ❝❤❛♠❛❞❛ ❆t♦r✲❈rít✐❝♦✳

❖ s✐st❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ♣♦r r❡❢♦rç♦ é ♣r♦❥❡t❛❞♦ ♣❛r❛ ❛♣r❡♥❞❡r ♣♦r r❡❢♦rç♦

❛tr❛s❛❞♦✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ♦ s✐st❡♠❛ ♦❜s❡r✈❛ ✉♠❛ s❡q✉ê♥❝✐❛ t❡♠♣♦r❛❧ ❞❡ ❡stí✲

♠✉❧♦s ✭✐✳❡✳✱ ✈❡t♦r❡s ❞❡ ❡st❛❞♦✮ t❛♠❜é♠ r❡❝❡❜✐❞♦s ❞♦ ❛♠❜✐❡♥t❡✱ q✉❡ ❡✈❡♥t✉❛❧♠❡♥t❡

r❡s✉❧t❛♠ ♥❛ ❣❡r❛çã♦ ❞♦ s✐♥❛❧ ❞❡ r❡❢♦rç♦ ❤❡✉ríst✐❝♦✳ ❖ ♦❜❥❡t✐✈♦ ❞❛ ❛♣r❡♥❞✐③❛❣❡♠ é

♠❛①✐♠✐③❛r ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✱ ❞❡✜♥✐❞❛ ❝♦♠♦ ❛ ❡①♣❡❝t❛t✐✈❛ ❞❛ r❡❝♦♠♣❡♥s❛ ❝✉♠✉❧❛✲

t✐✈❛ ❞❡ ❛çõ❡s t♦♠❛❞❛s ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣❛ss♦s✱ ❡♠ ✈❡③ s✐♠♣❧❡s♠❡♥t❡

❞❛ r❡❝♦♠♣❡♥s❛ ✐♠❡❞✐❛t❛✳ P♦❞❡ ❛❝♦♥t❡❝❡r q✉❡ ❝❡rt❛s ❛çõ❡s t♦♠❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡✱

♥❛q✉❡❧❛ s❡q✉ê♥❝✐❛ ❞❡ ♣❛ss♦s ❞❡ t❡♠♣♦ s❡❥❛♠ ❞❡ ❢❛t♦ ♦s ♠❡❧❤♦r❡s ❞❡t❡r♠✐♥❛♥t❡s

❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❣❧♦❜❛❧ ❞♦ s✐st❡♠❛✱ ✭❍❛②❦✐♥ ✶✾✾✼✮✳

◆♦ q✉❛❞r♦ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ♣♦r r❡❢♦rç♦ ✉♠ ❛❣❡♥t❡ ❛❣❡ ❡♠ ✉♠ ❛♠❜✐❡♥t❡ ❝✉❥♦

❡st❛❞♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ❡ ♦❝❛s✐♦♥❛❧♠❡♥t❡ r❡❝❡❜❡ ❛❧❣✉♠❛ ♣❡♥❛❧✐❞❛❞❡ ✭s✐♥❛❧ ❘▲

♥❡❣❛t✐✈♦✮ ♦✉ r❡❝♦♠♣❡♥s❛ ✭s✐♥❛❧ ❘▲ ♣♦s✐t✐✈♦✮ ❜❛s❡❛❞❛ ❡♠ s❡✉ ❡st❛❞♦ ❡ ❛çã♦✳ ❙✉❛

t❛r❡❢❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ é ❡♥❝♦♥tr❛r ✉♠❛ ♣♦❧ít✐❝❛ ♣❛r❛ s❡❧❡çã♦ ❞❡ ❛çã♦ q✉❡ ♠❛①✐✲

♠✐③❡ s✉❛ r❡❝♦♠♣❡♥s❛ ❛ ❧♦♥❣♦ ♣r❛③♦✳ ❊st❛ t❛r❡❢❛ r❡q✉❡r ♥ã♦ s♦♠❡♥t❡ ❛ ❡s❝♦❧❤❛ ❞❡

❛çõ❡s q✉❡ ❡stã♦ ❛ss♦❝✐❛❞❛s ❝♦♠ ❛❧t❛ r❡❝♦♠♣❡♥s❛ ♥♦ ❡st❛❞♦ ❛t✉❛❧✱ ♠❛s t❛♠❜é♠ ❛

❡s❝♦❧❤❛ ❞❡ ❛çõ❡s q✉❡ ❧❡✈❛rã♦ ♦ ❛❣❡♥t❡ à ♣❛rt❡s ♠❛✐s ❧✉❝r❛t✐✈❛s ❞♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦✳

◆♦ ❝♦♥t❡①t♦ ❞❡ ❝♦♥tr♦❧❡✱ r❡❝♦♠♣❡♥s❛ ✐♠♣❧✐❝❛ ❡♠ ✉♠❛ ❞✐♠✐♥✉✐çã♦ ❞❡ ❝✉st♦ ❞❡

❝♦♥tr♦❧❡✱ ❡♥q✉❛♥t♦ ♣❡♥❛❧✐❞❛❞❡ ❝❛✉s❛ ✉♠ ❛✉♠❡♥t♦ ❞❡ ❝✉st♦ ❞❡ ❝♦♥tr♦❧❡✳ ❆ ✐♥t❡r❛✲

çã♦ ❞♦ ❛❣❡♥t❡ ❘▲ é ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧♦ s✐♥❛❧ ❞❡ ❡st❛❞♦✱ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ❡ ♦ s✐♥❛❧ ❞❡

r❡❝♦♠♣❡♥s❛✳ ❖ s✐♥❛❧ ❞❡ ❡st❛❞♦ ❞❡s❝r❡✈❡ ♦ ❡st❛❞♦ ❞♦ ❛♠❜✐❡♥t❡✳ P♦r ♠❡✐♦ ❞♦ s✐♥❛❧

❞❡ ❝♦♥tr♦❧❡✱ ♦ ❛❣❡♥t❡ ❘▲ ✐♥✢✉❡♥❝✐❛ s❡✉ ❛♠❜✐❡♥t❡✳ ❖ s✐♥❛❧ ❞❡ r❡❝♦♠♣❡♥s❛ ❢♦r♥❡❝❡

r❡❛❧✐♠❡♥t❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ♣♦s✐t✐✈♦ ♦✉ ♥❡❣❛t✐✈♦ ❞❛ ❛çã♦ t♦♠❛❞❛ ✭❞❡s❡♠♣❡♥❤♦ ❞♦

❛❣❡♥t❡✮✳

❖s ♣r✐♥❝✐♣❛✐s ❡❧❡♠❡♥t♦s ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ♣♦r r❡❢♦rç♦ sã♦✿

P♦❧ít✐❝❛ ✭❞❡❝✐sã♦✮✱ ❛ q✉❛❧ é ❞❡✜♥✐❞❛ ❝♦♠♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠ ❛❣❡♥t❡

❡♠ ✉♠ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ ♣❛rt✐❝✉❧❛r✳ ❆ ♣♦❧ít✐❝❛ é ✉♠❛ ♣❛rt❡ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❞❡

❡sq✉❡♠❛s ❘▲ ❡ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠❛ t❛❜❡❧❛ ❞❡ ❝♦♥s✉❧t❛ ♦✉ ✉♠❛ ❢✉♥çã♦✳
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❆ ♣♦❧ít✐❝❛ ♣♦❞❡ s❡r ❡st♦❝ást✐❝❛ ♦✉ ❞❡t❡r♠✐♥íst✐❝❛✳ ❊♠ ❛❧❣✉♥s ❡sq✉❡♠❛s ❘▲✱ ✉♠

♣r♦❝❡ss♦ ❞❡ ❜✉s❝❛ ❝♦♠♣❧❡①♦ é ❡♠♣r❡❣❛❞♦ ♥♦ ❝á❧❝✉❧♦ ❞❛ ♣♦❧ít✐❝❛ ✭❣❡r❛❧♠❡♥t❡✱ ❛

♣♦❧ít✐❝❛ é ❝❛❧❝✉❧❛❞❛ ♣♦r ♠❛①✐♠✐③❛çã♦ ❞❛ ❢✉♥çã♦ ✈❛❧♦r✮✳ ❖ ♣r♦❝❡ss♦ ❘▲ ❧❡✈❛rá ❛

✉♠❛ ♣♦❧ít✐❝❛ ót✐♠❛ ✭❝♦♠♣♦rt❛♠❡♥t♦✮ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳

❋✉♥çã♦ ❞❡ ❯t✐❧✐❞❛❞❡ q✉❡ é ❞❡✜♥✐❞❛ s♦❜r❡ ❛ ❜❛s❡ ❞♦ ♦❜❥❡t✐✈♦ ❞♦ ♣r♦❜❧❡♠❛

❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ♣♦r r❡❢♦rç♦ ❡ ❡❧❛ ❢♦r♥❡❝❡ ❛ r❡❝♦♠♣❡♥s❛ q✉❡ ❛✈❛❧✐❛ ♦ ❞❡s❡♠♣❡♥❤♦

✐♠❡❞✐❛t♦ ❞♦ ❛❣❡♥t❡ ♣♦r ❝❛❞❛ t♦♠❛❞❛ ❞❡ ❞❡❝✐sã♦✳ ❖ ❛❣❡♥t❡ s❡♠♣r❡ t❡♥t❛ ♦t✐♠✐③❛r

♦ ❞❡s❡♠♣❡♥❤♦ ❛ ❧♦♥❣♦ ♣r❛③♦✱ ♠❡❞✐❞♦ ♣❡❧❛ s✉❛ r❡❝♦♠♣❡♥s❛ ❛❝✉♠✉❧❛❞❛ ❛♦ ❧♦♥❣♦

❞❛ ✐♥t❡r❛çã♦ ❡ ❞❛í✱ ♣r♦❞✉③✐r ✉♠❛ ♣♦❧ít✐❝❛ ót✐♠❛ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳ ❯♠ ❢❛t♦r ❞❡

❞❡s❝♦♥t♦ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ❛ ♣r❡❢❡rê♥❝✐❛ ♣♦r r❡❝♦♠♣❡♥s❛ ✐♠❡❞✐❛t❛

♦✉ r❡❝♦♠♣❡♥s❛ ♦r✐❡♥t❛❞❛ ♠❛✐s ♣❛r❛ ♦ ❢✉t✉r♦✳

❋✉♥çã♦ ❱❛❧♦r✱ ❣❡r❛❧♠❡♥t❡ r❡♣r❡s❡♥t❛❞❛ ♣♦r V (x)✱ ❛ q✉❛❧ é ✉♠❛ ♣r❡❞✐çã♦

❞❛ s♦♠❛ ❡s♣❡r❛❞❛ ❡♠ ❧♦♥❣♦ ♣r❛③♦ ❞❡ r❡❝♦♠♣❡♥s❛s ❞❡s❝♦♥t❛❞❛s ❢✉t✉r❛s q✉❛♥❞♦ ♦

♣r♦❝❡ss♦ ✐♥✐❝✐❛✲s❡ ❡♠ ✉♠ ❡st❛❞♦ x ❡ s❡❣✉❡ ✉♠❛ ♣♦❧ít✐❝❛ g✳ ❚❛❧ ❢✉♥çã♦ é ❛ ❜❛s❡

s♦❜r❡ ❛ q✉❛❧ ♦ ❛❣❡♥t❡ ❛♥t❡❝✐♣❛ t♦♠❛r ✉♠❛ ❛çã♦ q✉❡ ♣r♦❞✉③✐rá r❡❝♦♠♣❡♥s❛s ♠❛✐♦✲

r❡s✳ ❊①✐st❡ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❝♦♠✉♠❡♥t❡ ✉s❛❞❛ ♣❛r❛ ❛✈❛❧✐❛r ✉♠❛ ♣♦❧ít✐❝❛ ♦❜❥❡t✐✈♦

q✉❛♥❞♦ ♦ ♠♦❞❡❧♦ ❞♦ ❛♠❜✐❡♥t❡ ♥ã♦ ❡stá ❞✐s♣♦♥í✈❡❧ q✉❡ ❝♦♥s✐st❡ ❞❡ ✉♠❛ ❢✉♥çã♦

✈❛❧♦r ❞❡♣❡♥❞❡♥t❡ ❞❡ ❛çã♦ ✭♦✉ ❢❛t♦r❡s c✮✱ ❛ q✉❛❧ é ✉♠❛ ♣r❡❞✐çã♦ ❞❡ r❡❝♦♠♣❡♥s❛s

❞❡s❝♦♥t❛❞❛s t♦t❛❧ ❡s♣❡r❛❞❛s ❛ss♦❝✐❛❞❛s ❝♦♠ ♣❛r❡s ❡st❛❞♦✲❛çã♦ (x, u) ✐♥✐❝✐❛✐s✱ ♥♦r✲

♠❛❧♠❡♥t❡ r❡♣r❡s❡♥t❛❞❛ ♣♦r c(x, u)✳ ◗✉❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ✭❙✉tt♦♥ ✶✾✽✽✮✱

✉♠❛ ❢✉♥çã♦ ❞❡ ✉t✐❧✐❞❛❞❡ ❛✈❛❧✐❛ ❛ r❡❝♦♠♣❡♥s❛ ✐♠❡❞✐❛t❛ ❡♥q✉❛♥t♦ ❛ ❢✉♥çã♦ ✈❛❧♦r

é ❛ ♣r❡❞✐çã♦ ❞❛ r❡❝♦♠♣❡♥s❛ ❢✉t✉r❛ t♦t❛❧✱ ❞❛í✱ ❞❡❝✐sõ❡s s♦❜r❡ t♦♠❛r ❛çõ❡s sã♦

r❡❛❧✐③❛❞❛s s♦❜r❡ ❛ ❜❛s❡ ❞❛ ❢✉♥çã♦ ✈❛❧♦r ❞❡ ❡st❛❞♦ ♦✉ ❛çã♦✳

✷✳✷ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛

❆ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛✱ ❝♦♥❤❡❝✐❞❛ t❛♠❜é♠ ❝♦♠♦ ♦t✐♠✐③❛çã♦ r❡❝✉rs✐✈❛✱ é

✉♠❛ té❝♥✐❝❛ q✉❡ tr❛t❛ ❞❡ s✐t✉❛çõ❡s ♥❛s q✉❛✐s ❛s ❞❡❝✐sõ❡s sã♦ t♦♠❛❞❛s ❡♠ ❡t❛♣❛s✱

❝♦♠ ♦ r❡s✉❧t❛❞♦ ❞❡ ❝❛❞❛ ❞❡❝✐sã♦ s❡♥❞♦ ♣r❡✈✐sí✈❡❧ ❛té ❝❡rt♦ ♣♦♥t♦✱ ❛♥t❡s q✉❡ ❛

♣ró①✐♠❛ ❞❡❝✐sã♦ s❡❥❛ t♦♠❛❞❛✳ ❯♠ ❛s♣❡❝t♦ ❝❤❛✈❡ ❞❡st❛s s✐t✉❛çõ❡s✱ é q✉❡ ♥❡♥❤✉♠❛

❞❡❝✐sã♦ ♣♦❞❡ s❡r t♦♠❛❞❛ ✐s♦❧❛❞❛♠❡♥t❡✱ ❡♠ ✈❡③ ❞✐ss♦✱ ❞❡✈❡✲s❡ ♣♦♥❞❡r❛r ♦ ❞❡s❡❥♦ ❞❡

✉♠ ❜❛✐①♦ ❝✉st♦ ♥♦ ♣r❡s❡♥t❡ ❡♠ r❡❧❛çã♦ ❛ ❛❧t♦s ❝✉st♦s ✐♥❞❡s❡❥á✈❡✐s ♥♦ ❢✉t✉r♦ ✭❍❛②✲

❦✐♥ ✷✵✵✽✮✳ ❊st❛ s❡ ❜❛s❡✐❛ ♥♦ ♣r✐♥❝í♣✐♦ ❞❛ ♦t✐♠❛❧✐❞❛❞❡ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ❇❡❧❧♠❛♥
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❡♠ ✶✾✺✸✱ q✉❡ é ❞❡s❝r✐t♦ ❝♦♠♦✿

✧❯♠❛ ♣♦❧ít✐❝❛ ót✐♠❛ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡✱ q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧

❡ ❛ ❞❡❝✐sã♦ ✐♥✐❝✐❛❧✱ ❛s ❞❡❝✐sõ❡s r❡st❛♥t❡s ❞❡✈❡♠ ❝♦♥st✐t✉✐r ✉♠❛ ♣♦❧ít✐❝❛ ót✐♠❛ ❡♠

r❡❧❛çã♦ ❛♦ ❡st❛❞♦ r❡s✉❧t❛♥t❡ ❞❛ ♣r✐♠❡✐r❛ ❞❡❝✐sã♦✧

❆ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ❛❜♦r❞❛ ❛ q✉❡stã♦✿ ❈♦♠♦ ✉♠ s✐st❡♠❛ ♣♦❞❡ ❛♣r❡♥❞❡r

❛ ♠❡❧❤♦r❛r s❡✉ ❞❡s❡♠♣❡♥❤♦ ❛ ❧♦♥❣♦ ♣r❛③♦ q✉❛♥❞♦ ✐st♦ ♣♦❞❡ r❡q✉❡r❡r ♦ s❛❝r✐❢í❝✐♦

❞♦ ❞❡s❡♠♣❡♥❤♦ ❛ ❝✉rt♦ ♣r❛③♦

❋r❡q✉❡♥t❡♠❡♥t❡ ❛s s♦❧✉çõ❡s sã♦ ♦❜t✐❞❛s ♣♦r ✉♠ ♣r♦❝❡ss♦ r❡❣r❡ss✐✈♦✱ tr❛❜❛✲

❧❤❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞♦ ✜♥❛❧ ♣❛r❛ ♦ ✐♥í❝✐♦✳ ❈♦♠ ✐ss♦ ❛ ❞✐✜❝✉❧❞❛❞❡ s❡rá r❡❞✉③✐❞❛✱

❛♦ s❡ ❞❡❝♦♠♣♦r ♦ ♣r♦❜❧❡♠❛ ❡♠ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣r♦❜❧❡♠❛s ✐♥t❡r✲r❡❧❛❝✐♦♥❛❞♦s

♠❛✐s s✐♠♣❧❡s✳ ❆ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ t❡♠ ❝♦♠♦ q✉❡stã♦ ❢✉♥❞❛♠❡♥t❛❧✱ ♦ ✐♥t❡✲

r❡ss❡ ❡♠ ❜✉s❝❛r ❛ r❡s♣♦st❛ ❞❡ ❝♦♠♦ ✉♠ s✐st❡♠❛ ♣♦❞❡ ❛♣r❡♥❞❡r ❛ ♠❡❧❤♦r❛r ♦ s❡✉

❞❡s❡♠♣❡♥❤♦ ❛ ❧♦♥❣♦ ♣r❛③♦✱ q✉❛♥❞♦ ✐st♦ ♣♦❞❡ ❡①✐❣✐r ♦ s❛❝r✐❢í❝✐♦ ❞♦ ❞❡s❡♠♣❡♥❤♦

❛t✉❛❧✳

❆ss✐♠ ♣♦❞❡ s❡ ❝❛r❛❝t❡r✐③❛r ♦ ♣r♦❜❧❡♠❛ ❞❛ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛✱ ❝♦♠♦ ✉♠

Pr♦❝❡ss♦ ❞❡ ❉❡❝✐sã♦ ▼❛r❦♦✈✐❛♥♦ ✭P❉▼✮ q✉❡ é ♦ ❛r❝❛❜♦✉ç♦ ♣❛❞rã♦ ♣❛r❛

♣r♦❜❧❡♠❛s ❞❡ ♣❧❛♥❡❥❛♠❡♥t♦ ♣r♦❜❛❜✐❧íst✐❝♦

❊ss❡ Pr♦❝❡ss♦ ♠♦❞❡❧❛ ❛ ✐♥t❡r❛çã♦ ❞❡ ✉♠ ❛❣❡♥t❡ ❡♠ ✉♠ ❛♠❜✐❡♥t❡✱ q✉❡ ❡①❡❝✉t❛

❛çõ❡s ❝♦♠ ❡❢❡✐t♦s ♣r♦❜❛❜✐❧íst✐❝♦s q✉❡ ♣♦❞❡♠ ❧❡✈❛r ♦ ❛❣❡♥t❡ ❛ ❞✐❢❡r❡♥t❡s ❡st❛❞♦s

❖ P❉▼ é ❝❛r❛❝t❡r✐③❛❞♦ ❝♦♠♦✿

• ❖ ❛♠❜✐❡♥t❡ ❡✈♦❧✉✐ ♣r♦❜❛❜✐❧✐st✐❝❛♠❡♥t❡ ♦❝✉♣❛♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❡s✲

t❛❞♦s ❞✐s❝r❡t♦s

• P❛r❛ ❝❛❞❛ ❡st❛❞♦ ❞♦ ❛♠❜✐❡♥t❡ ❤á ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❛çõ❡s ♣♦ssí✈❡✐s q✉❡

♣♦❞❡♠ s❡r r❡❛❧✐③❛❞❛s ♣❡❧♦ s✐st❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠

• ❚♦❞❛ ✈❡③ q✉❡ ♦ s✐st❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ r❡❛❧✐③❛ ✉♠❛ ❛çã♦✱ ❡❧❡ ✐♥❝♦rr❡ ❡♠

❝❡rt♦ ❝✉st♦✳

• ❆ ♦❜s❡r✈❛çã♦ ❞♦s ❡st❛❞♦s✱ ❛ r❡❛❧✐③❛çã♦ ❞❡ ❛çõ❡s ❡ ❛ ✐♥❝✐❞ê♥❝✐❛ ❞❡ ❝✉st♦s

♦❝♦rr❡♠ ❡♠ t❡♠♣♦ ❞✐s❝r❡t♦

❖ ♣r♦❝❡ss♦ ❞❡ ❞❡❝✐sã♦ ♠❛r❦♦✈✐❛♥♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛

❞❡ ❞❡t❡❝çã♦ ❞❡ r♦t❛ q✉❡ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✷✳✶✳
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❋✐❣✉r❛ ✷✳✶✿ Pr♦❜❧❡♠❛ ❞❡ ❞❡t❡❝çã♦ ❞❡ r♦t❛

P❛r❛ ♦ estado i✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❝♦♥❥✉♥t♦ ❞✐s♣♦♥í✈❡✐s ❞❡ ❛çõ❡s✱ ❡♥tr❛❞❛s ❛♣❧✐✲

❝❛❞❛s ❛♦ ❛♠❜✐❡♥t❡ ♣❡❧♦ s✐st❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠✱ é r❡♣r❡s❡♥t❛❞♦ ♣♦r Ui = {uik}✱

♦♥❞❡ ♦ s❡❣✉♥❞♦ ✐♥❞✐❝✐❡ k ♥❛ ❛çã♦ uik r❡❛❧✐③❛❞❛ ♣❡❧♦ s✐st❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ♠❡r❛✲

♠❡♥t❡ ✐♥❞✐❝❛ ❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❞❡ ♠❛✐s q✉❡ ✉♠❛ ❛çã♦ ♣♦ssí✈❡❧ q✉❛♥❞♦ ♦ ❛♠❜✐❡♥t❡

❡stá ♥♦ estado i✳ ❆ tr❛♥s✐çã♦ ❞♦ ❛♠❜✐❡♥t❡ ❞♦ estado i ♣❛r❛ ♦ ♥♦✈♦ estado j✱ ♣♦r

❡①❡♠♣❧♦✱ ❞❡✈✐❞♦ ❛ ❛çã♦ uik é ❞❡ ♥❛t✉r❡③❛ ♣r♦❜❛❜✐❧íst✐❝❛✳ ❊♥tr❡t❛♥t♦ ❛ ♣r♦❜❛❜✐✲

❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ ❞♦ estado i ♣❛r❛ ♦ estadoj ❞❡♣❡♥❞❡ ✐♥t❡✐r❛♠❡♥t❡ ❞♦ ❡st❛❞♦

❝♦rr❡♥t❡ i ❡ ❞❛ ❛çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ uik✱ ❊st❛ é ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ▼❛r❦♦✈✱

❈♦♥s✐❞❡r❡ q✉❡ pij(u) r❡♣r❡s❡♥t❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ ❞♦ ❡st❛❞♦ i ♣❛r❛

♦ ❡st❛❞♦ j ❞❡✈✐❞♦ à ❛çã♦ r❡❛❧✐③❛❞❛ ♥♦ ♣❛ss♦ ❞❡ t❡♠♣♦ k✱ ♦♥❞❡ ut = u✳ ❆ss✐♠✱

pij(u) = P (xk+1 = j| xk = i, uk = u)

❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ pij(u) s❛t✐s❢❛③ ❛s ❞✉❛s ❝♦♥❞✐çõ❡s q✉❡ sã♦ ✐♠♣♦st❛s

♣❡❧❛ t❡♦r✐❛ ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✳

pij(u) ≥ 0 para todo i e j

❡

∑

j

pij(u) = 1 para todo i

P❛r❛ ✉♠ ❞❛❞♦ ♥ú♠❡r♦ ❞❡ ❡st❛❞♦s ❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦✱ ❛ s❡q✉❡♥❝✐❛ ❞❡

❡st❛❞♦s ❞♦ ❛♠❜✐❡♥t❡ r❡s✉❧t❛♥t❡ ❞❛s ❛çõ❡s r❡❛❧✐③❛❞❛s ♣❡❧♦ s✐st❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠

s♦❜r❡ ♦ t❡♠♣♦ ❢♦r♠❛ ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✳

❆ ❝❛❞❛ tr❛♥s✐çã♦ ❞❡ ✉♠ ❡st❛❞♦ ♣❛r❛ ♦✉tr♦✱ ♦ s✐st❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ✐♥❝♦rr❡

❡♠ ✉♠ ❝✉st♦✱ ❆ss✐♠✱ ♥❛ k✲és✐♠❛ tr❛♥s✐çã♦ ❞♦ ❡st❛❞♦ i ♣❛r❛ ♦ ❡st❛❞♦ j s♦❜r❡ ❛ ❛çã♦
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uik✱ ♦ s✐st❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❞♦ ✐♥❝♦rr❡ ❡♠ ✉♠ ❝✉st♦ r❡♣r❡s❡♥t❛❞♦ ♣♦r γkc(i, uik, j)✱

♦♥❞❡ c(., ., .) é ✉♠❛ ❢✉♥çã♦ ♣r❡❞❡t❡r♠✐♥❛❞❛✱ ❡ γ é ✉♠ ❡s❝❛❧❛r ❝♦♠ 0 ≤ γ < 1

❝❤❛♠❛❞♦ ❞❡ ❢❛t♦r ❞❡ ❞❡s❝♦♥t♦✳ ❆❥✉st❛♥❞♦✲s❡ γ é ❝❛♣❛③ ❞❡ ❝♦♥tr♦❧❛r ♦ ❣r❛✉ ❝♦♠

q✉❡ ♦ s✐st❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❡stá ♣r❡♦❝✉♣❛❞♦ ❝♦♠ ❛s ❝♦♥s❡q✉ê♥❝✐❛s ❛ ❧♦♥❣♦

♣r❛③♦ ❞❡ s✉❛s ♣ró♣r✐❛s ❛çõ❡s ❡♠ r❡❧❛çã♦ às ❝♦♥s❡q✉ê♥❝✐❛s ❛ ❝✉rt♦ ♣r❛③♦ ❞❡st❛s

❛çõ❡s✳

❖ ✐♥t❡r❡ss❡ ❡stá ♥❛ ❢♦r♠✉❧❛çã♦ ❞❡ ✉♠❛ ♣♦❧ít✐❝❛✱ ❞❡✜♥✐❞❛ ❝♦♠♦ ✉♠ ♠❛♣❡❛♠❡♥t♦

❞❡ ❡st❛❞♦s ♣❛r❛ ❛çõ❡s✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ✉♠❛ ♣♦❧ít✐❝❛ é ✉♠❛ r❡❣r❛ ✉s❛❞❛ ♣❡❧♦

s✐st❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ♣❛r❛ ❞❡❝✐❞✐r ♦ q✉❡ ❢❛③❡r✱ ❞❛❞♦ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ ❡st❛❞♦

❛t✉❛❧ ❞♦ ❛♠❜✐❡♥t❡✳ ❆ ♣♦❧ít✐❝❛ é r❡♣r❡s❡♥t❛❞❛ ♣♦r

G = {g0, g1, g2, ...}, ✭✷✳✶✮

♦♥❞❡ gk é ✉♠❛ ❢✉♥çã♦ q✉❡ ♠❛♣❡✐❛ ♦ ❡st❛❞♦ xk = i ❡♠ ✉♠❛ ❛çã♦ uk = u ♥♦ ♣❛ss♦

❞❡ t❡♠♣♦ k = 0, 1, 2, ... ❊st❡ ♠❛♣❡❛♠❡♥t♦ é t❛❧ q✉❡

gk(i) ∈ Ui para todos os estados i ∈ X,

♦♥❞❡ Ui r❡♣r❡s❡♥t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❛çõ❡s ♣♦ssí✈❡✐s r❡❛❧✐③❛❞❛s ♣❡❧♦ s✐st❡♠❛

❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ♥♦ ❡st❛❞♦ i✳ ❚❛✐s ♣♦❧ít✐❝❛s sã♦ ❞❡♥♦♠✐♥❛❞❛s ❛❞♠✐ssí✈❡✐s✳

❯♠❛ ♣♦❧ít✐❝❛ ♣♦❞❡ s❡r ♥ã♦✲❡st❛❝✐♦♥❛r✐❛ ♦✉ ❡st❛❝✐♦♥❛r✐❛✳ ❯♠❛ ♣♦❧ít✐❝❛ ♥ã♦✲

❡st❛❝✐♦♥ár✐❛ é ✈❛r✐á✈❡❧ ♥♦ t❡♠♣♦✱ ❝♦♠♦ ✐♥❞✐❝❛❞♦ ♥❛ ❊q✉❛çã♦ ✭✷✳✶✮✳ ❊♥tr❡t❛♥t♦✱

q✉❛♥❞♦ ❛ ♣♦❧ít✐❝❛ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✱ ♦✉ s❡❥❛✱

G = {g, g, g, ...}, ✭✷✳✷✮

❞✐③✲s❡ q✉❡ ❛ ♣♦❧ít✐❝❛ é ❡st❛❝✐♦♥ár✐❛✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ✉♠❛ ♣♦❧ít✐❝❛ ❡st❛❝✐♦✲

♥ár✐❛ ❡s♣❡❝✐✜❝❛ ❡①❛t❛♠❡♥t❡ ❛ ♠❡s♠❛ ❛çã♦ ❝❛❞❛ ✈❡③ q✉❡ ✉♠ ❡st❛❞♦ ♣❛rt✐❝✉❧❛r é

✈✐s✐t❛❞♦✳ P❛r❛ ✉♠❛ ♣♦❧ít✐❝❛ ❡st❛❝✐♦♥ár✐❛✱ ❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ r❡❧❛❝✐♦♥❛❞❛ ♣♦❞❡

s❡r ❡st❛❝✐♦♥ár✐❛ ♦✉ ♥ã♦✲❡st❛❝✐♦♥ár✐❛❀ é ♣♦ssí✈❡❧ ✉t✐❧✐③❛r ✉♠❛ ♣♦❧ít✐❝❛ ❡st❛❝✐♦♥ár✐❛

s♦❜r❡ ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ ♥ã♦✲❡st❛❝✐♦♥ár✐❛✱ ♠❛s ♥ã♦ é r❡❝♦♠❡♥❞á✈❡❧ s❡ ❢❛③❡r

✐ss♦✳ ❙❡ ✉♠❛ ♣♦❧ít✐❝❛ ❡st❛❝✐♦♥ár✐❛ g ❢♦r ❡♠♣r❡❣❛❞❛✱ ❡♥tã♦ ❛ s❡q✉❡♥❝✐❛ ❞❡ ❡st❛❞♦s

{xk, k = 0, 1, 2, ...} ❢♦r♠❛ ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦

pil(g(i))✱ ♦♥❞❡ g(i) s✐❣♥✐✜❝❛ ✉♠❛ ❛çã♦✳ ➱ ♣♦r ❡ss❛ r❛③ã♦ ♦ ♣r♦❝❡ss♦ é r❡❢❡r✐❞♦ ❝♦♠♦

✉♠ ♣r♦❝❡ss♦ ❞❡ ❞❡❝✐sã♦ ❞❡ ▼❛r❦♦✈ ✭❍❛②❦✐♥ ✷✵✵✽✮✳
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❯♠ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ♣♦❞❡ s❡r ❞♦ t✐♣♦ ❤♦r✐③♦♥t❡ ✜♥✐t♦ ♦✉

❞❡ ❤♦r✐③♦♥t❡ ✐♥✜♥✐t♦✳ ❊♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❤♦r✐③♦♥t❡ ✜♥✐t♦✱ ♦ ❝✉st♦ é ❛❝✉♠✉❧❛❞♦

❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❡stá❣✐♦s✳ ❊♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❤♦r✐③♦♥t❡ ✐♥✜♥✐t♦✱ ♦ ❝✉st♦ é

❛❝✉♠✉❧❛❞♦ ❡♠ ✉♠ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡ ❡stá❣✐♦s✳ ❖s ♣r♦❜❧❡♠❛s ❞❡ ❤♦r✐③♦♥t❡ ✐♥✜♥✐t♦

❢♦r♥❡❝❡♠ ✉♠❛ ❛♣r♦①✐♠❛çã♦ r❛③♦á✈❡❧ ❛ ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦ ✉♠ ♥✉♠❡r♦ ✜♥✐t♦

♠❛s ♠✉✐t♦ ❣r❛♥❞❡ ❞❡ ❡stá❣✐♦s✳ ❊❧❡s t❛♠❜é♠ sã♦ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ✐♥t❡r❡ss❛♥t❡s

♣♦rq✉❡ ♦ ❞❡s❝♦♥t♦ ❛ss❡❣✉r❛ q✉❡ ♦s ❝✉st♦s ♣❛r❛ t♦❞♦s ♦s ❡st❛❞♦s sã♦ ✜♥✐t♦s ♣❛r❛

q✉❛❧q✉❡r ♣♦❧ít✐❝❛✳

❖ ❝✉st♦ t♦t❛❧ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❤♦r✐③♦♥t❡ ✐♥✜♥✐t♦✱ ✐♥✐❝✐❛♥❞♦ ❞❡ ✉♠ ❡st❛❞♦

x0 = 1 ❡ ✉s❛♥❞♦ ✉♠ ♣♦❧ít✐❝❛ G = {g0, g1, g2, ...}✱ é ❞❛❞♦ ♣♦r✿

V G(i) = E

[ ∞∑

k=0

γkg(xk, gk(xk), xk+1| x0 = i

]
, ✭✷✳✸✮

❡ ♦ s❡✉ ✈❛❧♦r ót✐♠♦ é ❞❛❞♦ ♣♦r✿

V ∗(i) = min
G

V G(i).

P♦❞❡✲s❡ ❛❣♦r❛ r❡s✉♠✐r ♦ ♣r♦❜❧❡♠❛ ❜ás✐❝♦ ❞❡ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ❝♦♠♦✿

❉❛❞♦ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❞❡❝✐sã♦ ♠❛r❦♦✈✐❛♥♦ ❡st❛❝✐♦♥ár✐♦ q✉❡ ❞❡s❝r❡✈❡ ❛ ✐♥t❡r❛çã♦

❡♥tr❡ ✉♠ s✐st❡♠❛ s❡ ❛♣r❡♥❞✐③❛❣❡♠ ❡ s❡✉ ❛♠❜✐❡♥t❡✱ ❡♥❝♦♥tr❡ ✉♠❛ ♣♦❧ít✐❝❛

❡st❛❝✐♦♥❛r✐❛ G = {g, g, g, ...} q✉❡ ♠✐♥✐♠✐③❡ ❛ ❢✉♥çã♦ ❝✉st♦ ♣❛r❛ ❛✈❛♥ç❛r V g(i)

♣❛r❛ t♦❞♦s ♦s ❡st❛❞♦s ✐♥✐❝✐❛✐s i

✷✳✷✳✶ ❊q✉❛çã♦ ❞❡ ❇❡❧❧♠❛♥ ❡ P♦❧ít✐❝❛ Ót✐♠❛

❆ té❝♥✐❝❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ s❡ ❢✉♥❞❛♠❡♥t❛ ❡♠ ✉♠❛ ✐❞❡✐❛ ♠✉✐t♦ s✐♠♣❧❡s

❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♦ ♣r✐♥❝í♣✐♦ ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞❡ ❇❡❧❧♠❛♥ ✭❇❡❧❧♠❛♥ ✷✵✵✸✮✳ ❊①♣r❡ss♦

❞❡ ✉♠❛ ❢♦r♠❛ s✐♠♣❧❡s✱ ❡ss❡ ♣r✐♥❝í♣✐♦ ❞❡❝❧❛r❛✿

✧❯♠❛ ♣♦❧ít✐❝❛ ót✐♠❛ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡✱ q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ ♦ ❡st❛❞♦ ❡

❛s ❞❡❝✐sõ❡s ✐♥✐❝✐❛✐s ✭✐st♦ é✱ ♦ ❝♦♥tr♦❧❡✮✱ ❛s ❞❡❝✐sõ❡s r❡st❛♥t❡s ❞❡✈❡♠ ❝♦♥st✐t✉✐r

✉♠❛ ♣♦❧ít✐❝❛ ót✐♠❛ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❡st❛❞♦ r❡s✉❧t❛♥t❡ ❞❛ ♣r✐♠❡✐r❛ ❞❡❝✐sã♦ ✧

❯♠❛ ✧❞❡❝✐sã♦✧é ❡st❛❜❡❧❡❝✐❞❛ ❝♦♠♦ ✉♠❛ ❡s❝♦❧❤❛ ❞❡ ❝♦♥tr♦❧❡ ❡♠ ✉♠ t❡♠♣♦ ♣❛rt✐✲

❝✉❧❛r✱ ❡ ✉♠❛ ✧♣♦❧ít✐❝❛✧é ❛ s❡q✉❡♥❝✐❛ ❞❡ ❝♦♥tr♦❧❡ ✐♥t❡✐r❛ ♦✉ ❛ ❢✉♥çã♦ ❞❡ ❝♦♥tr♦❧❡✳
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P❛r❛ ❢♦r♠✉❧❛r ♦ ♣r✐♥❝✐♣✐♦ ❞❛ ♦t✐♠✐③❛çã♦ ❡♠ t❡r♠♦s ♠❛t❡♠át✐❝♦s✱ ❝♦♥s✐❞❡r❡

✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❤♦r✐③♦♥t❡ ✜♥✐t♦ ♣❛r❛ ♦ q✉❛❧ ❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ ♣❛r❛ ❛✈❛♥ç❛r ❡

❞❡✜♥✐❞❛ ♣♦r

V0(x0) = E

[
cN(xN) +

N−1∑

k=0

ck(xk, gk(xk), xk+1)

]
, ✭✷✳✹✮

♦♥❞❡ N é ♦ ❤♦r✐③♦♥t❡ ❞❡ t❡♠♣♦ ❡ cN(xN) é ♦ ❝✉st♦ ✜♥❛❧✳ ❉❛❞♦ x0✱ ♦ ✈❛❧♦r ❡s♣❡r❛❞♦

♥❛ ❊q✉❛çã♦ ✭✷✳✹✮ é ❡♠ r❡❧❛çã♦ ❛♦s ❡st❛❞♦s r❡st❛♥t❡s x1, ..., xN−1✳

P♦❞❡✲s❡ ❛ss✐♠ ❢♦r♠❛❧♠❡♥t❡ ❢♦r♠✉❧❛r ♦ ❛❧❣♦r✐t♠♦ ❞❡ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛

❝♦♠♦ ✭❇❡rts❡❦❛s ✶✾✽✼✮

P❛r❛ t♦❞♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ x0✱ ♦ ❝✉st♦ ót✐♠♦ V ∗(x0) ❞♦ ♣r♦❜❧❡♠❛ ❜ás✐❝♦ ❞❡

❤♦r✐③♦♥t❡ ✜♥✐t♦ é ✐❣✉❛❧ ❛ V0(x0)✱ ♦♥❞❡ ❛ ❢✉♥çã♦ V0 é ♦❜t✐❞❛ ❞♦ ú❧t✐♠♦ ♣❛ss♦ ❞♦

s❡❣✉✐♥t❡ ❛❧❣♦r✐t♠♦✿

Vk(xk) = min
gk

E
xk+1

[ck(xk, gk(xk), xk+1) + Vk+1(xk+1)] , ✭✷✳✺✮

q✉❡ ❛❣❡ ✧♣❛r❛ trás ♥♦ t❡♠♣♦✧✱ ❝♦♠

VN(xN) = cN(xN),

❆❧é♠ ❞✐ss♦✱ s❡ g∗k ♠✐♥✐♠✐③❛ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❊q✉❛çã♦ ✭✷✳✺✮ ♣❛r❛ ❝❛❞❛ xk ❡ k✱ ❡♥tã♦

❛ ♣♦❧ít✐❝❛ G∗ = {g∗0, g
∗
1, ..., g

∗
N−1} é ót✐♠❛✳

◆❛ s✉❛ ❢♦r♠❛ ❜ás✐❝❛✱ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ tr❛t❛ ❞❡ ✉♠ ♣r♦✲

❜❧❡♠❛ ❞❡ ❤♦r✐③♦♥t❡ ✜♥✐t♦✳ ❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡st❡♥❞❡r ♦ ✉s♦ ❞❡st❡ ❛❧❣♦✲

r✐t♠♦ ♣❛r❛ tr❛t❛r ❞♦ ♣r♦❜❧❡♠❛ ❞❡s❝♦♥t❛❞♦ ❞❡ ❤♦r✐③♦♥t❡ ✐♥✜♥✐t♦ ❞❡s❝r✐t♦ ♣❡❧❛

❢✉♥çã♦ ❞❡ ❝✉st♦ ♣❛r❛ ❛✈❛♥ç❛r ❞❛ ❊q✉❛çã♦ ✭✷✳✸✮ s♦❜ ✉♠❛ ♣♦❧ít✐❝❛ ❡st❛❝✐♦♥ár✐❛

G = {g, g, g, ...}✳ ❚❡♥❞♦ ❡st❡ ♦❜❥❡t✐✈♦ ❡♠ ♠❡♥t❡✱ ♣♦❞❡✲s❡ ♣r♦❝❡❞❡r ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿

• ■♥✈❡rt❡r ♦ í♥❞✐❝❡ ❞❡ t❡♠♣♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ♠♦❞♦ q✉❡ ❝♦rr❡s♣♦♥❞❛ ❛♦ ♣r♦✲

❜❧❡♠❛ ❞❡s❝♦♥t❛❞♦✳

• ❉❡✜♥✐r ♦ ❝✉st♦ ck(xk, g(xk), xk+1) ❝♦♠♦✿
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ck(xk, g(xk), xk+1) = γkc(xk, g(xk), xk+1), ✭✷✳✻✮

P♦❞❡✲s❡ ❛❣♦r❛ r❡❢♦r♠✉❧❛r ♦ ❛❧❣♦r✐t♠♦ ❞❡ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ❝♦♠♦ s❡❣✉❡✿

Vk+1(x0) = min
g

E
x1

[c(x0, g(x0), x1) + γVk(x1)] , ✭✷✳✼✮

q✉❡ ❝♦♠❡ç❛ ❛ ♣❛rt✐r ❞❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

V0(x) = 0 ♣❛r❛ t♦❞♦ x ∈ X✱

❖ ❡st❛❞♦ x0 é ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧✱ x1 é ♦ ♥♦✈♦ ❡st❛❞♦ q✉❡ r❡s✉❧t❛ ❞❛ ❛çã♦ ❞❛ ♣♦❧ít✐❝❛

g ❡ γ é ♦ ❢❛t♦r ❞❡ ❞❡s❝♦♥t♦✳

❈♦♥s✐❞❡r❡ q✉❡ V ∗(i) r❡♣r❡s❡♥t❡ ♦ ❝✉st♦ ót✐♠♦ ❞❡ ❤♦r✐③♦♥t❡ ✐♥✜♥✐t♦ ♣❛r❛ ♦

❡st❛❞♦ ✐♥✐❝✐❛❧ x0 = i✳ P♦❞❡✲s❡ ❡♥tã♦ ✈❡r V ∗(i) ❝♦♠♦ ♦ ❧✐♠✐t❡ ❞♦ ❝✉st♦ ót✐♠♦ ❞❡ N

❡stá❣✐♦s ❝♦rr❡s♣♦♥❞❡♥t❡ VN(i) q✉❛♥❞♦ ♦ ❤♦r✐③♦♥t❡ N s❡ ❛♣r♦①✐♠❛ ❞♦ ✐♥✜♥✐t♦❀ ✐st♦

é✱

V ∗(i) = lim
N→∞

VN(i) para todo i ✭✷✳✽✮

❊st❛ r❡❧❛çã♦ é ♦ ❡❧♦ ❞❡ ❝♦♥❡①ã♦ ❡♥tr❡ ♦s ♣r♦❜❧❡♠❛s ❞❡s❝♦♥t❛❞♦s ❞❡ ❤♦r✐③♦♥t❡ ✜♥✐t♦

❡ ❞❡ ❤♦r✐③♦♥t❡ ✐♥✜♥✐t♦✳ ❋❛③❡♥❞♦ k + 1 = N ❡ x0 = i ♥❛ ❊q✉❛çã♦ ✭✷✳✼✮ ❡ ❡♥tã♦

❛♣❧✐❝❛♥❞♦ ❛ ❊q✉❛çã♦ ✭✷✳✽✮✱ ♦❜tê♠✲s❡

V ∗(i) = min
g

E
x1

[c(i, g(i), x1) + γV ∗(x1)] ✭✷✳✾✮

P❛r❛ ❡st✐♠❛r ♦ ❝✉st♦ ót✐♠♦ ❞❡ ❤♦r✐③♦♥t❡ ✐♥✜♥✐t♦ V ∗(i)✱ ♣r♦❝❡❞❡✲s❡ ❡♠ ❞♦✐s ❡stá❣✐♦s✿

✶✳ ❊st✐♠❛✲s❡ ♦ ✈❛❧♦r ❡s♣❡r❛❞♦ ❞♦ ❝✉st♦ c(i, g(i), xi) ❡♠ r❡❧❛çã♦ ❛ x1 ❡s❝r❡✈❡♥❞♦

E [c(i), g(i), x1] =
s∑

j=1

pijc(i, g(i), j) ✭✷✳✶✵✮

♦♥❞❡ s é ♦ ♥ú♠❡r♦ ❞❡ ❡st❛❞♦s ❞♦ ❛♠❜✐❡♥t❡ ❡ pij é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦

❞♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ x0 = i ♣❛r❛ ♦ ♥♦✈♦ ❡st❛❞♦ x1 = j✳ ❆ q✉❛♥t✐❞❛❞❡ ❞❡✜♥✐❞❛

♥❛ ❊q✉❛çã♦ ✭✷✳✶✵✮ é ♦ ❝✉st♦ ❡s♣❡r❛❞♦ ✐♠❡❞✐❛t♦ ✐♥❝♦rr✐❞♦ ♥♦ ❡st❛❞♦ i

♣♦r s❡❣✉✐r ❛ ❛çã♦ ❣♦✈❡r♥❛❞❛ ♣❡❧❛ ♣♦❧ít✐❝❛ g✳ ❘❡♣r❡s❡♥t❛♥❞♦ ❡st❡ ❝✉st♦ ♣♦r

c̃(i, g(i))✱ q✉❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦
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c̃(i, g(i)) =
s∑

j=1

pijc(i, g(i), j) ✭✷✳✶✶✮

✷✳ ❊st✐♠❛✲s❡ ♦ ✈❛❧♦r ❡s♣❡r❛❞♦ ❞❡ V ∗(x1) ❡♠ r❡❧❛çã♦ ❛ x1✳ ❆q✉✐ ♥♦t❛✲s❡ q✉❡

s❡ ❤á ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ ❝✉st♦ V ∗(x1) ♣❛r❛ ❝❛❞❛ ❡st❛❞♦ x1 ❞❡ ✉♠ s✐st❡♠❛ ❞❡

❡st❛❞♦s ✜♥✐t♦s✱ ♣♦❞❡✲s❡ ❞❡t❡r♠✐♥❛r ❢❛❝✐❧♠❡♥t❡ ♦ ✈❛❧♦r ❡s♣❡r❛❞♦ ❞❡ V ∗(x1)

❡♠ t❡r♠♦s ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ s✉❜❥❛❝❡♥t❡

❡s❝r❡✈❡♥❞♦

E[βα] =
s∑

j=1

pijV
∗(j) ✭✷✳✶✷✮

❆ss✐♠✱ ✉t✐❧✐③❛♥❞♦ ❛s ❊q✉❛çõ❡s ✭✷✳✶✵✮ ❛ ✭✷✳✶✷✮ ♥❛ ❊q✉❛çã♦ ✭✷✳✾✮✱ ♦❜tê♠✲s❡ ♦ r❡s✉❧✲

t❛❞♦ ❞❡s❡❥❛❞♦

V ∗(i) = min
g

{
c̃(i, g(i)) + γ

s∑

j=1

pijV
∗(j)

}
para i = 1, 2, ..., s ✭✷✳✶✸✮

❆ ❊q✉❛çã♦ ✭✷✳✶✸✮ é ❝❤❛♠❛❞❛ ❛ ❡q✉❛çã♦ ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞❡ ❇❡❧❧♠❛♥✳ ❊❧❛ ♥ã♦ ❞❡✈❡

s❡r ✈✐st❛ ❝♦♠♦ ✉♠ ❛❧❣♦r✐t♠♦✳ ❊♠ ✈❡③ ❞✐ss♦✱ r❡♣r❡s❡♥t❛ ✉♠ s✐st❡♠❛ ❞❡ s ❡q✉❛çõ❡s✱

❝♦♠ ✉♠❛ ❡q✉❛çã♦ ♣♦r ❡st❛❞♦✳ ❆ s♦❧✉çã♦ ❞❡st❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞❡✜♥❡ ❛s

❢✉♥çõ❡s ❞❡ ❝✉st♦ ♣❛r❛ ❛✈❛♥ç❛r ót✐♠❛s ♣❛r❛ ♦s s ❡st❛❞♦s ❞♦ ❛♠❜✐❡♥t❡✳

✷✳✷✳✷ ▼ét♦❞♦s ❞❡ ❇✉s❝❛ ❞❡ P♦❧ít✐❝❛ Ót✐♠❛

❈♦♠♦ ❜❡♠ ♦❜s❡r✈❛❞♦✱ ♦ s✐st❡♠❛ ♥❡❝❡ss✐t❛ ❞❡ ❣r❛♥❞❡ ♣♦❞❡r ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣❛r❛

q✉❡ ♦s ❝✉st♦s ❞❛s tr❛♥s✐çõ❡s ❡st❡❥❛♠ ❞✐s♣♦♥í✈❡✐s ♣❛r❛ ♦ ❛❣❡♥t❡✱ q✉❡ é ♦ s✉❜s✐st❡♠❛

r❡s♣♦♥sá✈❡❧ ♣♦r ✐♠♣❧❡♠❡♥t❛r ❛s ♣♦❧ít✐❝❛s ót✐♠❛s✳ ❚✐♣✐❝❛♠❡♥t❡✱ ❡①✐st❡♠ três ♠é✲

t♦❞♦s ♣❛r❛ s❡ ❞❡t❡r♠✐♥❛r ✉♠❛ ♣♦❧ít✐❝❛ ót✐♠❛ ✭❑❤❛♥ ❡t ❛❧✳ ✷✵✶✷✮ ✐t❡r❛çã♦ ❞❡

♣♦❧ít✐❝❛✱ ✐t❡r❛çã♦ ❞❡ ✈❛❧♦r ❡ ✐t❡r❛çã♦ ❣✉❧♦s❛✱ ❞❡t❛❧❤❛❞❛s ❛ s❡❣✉✐r✳

■t❡r❛çã♦ ❞❡ P♦❧ít✐❝❛✿ ◆❡st❡ ♠ét♦❞♦ é ♣r♦✈✐❞❡♥❝✐❛❞♦ ✉♠ ❧❛ç♦ q✉❡ ❛❧t❡r♥❛

❡♥tr❡ ❛ ❛✈❛❧✐❛çã♦ ❡ ❛ ♠❡❧❤♦r✐❛ ❞❛ ♣♦❧ít✐❝❛✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦ ❛❧❣♦r✐t♠♦ ❛✈❛❧✐❛ ❛

♣♦❧ít✐❝❛ g ❡ ♦❜tê♠ ❛ ❢✉♥çã♦ ✈❛❧♦r ❝♦rr❡s♣♦♥❞❡♥t❡ q✉❡ ✈❡♥❤❛ ❛ s❛t✐s❢❛③❡r✿

V gk(i) = c̃(i, gk(i)) + γ

s∑

j=1

pij(gk(i))V
gk(j), i = 1, 2, . . . , s. ✭✷✳✶✹✮
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❆ ❢✉♥çã♦ V gk ♠♦str❛❞❛ ♥❛ ❊q✉❛çã♦ ✭✷✳✶✹✮ é ❡st✐♠❛❞❛ ❞❡ ♠❛♥❡✐r❛ ❛ ❛t✉❛❧✐③❛r ❛

♣♦❧ít✐❝❛✱ ❛tr❛✈és ❞❛ ♠❡❧❤♦r✐❛ ❞❛ ♠❡s♠❛✿

gk+✶(i) = ❛r❣min
u∈Ui

{
c̃(i, u) + γ

s∑

j=1

pij(u)V
gk(j)

}
, i = 1, 2, . . . , s. ✭✷✳✶✺✮

❊st❛s ❞✉❛s ♠❡❞✐❞❛s sã♦ ❛♣❧✐❝❛❞❛s ❛♦ s✐st❡♠❛ ❛té ❤❛✈❡r ❛ ❝♦♥✈❡r❣ê♥❝✐❛✳ ❊♠

✭❇r❛❞t❦❡ ❡t ❛❧✳ ✶✾✾✹✮ é ♠♦str❛❞♦ q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ é ✈❡r❞❛❞❡✐r❛ s❡ ❛s ❊q✉❛✲

çõ❡s ✭✷✳✶✹✮ ❡ ✭✷✳✶✺✮ ❢♦r❡♠ s❛t✐s❢❡✐t❛s✳

■t❡r❛çã♦ ❞❡ ❱❛❧♦r✿ ➱ ✉♠ ♠ét♦❞♦ ❞❡ ❛♣r♦①✐♠❛çõ❡s s✉❝❡ss✐✈❛s ♣❛r❛ ❡♥❝♦♥tr❛r

❛ ❢✉♥çã♦ ✈❛❧♦r ót✐♠❛ s❡♠ r❡q✉❡r❡r ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦ ❞❡ ✉♠❛ ♣♦❧ít✐❝❛ ót✐♠❛✳

❆ ♣♦❧ít✐❝❛ ót✐♠❛ é ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❛ ❢✉♥çã♦ ✈❛❧♦r ót✐♠❛✳ ❖ ♠ét♦❞♦ ❛t✉❛❧✐③❛ ❛s

❡st✐♠❛t✐✈❛s ❞❛ ❢✉♥çã♦ ✈❛❧♦r ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ s❡❣✉✐♥t❡ ❊q✉❛çã♦ ✭✷✳✶✻✮

Vk+1(i) = min
u∈Ui

{
c̃(i, u) + γ

s∑

j=1

pij(u)Vk(j)

}
, ✭✷✳✶✻✮

♣❛r❛ t♦❞♦s ♦s ❡st❛❞♦s i✳ ❆ ✐t❡r❛çã♦ ❞❡ ✈❛❧♦r é ❣❛r❛♥t✐❞❛ ❝♦♥✈❡r❣✐r ♣❛r❛ ✉♠❛

❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❛ ♦t✐♠❛❧✐❞❛❞❡ ❞❡ ❇❡❧❧♠❛♥ ✭✷✳✶✸✮ ❜❛s❡❛❞❛ ❡♠ ✉♠❛

r❡♣r❡s❡♥t❛çã♦ t❛❜✉❧❛r ❞❛ ❢✉♥çã♦ ✈❛❧♦r✱ ✭❇❡rts❡❦❛s ✶✾✾✺✮✳

■t❡r❛çã♦ ●✉❧♦s❛✿ ➱ ✉♠ ♠ét♦❞♦ q✉❡ t❛♥t♦ ❛ ❛✈❛❧✐❛çã♦ ❞❛ ♣♦❧ít✐❝❛ q✉❛♥t♦ ❛

♠❡❧❤♦r✐❛ sã♦ ❡①❡❝✉t❛❞❛s ❛♦ ♠❡s♠♦ t❡♠♣♦✳ ❉❡st❛ ♠❛♥❡✐r❛ é ♥❡❝❡ssár✐♦ q✉❡ ❡①✐st❛

✉♠❛ ❛✈❛❧✐❛çã♦ ❞❡ ♣♦❧ít✐❝❛ ✐♥✐❝✐❛❧ ❡ ✉♠❛ ♠❡❧❤♦r✐❛ ✐♥✐❝✐❛❧✱ ♣♦✐s ❤á ✐♥t❡r❞❡♣❡♥❞ê♥❝✐❛

♥❛s ❊q✉❛çõ❡s ✭✷✳✶✹✮ ❡ ✭✷✳✶✺✮✳ ❉❡st❛ ❢♦r♠❛✱ ❛ ♣♦❧ít✐❝❛ ❛t✉❛❧ é ❝♦♥s✐❞❡r❛❞❛✱ ♣❛r❛

❝❛❞❛ ❝✐❝❧♦✱ ❛ s❡r s❡♠♣r❡ ❛ ♣♦❧ít✐❝❛ ót✐♠❛✳ ❆ ❜✉s❝❛ é ❢❡✐t❛ ✉t✐❧✐③❛♥❞♦✲s❡ té❝♥✐❝❛s

✐t❡r❛t✐✈❛s ❡ ❡♠ ❝❛❞❛ ✐t❡r❛çã♦ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ ❢✉♥çã♦ ✈❛❧♦r é ❛t✉❛❧✐③❛❞❛ ❛✜♠

❞❡ s❛t✐s❢❛③❡r ❛ ❡q✉❛çã♦ ❞❛ ♦t✐♠❛❧✐❞❛❞❡ ❞❡ ❇❡❧❧♠❛♥ ♦ q✉❡ r❡s✉❧t❛r❛ ♥❛ ❛t✉❛❧✐③❛çã♦

❞❡ V̂ ∗ t❡♥❞❡♥❞♦ ❛♦ ✈❛❧♦r ót✐♠♦ ❞❡ V ∗✱ ❧♦❣♦

V̂ ∗(i) = c̃(i, ĝ∗(i)) + γ

s∑

j=1

pij(ĝ
∗)V̂ ∗(j), ✭✷✳✶✼✮

ĝ∗(i) = ❛r❣♠✐♥
u∈Ui

{
c̃(i, u) + γ

s∑

j=1

pij(u)V̂
∗(j)

}
, i = 1, 2, . . . , s. ✭✷✳✶✽✮

◆♦ ♠ét♦❞♦ ❞❡ ✐t❡r❛çã♦ ❣✉❧♦s❛ ✭▲❛♥❞❡❧✐✉s ❛♥❞ ❑♥✉tss♦♥ ✶✾✾✻✮✱ ❛ ❢✉♥çã♦ ✈❛❧♦r

❡st✐♠❛❞❛ é tr❛t❛❞❛ ❝♦♠♦ ót✐♠❛ ❡♠ r❡❧❛çã♦ ❛ ♥♦✈❛ ♣♦❧ít✐❝❛ ❡st✐♠❛❞❛ ❞❡ ❝♦♥tr♦❧❡✳
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❉❡st❛ ❢♦r♠❛✱ ❛s ❢✉♥çõ❡s ❞❛s ❊q✉❛çõ❡s ✭✷✳✶✼✮ ❡ ✭✷✳✶✽✮ sã♦ ❛✈❛❧✐❛❞❛s ♥❛ ♦r❞❡♠

✐♥✈❡rs❛ ♣♦✐s ♦ ❢♦❝♦ ❞♦ ❛❧❣♦r✐t♠♦ é ❛ ♣♦❧ít✐❝❛ ♣❛r❛♠❡tr✐③❛❞❛ ĝ∗(x, w)✱ s❡♥❞♦ w

♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s ❞❛ r❡♣r❡s❡♥t❛çã♦ ♣❛r❛♠❡tr✐③❛❞❛ ❞❛ ❢✉♥çã♦ ✈❛❧♦r ❡ s❡✉s

r❡s✉❧t❛❞♦s ✐♥❞✉③✐rã♦ ❛ ✈❡rsã♦ ❛t✉❛❧✐③❛❞❛ ❞❡ V̂ ∗✳

✷✳✸ ❉✐❢❡r❡♥ç❛s ❚❡♠♣♦r❛✐s

❖s ♠ét♦❞♦s tr❛❞✐❝✐♦♥❛✐s ❞❡ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ sã♦ ❜❛s❡❛❞♦s ❡♠ ✉♠ ♠♦❞❡❧♦

❞♦ ♣r♦❝❡ss♦ ❞❡ ❞❡❝✐sã♦ ♠❛r❦♦✈✐❛♥♦✱ ♦✉ s❡❥❛✱ ♦s ♠ét♦❞♦s r❡q✉❡r❡♠ ❝♦♥❤❡❝✐♠❡♥t♦

❞♦s ♠♦❞❡❧♦s P ❞❛ ❢✉♥çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ ❞❡ ❡st❛❞♦s ❡ c ❞❛ ❢✉♥çã♦

❞❡ ❝✉st♦ ✐♥st❛♥tâ♥❡♦✳ ❊♥tr❡t❛♥t♦✱ às ✈❡③❡s ✉♠ ♠♦❞❡❧♦ ❞♦ s✐st❡♠❛ ♥ã♦ ♣♦❞❡ s❡r

♦❜t✐❞♦ ❡♠ s✉❛ ♣❧❡♥✐t✉❞❡✱ ♣♦rq✉❡ ❛ ♦❜t❡♥çã♦ ❞❡ ✉♠ ♠♦❞❡❧♦ é ♠✉✐t♦ ❝❛r❛✱ s❡ ♥ã♦✱ é

✐♠♣♦ssí✈❡❧ ❢♦r♥❡❝❡r ❡st✐♠❛t✐✈❛s ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞❡ ❡st❛❞♦s✳ ◆❡st❡

❝❛s♦✱ ♠ét♦❞♦s ❞❡ ❞✐❢❡r❡♥ç❛s t❡♠♣♦r❛✐s ✭❚❡♠♣♦r❛❧ ❉✐✛❡r❡♥❝❡s ✲ ❚❉✮ ✭❙✉tt♦♥ ❛♥❞

❇❛rt♦ ✶✾✾✽✮ sã♦ út❡✐s✱ ✉♠❛ ✈❡③ q✉❡ ❢✉♥❝✐♦♥❛♠ ✉t✐❧✐③❛♥❞♦ ❛♣❡♥❛s ♦s ❞❛❞♦s ♦❜t✐❞♦s

❛ ♣❛rt✐r ❞♦ s✐st❡♠❛✱ s❡♠ r❡q✉❡r❡r ✉♠ ♠♦❞❡❧♦ ❞♦ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦✳ ▼ét♦❞♦s

❚❉ ♦r✐❣✐♥❛r❛♠✲s❡ ❞❡ ✉♠ ❡st✉❞♦ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ♣♦r r❡❢♦rç♦ ❡

❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❛tr✐❜✉✐çã♦ ❞❡ ❝ré❞✐t♦✱ ✭❙✉tt♦♥ ✶✾✽✹✮✱ ✭❙✉tt♦♥ ✶✾✽✽✮✱ ✭❆♥❞❡rs♦♥

✶✾✽✽✮✱ ✭❇❛rt♦ ❡t ❛❧✳ ✶✾✽✸✮✳

❖ ❡rr♦ ❞❡ ❉✐❢❡r❡♥ç❛s ❚❡♠♣♦r❛✐s ✭❉❚✮ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠ ❡rr♦ ❞❡

♣r❡❞✐çã♦ ❡♥tr❡ ♦ ❞❡s❡♠♣❡♥❤♦ ♣r❡✈✐st♦ ❡ ♦ ❞❡s❡♠♣❡♥❤♦ ♦❜s❡r✈❛❞♦ ❡♠ r❡s♣♦st❛ ❛

✉♠❛ ❛çã♦ ❛♣❧✐❝❛❞♦ ❛♦ s✐st❡♠❛ ✭▲❡✇✐s ❛♥❞ ❱r❛❜✐❡ ✷✵✵✾❜✮✳ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛

❋✐❣✉r❛ ✷✳✷ ✳

❋✐❣✉r❛ ✷✳✷✿ ❊rr♦ ❞❡ ♣r❡❞✐çã♦ ✭❉✐❢❡r❡♥ç❛ ❚❡♠♣♦r❛❧✮
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✷✳✸✳✶ ❆✈❛❧✐❛çã♦ ❞❡ P♦❧ít✐❝❛ ✲ Pr❡❞✐çã♦ ♣♦r ❉✐❢❡r❡♥ç❛s ❚❡♠✲

♣♦r❛✐s

◆❡st❛ s✉❜s❡çã♦✱ ❛♣r❡s❡♥t❛✲s❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ♠ét♦❞♦s ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ ♠♦✲

❞❡❧♦ ❜❛s❡❛❞♦s ❡♠ ❞✐❢❡r❡♥ç❛s t❡♠♣♦r❛✐s ♣❛r❛ ❡st✐♠❛r ❛ ❢✉♥çã♦ ✈❛❧♦r V g ♣❛r❛ ✉♠❛

❞❛❞❛ ♣♦❧ít✐❝❛ g✳ ❆ ❛❜♦r❞❛❣❡♠ ❡♥✈♦❧✈❡ ❛ ❝♦rr❡çã♦ ❞❛s ♣r❡❞✐çõ❡s ❛♥t❡r✐♦r❡s ❡

❝♦♥stró✐ ❡st✐♠❛t✐✈❛s ❞❛ ❢✉♥çã♦ ✈❛❧♦r V g ❜❛s❡❛❞❛s ❡♠ t✉♣❧❛s ❞❡ ❞❛❞♦s ❞❛ ❢♦r♠❛

(xk, xk+1, g(xk, g(xk), xk+1)) ♦❜s❡r✈❛❞❛s ❛♦ ❧♦♥❣♦ ❞❛ r❡❛❧✐③❛çã♦ ❞❡ tr❛❥❡tór✐❛ ❞♦ ❡s✲

t❛❞♦✱ ✭❙✉tt♦♥ ❛♥❞ ❇❛rt♦ ✶✾✾✽✮✳ ❖ ♠ét♦❞♦✱ ❡♠ s✉❛ ✈❡rsã♦ à ✉♠ ♣❛ss♦✱ ❛t✉❛❧✐③❛

V g ❛♣ós ❝❛❞❛ tr❛♥s✐çã♦ ❞❡ ❡st❛❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ q✉❡ é ❞❛❞❛ ♣♦r

Vk+1(xk) = Vk(xk) + αk∆k, ✭✷✳✶✾✮

❝♦♠ V g ✐♥✐❝✐❛❧✐③❛❞♦ ♣❛r❛ ❛❧❣✉♠ ✈❛❧♦r ❛r❜✐trár✐♦ V0✱ Vk é ❛ k✲és✐♠❛ ❡st✐♠❛t✐✈❛ ❞❡

V g✱ αk é ✉♠ ❢❛t♦r ❞❡ ❛♣r❡♥❞✐③❛❣❡♠✱ ❡ ∆k é ❛ ❞✐❢❡r❡♥ç❛ t❡♠♣♦r❛❧ q✉❡ é ❞❛❞❛ ♣♦r

∆k = c(xk, g(xk), xk+1) + γVk(xk+1)− Vk(xk), ✭✷✳✷✵✮

❡①♣r❡ss❛♥❞♦ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛ ❡st✐♠❛t✐✈❛ ❛t✉❛❧✐③❛❞❛ c(xk, uk, xk+1) + γVk(xk+1)

❞❛ ❢✉♥çã♦ ✈❛❧♦r V g ♣❛r❛ ♦ ❡st❛❞♦ xk ❡ ❛ ❡st✐♠❛t✐✈❛ ❛t✉❛❧ Vk(xk) ❛ss♦❝✐❛❞❛ ❝♦♠ ❛

tr❛♥s✐çã♦ ❞❡ xk ♣❛r❛ xk+1✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❊q✉❛çã♦ ❞❡ ❇❡❧❧♠❛♥ s❡ ❛s ❡st✐♠❛t✐✈❛s

❞❡ ✈❛❧♦r ❣❡r❛❞❛s ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ ❊q✉❛çã♦ ✭✷✳✶✾✮ ❢♦r❡♠ ❡①❛t❛s✱ ❛ ❞✐❢❡r❡♥ç❛ t❡♠✲

♣♦r❛❧ ♠é❞✐❛ ∆k é ③❡r♦✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦s ✈❛❧♦r❡s ∆k ♣♦❞❡♠ s❡r ✈✐st♦ ❝♦♠♦

✉♠❛ ✐♥❞✐❝❛çã♦ ❞❡ ❛❥✉st❡ ♣❛r❛ ❝♦rr❡s♣♦♥❞❡r à ❡q✉❛çã♦ ❞❡ ❇❡❧❧♠❛♥ ❛♦ ❧♦♥❣♦ ❞❛s

tr❛❥❡tór✐❛s ❛♠♦str❛❞❛s✳

✷✳✹ ❈rít✐❝♦s ❆❞❛♣t❛t✐✈♦s

❖s Pr♦❥❡t♦s ❈rít✐❝♦s ❆❞❛♣t❛t✐✈♦s ❢♦r♥❡❝❡♠ ♣r♦❝❡❞✐♠❡♥t♦s ✧♣❛r❛ ❢r❡♥t❡ ♥♦

t❡♠♣♦✧♣❛r❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ♣♦❧✐t✐❝❛s ót✐♠❛s q✉❡ ♣♦❞❡♠ s❡r ✐♠♣❧❡♠❡♥t❛❞❛s ❡♠

t❡♠♣♦ r❡❛❧✳ ❊st❛ ❛❜♦r❞❛❣❡♠ ✉t✐❧✐③❛ ❞✉❛s ❡str✉t✉r❛s ♣❛r❛♠étr✐❝❛s ❝❤❛♠❛❞❛s ♦

❛t♦r ❡ ♦ ❝rít✐❝♦ ✳

❖ ❛t♦r ❝♦♥s✐st❡ ❞❡ ✉♠❛ ♣♦❧ít✐❝❛ ♣❛r❛♠❡tr✐③❛❞❛✳ ❖ ❝rít✐❝♦ ❛♣r♦①✐♠❛ ✉♠❛ ❢✉♥çã♦

r❡❧❛❝✐♦♥❛❞❛ ❛ ✈❛❧♦r ❡ ❝❛♣t❛ ♦ ❡❢❡✐t♦ q✉❡ ❛ ♣♦❧ít✐❝❛ ❡①❡r❝❡rá s♦❜r❡ ♦ ❝✉st♦ ❢✉t✉r♦✳
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❊♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♠♦♠❡♥t♦ ♦ ❝rít✐❝♦ ❢♦r♥❡❝❡ ♦r✐❡♥t❛çõ❡s s♦❜r❡ ❛ ❢♦r♠❛ ❞❡

♠❡❧❤♦r❛r ❛ ♣♦❧ít✐❝❛✳ ❖ ❛t♦r✱ ♣♦r s✉❛ ✈❡③✱ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ❛t✉❛❧✐③❛r ♦ ❝rít✐❝♦✳

❯♠ ❡sq✉❡♠❛ q✉❡ s✉❝❡ss✐✈❛♠❡♥t❡ ✐t❡r❛ ❡♥tr❡ ❡st❛s ❞✉❛s ♦♣❡r❛çõ❡s ❧❡✈❛rá ❛ ✉♠❛

♣♦❧ít✐❝❛ ót✐♠❛✱ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳

▼❛✐s ✐♠♣♦rt❛♥t❡ ❛✐♥❞❛✱ ♦ ❝rít✐❝♦ ❛❞❛♣t❛t✐✈♦ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ♣r♦❥❡t❛r

s✐st❡♠❛s ❞❡ ❝♦♥tr♦❧❡ q✉❡ ♠❡❧❤♦r❛♠ s❡✉ ❞❡s❡♠♣❡♥❤♦ ♦♥❧✐♥❡✱ s✉❥❡✐t♦s ❛ ❞✐♥â♠✐❝❛

r❡❛❧ ❞❛ ♣❧❛♥t❛✳ ◆❛ ♣rát✐❝❛✱ ❛s ❡str✉t✉r❛s ♣❛r❛♠étr✐❝❛s q✉❡ r❡♣r❡s❡♥t❛♠ ❛ ❧❡✐ ❞❡

❝♦♥tr♦❧❡ ✭♣♦❧ít✐❝❛ ❞❡ ❝♦♥tr♦❧❡✮ ❡ ❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ t♦t❛❧ ✭❢✉♥çã♦ ✈❛❧♦r ót✐♠♦✮ s❡

❛❞❛♣t❛♠ ❛♦s ♣❛râ♠❡tr♦s ✈❛r✐❛♥t❡s ❞♦ s✐st❡♠❛✱ ✐♥❝❧✉✐♥❞♦ ❢❛❧❤❛s ❞♦ s✐st❡♠❛✱ s❡♠

✐❞❡♥t✐✜❝❛çã♦ ❡①♣❧✐❝✐t❛ ❞♦s ♣❛râ♠❡tr♦s✳

❯♠ ❡sq✉❡♠❛ ❞❡ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❛ ❡str✉t✉r❛ ❛t♦r✲❝rít✐❝♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦

♥❛ ❋✐❣✉r❛ ✷✳✸✱ r❡♣r❡s❡♥t❛♥❞♦ ♦ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ❝♦♠ r❡❛❧✐♠❡♥t❛çã♦ ♥♦ ❝♦♥t❡①t♦

❞❡ ❝♦♥tr♦❧❡ ❛❞❛♣t❛t✐✈♦✳

❋✐❣✉r❛ ✷✳✸✿ ❊str✉t✉r❛ ❞❡ ❆♣r❡♥❞✐③❛❞♦ ❆t♦r✲❈rít✐❝♦

✷✳✺ ❈♦♥tr♦❧❡ Ót✐♠♦

◆❡st❛ s❡çã♦✱ ♦s ❢✉♥❞❛♠❡♥t♦s ❞❛ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ❛♣r♦①✐♠❛❞❛✱ ❞❡♥♦♠✐✲

♥❛❞❛ ❝rít✐❝❛ ❛❞❛♣t❛t✐✈❛✱ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥♦ q✉❛❞r♦ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦✳ ❆ s♦❧✉çã♦

♦♥❧✐♥❡ ❞♦s ♣r♦❜❧❡♠❛s ❞❡ ❤♦r✐③♦♥t❡ ✐♥✜♥✐t♦✱ ❝♦♠ ❛ ✐♥❢♦r♠❛çã♦ q✉❡ s❡ t♦r♥❛ ❞✐s♣♦✲

♥í✈❡❧ ❞❡ ❢♦r♠❛ ✐♥❝r❡♠❡♥t❛❧ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✱ é ❡♥❢❛t✐③❛❞❛✳ ❊♠ ♣r♦❜❧❡♠❛s ❞❡

❝♦♥tr♦❧❡ ót✐♠♦✱ ♦ ♦❜❥❡t✐✈♦ é ❡❧❛❜♦r❛r ✉♠❛ ❡str❛té❣✐❛ ❞❡ ❛çã♦✱ ♦✉ ❧❡✐ ❞❡ ❝♦♥tr♦❧❡✱

q✉❡ ♦t✐♠✐③❛ ✉♠❛ ♠étr✐❝❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❡s❡❥❛❞♦ ✭♣♦r ❡①❡♠♣❧♦✱ ♦ ❝✉st♦✮✳ ❉✉❛s

❛❜♦r❞❛❣❡♥s ❞❡ s♦❧✉çã♦ ❜❡♠ ❝♦♥❤❡❝✐❞❛s sã♦✿ ♦ ❝á❧❝✉❧♦ ✈❛r✐❛❝✐♦♥❛❧✱ ❡♥✈♦❧✈❡♥❞♦ ❛s

❡q✉❛çõ❡s ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✱ ❡ ❛ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ♣❛r❛ trás✳ ❊❧❛s sã♦ ❛♣r❡✲
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s❡♥t❛❞❛s✱ ♥❡st❛ s❡çã♦✱ ❞❡✈✐❞♦ ❛♠❜❛s t❡r❡♠ ❢♦rt❡s r❡❧❛çõ❡s ❝♦♠ ❛ ❛❜♦r❞❛❣❡♠ ❝rít✐❝❛

❛❞❛♣t❛t✐✈❛✳

✷✳✺✳✶ ❈á❧❝✉❧♦ ❱❛r✐❛❝✐♦♥❛❧

❖ ♦❜❥❡t✐✈♦ é ❞❡t❡r♠✐♥❛r ✉♠❛ ❧❡✐ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ❡st❛❝✐♦♥ár✐❛ q✉❡ ♠✐♥✐♠✐③❛

✉♠❛ ♠❡❞✐❞❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ J ❡①♣r❡ss❛ ♣♦r ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣r❛❧ ❡s❝❛❧❛r ✐♥✈❛r✐❛♥t❡

♥♦ t❡♠♣♦ ❞♦ ❡st❛❞♦ ❡ ❝♦♥tr♦❧❡✱ ❡ ♣♦r ✉♠ ❝✉st♦ ✜♥❛❧ ❡s❝❛❧❛r ✭❇r②s♦♥ ❛♥❞ ❍♦ ✶✾✼✺✮

✭❑✐r❦ ✷✵✵✹✮✱

J = ϕ(x(tf )) +

tf−1∑

tk=t0

L[x(tk), u(tk)], ✭✷✳✷✶✮

s✉❥❡✐t❛ à r❡str✐çõ❡s ✐♠♣♦st❛s ♣❡❧❛ ❞✐♥â♠✐❝❛ ❞❛ ♣❧❛♥t❛✳ ❊st❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ r❡♣r❡✲

s❡♥t❛ ♦ ❝✉st♦ ❞❛ ♦♣❡r❛çã♦✱ q✉❛♥❞♦ ❡❧❡ s❡ ❛❝✉♠✉❧❛ ❞♦ t❡♠♣♦ ✐♥✐❝✐❛❧ t0 ❛té ♦ t❡♠♣♦

✜♥❛❧ tf ✳ ❖ ❧❛❣r❛♥❣✐❛♥♦ L[.] é ♦ ❝✉st♦ ❛ss♦❝✐❛❞♦ ❝♦♠ ✉♠ ✐♥❝r❡♠❡♥t♦ ❞❡ t❡♠♣♦✳ ❊❧❡

t❛♠❜é♠ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ✉t✐❧✐❞❛❞❡ ♦✉ r❡❝♦♠♣❡♥s❛✱ ❡♠ q✉❡ ♦ ♦❜❥❡t✐✈♦ é t✐♣✐❝❛✲

♠❡♥t❡ ♠❛①✐♠✐③❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❣❧♦❜❛❧✱ ❊q✉❛çã♦ ✭✷✳✷✶✮✳ ❆ ❞✐♥â♠✐❝❛ ❞❛ ♣❧❛♥t❛ é

❞✐s❝r❡t❛✱ ✐♥✈❛r✐❛♥t❡ ♥♦ t❡♠♣♦✱ ❡ ❞❡t❡r♠✐♥íst✐❝❛✱ ❡ ❡❧❛ ♣♦❞❡ s❡r ♠♦❞❡❧❛❞❛ ♣♦r ✉♠❛

❡q✉❛çã♦ ❛ ❞✐❢❡r❡♥ç❛ ❞❛ ❢♦r♠❛✿

x(tk+1) = f(x(tk), u(tk)), ✭✷✳✷✷✮

❝♦♠ ✐♥❝r❡♠❡♥t♦s ❞❡ t❡♠♣♦ ✐❣✉❛❧♠❡♥t❡ ❞✐✈✐❞✐❞♦s ♥♦ ✐♥t❡r✈❛❧♦ t0 ≤ tk ≤ tf ✱ ❡

❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ x(t0)✳ x é ♦ ✈❡t♦r ❞❡ ❡st❛❞♦ n × 1 ❞❛ ♣❧❛♥t❛ ❡ u é ♦ ✈❡t♦r ❞❡

❝♦♥tr♦❧❡ m × 1✳ P❛r❛ s✐♠♣❧✐✜❝❛r✱ t❛♠❜é♠ ❛❞♠✐t❡✲s❡ q✉❡ ♦ ❡st❛❞♦ é t♦t❛❧♠❡♥t❡

♦❜s❡r✈á✈❡❧ ❡ q✉❡ ❛s ♠❡❞✐çõ❡s ❞❡ s❛í❞❛ ❡stã♦ ♣❡r❢❡✐t❛♠❡♥t❡ ❞✐s♣♦♥í✈❡✐s✳

❆ ❧❡✐ ❞❡ ❝♦♥tr♦❧❡ g é s✉♣♦st❛ ❝♦♠♦ s❡♥❞♦ ❛♣❡♥❛s ✉♠❛ ❢✉♥çã♦ ❞♦ ❡st❛❞♦ x✱ ♦✉

s❡❥❛✱

u = g(x), ✭✷✳✷✸✮

❛ q✉❛❧ ♣♦❞❡ ❝♦♥t❡r ❢✉♥çõ❡s ❞❡ s❡✉s ❛r❣✉♠❡♥t♦s✱ t❛✐s ❝♦♠♦ ✐♥t❡❣r❛✐s ❡ ❞❡r✐✈❛❞❛s✱

❡ ❛ ❢♦r♠❛ ót✐♠❛ é r❡♣r❡s❡♥t❛❞❛ ♣♦r g∗(x)✳ ❊♠ q✉❛❧q✉❡r ♠♦♠❡♥t♦ ♥♦ t❡♠♣♦ tk✱ ♦

❝✉st♦ q✉❡ ✈❛✐ s❡ ❛❝✉♠✉❧❛♥❞♦ ❛ ♣❛rt✐r ❞❡ss❡ ♠♦♠❡♥t♦ ❡♠ ❞✐❛♥t❡ ♣♦❞❡ s❡r ❡①♣r❡ss❛

♣♦r ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✱
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V = ϕ[x(tf )] +

tf−1∑

tk

L[x(tk), u(tk)] = V [x(tk), g(x)], ✭✷✳✷✹✮

q✉❡ ❞❡♣❡♥❞❡ ❞♦ ✈❛❧♦r ❛t✉❛❧ ❞♦ ❡st❛❞♦✱ x(tk)✱ ❡ ❞❛ ♣♦❧ít✐❝❛ ❞❡ ❝♦♥tr♦❧❡ ❡s❝♦❧❤✐❞❛

g(x)✳ P♦rt❛♥t♦✱ V [x(tk), g(x)] t❛♠❜é♠ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛ ❛❜r❡✈✐❛❞❛ ❝♦♠♦

V [xk, g]✱ ♦♥❞❡ xk ≡ x(tk)✳

❯♠❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ ❛ ♦t✐♠✐③❛çã♦ ❞❛ ❊q✉❛çã♦ ✭✷✳✷✶✮ s✉❥❡✐t♦ ❛ ❊q✉❛çã♦ ✭✷✳✷✷✮

é ❛✉♠❡♥t❛r ❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ ♣♦r ♠❡✐♦ ❞❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛✱ r❡❢♦r♠✉❧❛♥❞♦ ♦

♣r♦❜❧❡♠❛ ❡♠ t❡r♠♦s ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦

H(xk, uk, λk) = L[x(tk), u(tk)] + λT (tk)f [x(tk), u(tk)], ✭✷✳✷✺✮

❡♠ q✉❡ λ é ✉♠ ✈❡t♦r ❞❡ ❝♦✲❡st❛❞♦ ♦✉ ✈❡t♦r ❛❞❥✉♥t♦ q✉❡ ❝♦♥té♠ ♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s

❞❡ ▲❛❣r❛♥❣❡ ❡ r❡♣r❡s❡♥t❛ ❛ s❡♥s✐❜✐❧✐❞❛❞❡ ❞♦ ❝✉st♦ ❛ ♣❡rt✉r❜❛çõ❡s ❞❡ ❡st❛❞♦ s♦❜r❡ ❛

tr❛❥❡tór✐❛ ót✐♠❛❀ ♣♦❞❡✲s❡ ♣r♦✈❛r q✉❡ λ(tf ) = ∂ϕ/∂x|tf ✭❝♦♠ ♦ ❣r❛❞✐❡♥t❡ ❞❡✜♥✐❞♦

❝♦♠♦ ✉♠ ✈❡t♦r ❝♦❧✉♥❛✮✭❋❡rr❛r✐ ❡t ❛❧✳ ✷✵✵✽✮✳ ◗✉❛♥❞♦ ♦ t❡♠♣♦ ✜♥❛❧ ❢♦r ✜①❛❞♦✱

❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ❛ ♦t✐♠❛❧✐❞❛❞❡✱ ❛s ❡q✉❛çõ❡s ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✱ ♣♦❞❡♠

s❡r ♦❜t✐❞❛s ♣♦r ❞✐❢❡r❡♥❝✐❛çã♦ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡♠ r❡❧❛çã♦ ❛♦ ❡st❛❞♦ ❡ ❛♦ ❝♦♥tr♦❧❡✳

❆ss✐♠✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❞✐♥â♠✐❝❛ é r❡❞✉③✐❞♦ ❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r

❞❡ ❢r♦♥t❡✐r❛ ❝♦♠ ❞♦✐s✲♣♦♥t♦s✱ ❡♠ q✉❡ ♦ ❡st❛❞♦ ❡ ♦ ✈❡t♦r ❛❞❥✉♥t♦ sã♦ ❡s♣❡❝✐✜❝❛❞♦s

♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❡ ✜♥❛❧✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦r ✜♠✱ ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡ s✉✜✲

❝✐❡♥t❡s ♣❛r❛ ♦t✐♠❛❧✐❞❛❞❡ sã♦ ❢♦r♥❡❝✐❞❛s ♣❡❧♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠í♥✐♠♦ ❞❡ P♦♥tr②❛❣✐♥✱

❞❡❝❧❛r❛♥❞♦ q✉❡ s♦❜r❡ ❛ tr❛❥❡tór✐❛ ót✐♠❛✱ H ❞❡✈❡ s❡r ❡st❛❝✐♦♥ár✐♦ ❡ ❝♦♥✈❡①❛

H∗ = H(x∗k, u
∗
k, λ

∗
k) ≤ H(x∗k, uk, λ

∗
k). ✭✷✳✷✻✮

✷✳✺✳✷ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ♣❛r❛ trás

❖✉tr❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ❝♦♥s✐st❡ ❡♠

✐♥❝♦r♣♦r❛r ❛ ♠✐♥✐♠✐③❛çã♦ ❞❛ ❢✉♥çã♦ ❝✉st♦✱ ❊q✉❛çã♦ ✭✷✳✷✶✮✱ ♥❛ ♠✐♥✐♠✐③❛çã♦ ❞❛

❢✉♥çã♦ ✈❛❧♦r✱ ❊q✉❛çã♦ ✭✷✳✷✹✮✳ ◗✉❛♥❞♦ ♦ s✐st❡♠❛ ❡stá ❡♠ ✉♠ ❡st❛❞♦ ❛❞♠✐ssí✈❡❧

xk✱ ❛ ❢✉♥çã♦ ✈❛❧♦r✱ ✐st♦ é✱ ♦ ❝✉st♦ ❞❛ ♦♣❡r❛çã♦ ❞♦ ✐♥st❛♥t❡ tk ♣❛r❛ ♦ t❡♠♣♦ ✜♥❛❧

tf ✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

V (xk, uk, ..., uf−1) = L (xk, uk) + V (xk+1, uk+1, ..., uf−1). ✭✷✳✷✼✮
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xk+1 ❞❡♣❡♥❞❡ ❞❡ xk ❡ uk ♣♦r ♠❡✐♦ ❞❛ ❊q✉❛çã♦ ✭✷✳✷✷✮✳ ❚♦❞♦s ♦s ✈❛❧♦r❡s s✉❜s❡✲

q✉❡♥t❡s ❞♦ ❡st❛❞♦ ♣♦❞❡♠ s❡r ❞❡t❡r♠✐♥❛❞♦s ❛ ♣❛rt✐r ❞❡ xk ❡ ❞❛ ❤✐stór✐❛ ❞❡ ❝♦♥tr♦❧❡

❡s❝♦❧❤✐❞❛✱ uk, ..., uf−1✳ P♦rt❛♥t♦✱ ♦ ❝✉st♦ ❞❛ ♦♣❡r❛çã♦ ❞❡ tk ❡♠ ❞✐❛♥t❡ ♣♦❞❡ s❡r

♠✐♥✐♠✐③❛❞❛ ❡♠ r❡❧❛çã♦ ❛ t♦❞♦s ♦s ✈❛❧♦r❡s ❢✉t✉r♦s ❞♦ ❝♦♥tr♦❧❡

V ∗(x∗k) = min
uk,...,uf−1

{
L (x∗k, uk) + V (x∗k+1, uk+1, ..., uf−1)

}
. ✭✷✳✷✽✮

❉❛í✱ r❡s✉❧t❛ q✉❡ ❛ ❢✉♥çã♦ ✈❛❧♦r ót✐♠♦ ❞❡♣❡♥❞❡ ❞♦ ❡st❛❞♦ ❛t✉❛❧ ❞♦ s✐st❡♠❛ ❡ é

✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ q✉❛❧q✉❡r ❤✐st♦r✐❛ ❛♥t❡r✐♦r✳ ❙✉♣♦♥❤❛ q✉❡ ✉♠❛ ♣♦❧ít✐❝❛ s❡❥❛ ót✐♠❛

❛♦ ❧♦♥❣♦ ❞❡ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ (tf−tk)✳ ❊♥tã♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❛ ❖t✐♠❛❧✐❞❛❞❡✱

q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ (xk) ❡ ❛ ❞❡❝✐sã♦ (uk)✱ ❛s ❞❡❝✐sõ❡s r❡st❛♥t❡s

t❛♠❜é♠ ❞❡✈❡♠ ❝♦♥st✐t✉✐r ✉♠❛ ♣♦❧ít✐❝❛ ót✐♠❛ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❡st❛❞♦ xk+1✱ ♦✉

s❡❥❛✱

V ∗(x∗k) = min
uk

{L(x∗k, uk) + V ∗(x∗k+1)}. ✭✷✳✷✾✮

❆ ❢✉♥çã♦ ✈❛❧♦r ♣♦❞❡ s❡r ♠✐♥✐♠✐③❛❞❛ s♦♠❡♥t❡ ❡♠ r❡❧❛çã♦ ❛♦ ✈❛❧♦r ❛t✉❛❧ ❞♦ ❝♦♥tr♦❧❡✱

uk✱ ❞❡s❞❡ q✉❡✱ ♦ ❝✉st♦ ❢✉t✉r♦ ❞❛ ♦♣❡r❛çã♦✱ V (xk+1, uk+1, ..., uf−1)✱ s❡❥❛ ót✐♠♦

✭♥❡st❡ ❝❛s♦✱ ❡❧❡ ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞♦ ♣ró①✐♠♦ ✈❛❧♦r ❞❡ ❡st❛❞♦ s♦❜r❡ ❛ tr❛❥❡tór✐❛

ót✐♠❛✱ ✐st♦ é✱ x∗k+1✮✳ ❆ ❊q✉❛çã♦ ✭✷✳✷✾✮ ❝♦♥st✐t✉✐ ❛ r❡❧❛çã♦ ❞❡ r❡❝♦rrê♥❝✐❛ ❞❛

♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ✐st♦ é ♣❛r❛ ♦ ❝❛s♦ ❞❡t❡r♠✐♥íst✐❝♦✳ ❆ ❢✉♥çã♦ ✈❛❧♦r ót✐♠♦

♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞❛ ❝♦♠♦ ♦ ❝✉st♦ ♠í♥✐♠♦ ♣❛r❛ ♦ ♣❡rí♦❞♦ ❞❡ t❡♠♣♦ q✉❡ r❡st❛

❞❡♣♦✐s ❞❡ ✉♠ ✐♥st❛♥t❡ tk ❡♠ ✉♠ ♣r♦❝❡ss♦ q✉❡ ❝♦♠❡ç♦✉ ♥♦ ♠♦♠❡♥t♦ t0✱ ✐st♦ é✱

(tf − tk)✳ ❆❧t❡r♥❛t✐✈❛♠❡♥t❡✱ ❡❧❛ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ♦ ❝✉st♦ ♠í♥✐♠♦ ♣❛r❛ ✉♠

♣r♦❝❡ss♦ q✉❡ s❡ ✐♥✐❝✐❛ ♥♦ ✐♥st❛♥t❡ tk ❡ t❡r♠✐♥❛ ♥♦ ✐♥st❛♥t❡ tf ✳

❆ r❡❧❛çã♦ ❞❡ r❡❝♦rrê♥❝✐❛ ♣♦❞❡ s❡r ✉s❛❞❛ ✧♣❛r❛ trás ♥♦ t❡♠♣♦✧✱ ✐♥✐❝✐❛♥❞♦✲s❡ ❛

♣❛rt✐r ❞❡ tf ✱ ♣❛r❛ s❡ ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ♣❛r❛ ❛ ❤✐st♦r✐❛ ❞❡ ❝♦♥tr♦❧❡

ót✐♠♦ ❡①❛t❛✳ ❊st❛ ❛❜♦r❞❛❣❡♠ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ♣❛r❛

❚rás✳ ❊❧❛ ❞✐s❝r❡t✐③❛ ♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦ ❡ ❢❛③ ✉♠❛ ❝♦♠♣❛r❛çã♦ ❞✐r❡t❛ ❡♥tr❡ ♦ ❝✉st♦

❛ss♦❝✐❛❞♦ ❛ t♦❞❛s ❛s tr❛❥❡tór✐❛s ♣♦ssí✈❡✐s✱ ❣❛r❛♥t✐♥❞♦ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ❣❧♦❜❛❧✳ ❖ ❡s♣❛ç♦ ❞❡ s♦❧✉çõ❡s ❛❞♠✐ssí✈❡✐s é r❡❞✉③✐❞♦ ♣❡❧❛ ❛♥á❧✐s❡

❞❡ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❞❡❝✐sã♦ ♠✉❧t✐✲❡stá❣✐♦ ❝♦♠♦ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣r♦❝❡ss♦s ❛ ✉♠

só ❡stá❣✐♦✳ ❊st❛ ❛❜♦r❞❛❣❡♠ é ❣❡r❛❧♠❡♥t❡ ♠✉✐t♦ ❞✐s♣❡♥❞✐♦s❛ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡

♣❛r❛ ♦s s✐st❡♠❛s ❞❡ ❞✐♠❡♥sõ❡s ♠❛✐s ❡❧❡✈❛❞❛s✱ ❝♦♠ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ❡stá❣✐♦s

✭♦✉ ✐♥❝r❡♠❡♥t♦s ❞❡ t❡♠♣♦✮✳ ❆ ❣❡r❛çã♦ ♠ú❧t✐♣❧❛ ♥❡❝❡ssár✐❛ ❡ ❡①♣❛♥sã♦ ❞♦ ❡st❛❞♦✱
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❡ ♦ ❛r♠❛③❡♥❛♠❡♥t♦ ❞❡ t♦❞♦s ♦s ❝✉st♦s ót✐♠♦s ❧❡✈❛♠ ❛ ✉♠ ♥ú♠❡r♦ ❞❡ ❝á❧❝✉❧♦s q✉❡

❝r❡s❝❡ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s ❞❡ ❡st❛❞♦✳ ❊st❡ ❢❡♥ô♠❡♥♦ é

❝♦♠✉♠❡♥t❡ r❡❢❡r✐❞♦ ❝♦♠♦ ❛ ✧♠❛❧❞✐çã♦ ❞❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡✧✳

❋✐❣✉r❛ ✷✳✹✿ ❆❜♦r❞❛❣❡♠ ❞❡ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ♣❛r❛ ❚rás

✷✳✺✳✸ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ♣❛r❛ ❋r❡♥t❡

❆ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ♣❛r❛ ❋r❡♥t❡ ❡ ❛ ❞✐❢❡r❡♥ç❛ t❡♠♣♦r❛❧ sã♦ ♠ét♦❞♦s q✉❡

✉s❛♠ ♦t✐♠✐③❛çã♦ ✐♥❝r❡♠❡♥t❛❧ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ✉♠❛ ❡str✉t✉r❛ ♣❛r❛♠étr✐❝❛ ♣❛r❛ r❡✲

❞✉③✐r ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❛ss♦❝✐❛❞❛ ❝♦♠ ❛ ❛✈❛❧✐❛çã♦ ❞♦ ❝✉st♦✳ ❯♠❛

❡str✉t✉r❛ ♣❛r❛♠étr✐❝❛ ❝♦♥s✐st❡ ❡♠ ✉♠❛ r❡❧❛çã♦ ❢✉♥❝✐♦♥❛❧ ❝✉❥♦s ♣❛râ♠❡tr♦s ❛❥✉s✲

tá✈❡✐s ♣❡r♠✐t❡♠ ❛♣r♦①✐♠❛r ❞✐❢❡r❡♥t❡s ♠❛♣❡❛♠❡♥t♦s✳ Pr♦❥❡t♦s ❝rít✐❝♦ ❛❞❛♣t❛t✐✈♦s

✭❆❈❉✮ sã♦ ❞❡r✐✈❛❞♦s ❞❛ ❛❜♦r❞❛❣❡♠ ❞❡ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ♣❛r❛ ❋r❡♥t❡✱ t❛♠✲

❜é♠ ❝❤❛♠❛❞❛ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ❛♣r♦①✐♠❛❞❛✳

❋✐❣✉r❛ ✷✳✺✿ ❆❜♦r❞❛❣❡♠ ❞❡ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ♣❛r❛ ❋r❡♥t❡

P❛r❛ ❡❢❡✐t♦ ❞❡ ❝♦♠♣❛r❛çã♦✱ ❛s ❛❜♦r❞❛❣❡♥s ❉P ♣❛r❛ trás ❡ ♣❛r❛ ❢r❡♥t❡ sã♦ ✐❧✉s✲

tr❛❞❛s ♣❛r❛ ♦s ❞♦✐s ú❧t✐♠♦s ❡stá❣✐♦s ❞❡ ✉♠ ♣r♦❝❡ss♦ ❤✐♣♦tét✐❝♦ ♥❛s ❋✐❣✉r❛s ✷✳✹ ❡
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✷✳✺✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ ❛❜♦r❞❛❣❡♠ ✧♣❛r❛ trás ♥♦ t❡♠♣♦✧❝♦♠❡ç❛ ❝♦♥s✐❞❡r❛♥❞♦✲s❡

♦ ú❧t✐♠♦ ❡stá❣✐♦✳ ❯♠❛ ✈❡③ q✉❡ ♦ ❡st❛❞♦ ✜♥❛❧ ót✐♠♦ ❛✐♥❞❛ ♥ã♦ é ❝♦♥❤❡❝✐❞♦✱ ♦ s❡✲

❣✉✐♥t❡ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡✈❡ s❡r r❡❛❧✐③❛❞♦ ♣❛r❛ t♦❞♦s ♦s ✈❛❧♦r❡s ❛❞♠✐ssí✈❡✐s ❞♦ ❡st❛❞♦

✜♥❛❧✳ ❆s tr❛❥❡tór✐❛s ót✐♠❛s sã♦ ❝♦♠♣✉t❛❞❛s ♣❛r❛ t♦❞♦s ♦s ❡st❛❞♦s✲✐♥t❡r♠❡❞✐ár✐♦s

❛❞♠✐ssí✈❡✐s ✱ c✱ d✱ ❡ e✱ ♣r♦❞✉③✐♥❞♦✱ ❛ss✐♠✱ ♦s ❝✉st♦s ót✐♠♦s V ∗cf ✱ V
∗
df ❡ V ∗ef ✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳ P❡❧♦ ♣r✐♥❝í♣✐♦ ❞❛ ♦t✐♠❛❧✐❞❛❞❡ ❡ss❛s tr❛❥❡tór✐❛s t❛♠❜é♠ sã♦ ót✐♠❛s ♣❛r❛

♦ ú❧t✐♠♦ ❡st❛❣✐♦ ❞❛s tr❛❥❡tór✐❛s ót✐♠❛s q✉❡ ✈ã♦ ❞❡ b ♣❛r❛ f ❛tr❛✈és ❞♦s r❡s♣❡❝t✐✲

✈♦s ✈❛❧♦r❡s ❞❡ ❡st❛❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ V ∗b(c)f = Vbc + V ∗cf ✳ ❉❡st❛ ❢♦r♠❛✱ s❡ ♦s ❝✉st♦s

❞♦ ú❧t✐♠♦ ❡st❛❣✐♦✱ V ∗cf ✱ V
∗
df ❡ V ∗ef ✱ sã♦ ❛r♠❛③❡♥❛❞♦s✱ ❡♠ s❡❣✉✐❞❛✱ ♦s ❝✉st♦s t♦t❛✐s

V ∗b(c)f ✱ V
∗
b(d)f ✱ ❡ V ∗b(e)f ♣♦❞❡♠ s❡r ❝♦♠♣❛r❛❞♦s ♣❛r❛ ❡♥❝♦♥tr❛r ❛ tr❛❥❡tór✐❛ ót✐♠❛ ❛

♣❛rt✐r ❞❡ b ♣❛r❛ f ✳ P♦r ✉♠ ♣r♦❝❡ss♦ ❝♦♠ ♠❛✐s ❞❡ ❞♦✐s ❡stá❣✐♦s✱ ♦ ❡st❛❞♦ b s❡r✐❛

❞❡s❝♦♥❤❡❝✐❞♦✳ ❉❛í✱ ♦ ♠❡s♠♦ ❝á❧❝✉❧♦ s❡r✐❛ r❡❛❧✐③❛❞♦ ♣❛r❛ t♦❞♦s ♦s ✈❛❧♦r❡s ♣♦ssí✈❡✐s

❞❡ ❡st❛❞♦✱ t❛❧ ❝♦♠♦ g ♥❛ ❋✐❣✉r❛ ✷✳✹✱ ❛ ✜♠ ❞❡ ❞❡t❡r♠✐♥❛r V ∗bf ✱ V
∗
gf ✱ ❡ ❛ss✐♠ ♣♦r

❞✐❛♥t❡✳ ❖ ❛❧❣♦r✐t♠♦ t❡r♠✐♥❛ q✉❛♥❞♦ ♦ ❡stá❣✐♦ ✐♥✐❝✐❛❧ é ❛❧❝❛♥ç❛❞♦✱ ❡♠ q✉❡ ♦ ❡st❛❞♦

é ❝♦♥❤❡❝✐❞♦ ❛ ♣❛rt✐r ❞❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✳

❆♦ ❝♦♥trár✐♦ ❞❛ ❉P ♣❛r❛ trás✱ ♦s ❛❧❣♦r✐t♠♦s ❉P ♣❛r❛ ❢r❡♥t❡ ♣r♦❣r✐❞❡♠ ♣❛r❛

❢r❡♥t❡ ♥♦ t❡♠♣♦✱ ❡❧❡s ❢❛③❡♠ ❛ ❛♣r♦①✐♠❛çã♦ ❞♦ ❝♦♥tr♦❧❡ ót✐♠♦ ❡ ❞♦ ❝✉st♦ ❢✉t✉r♦

❝♦♥s✐❞❡r❛♥❞♦ ❛♣❡♥❛s ♦ ✈❛❧♦r ❛t✉❛❧ ❞♦ ❡st❛❞♦✳ ❙✉♣♦♥❞♦ q✉❡ a s❡❥❛ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧

❞❡ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❞♦✐s ❡stá❣✐♦s ♦✉✱ ❞❡ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡✱ ♦ ❡st❛❞♦ ❞❡ ✉♠ ♣r♦❝❡ss♦

❡♠ ❛♥❞❛♠❡♥t♦ ❞♦ s❡❣✉♥❞♦ ❛♦ ú❧t✐♠♦ ❡stá❣✐♦✱ ❝♦♠♦ ❡s❜♦ç❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✺✳ ❊♥tã♦✱

a é ❝♦♥❤❡❝✐❞♦ ❡ ♦ ❝✉st♦ Vab ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❛ ♣❛rt✐r ❞♦ ▲❛❣r❛♥❣✐❛♥♦ ♣❛r❛ ✉♠❛

♣r❡❞✐t❛ ♣♦❧ít✐❝❛ ❞❡ ❝♦♥tr♦❧❡ s❡❧❡❝✐♦♥❛❞❛✳ ❖ ❝✉st♦ ót✐♠♦ s♦❜r❡ t♦❞♦s ♦s ❡stá❣✐♦s

❢✉t✉r♦s✱V ∗bf ✱ é ♣r❡✈✐st♦ ♣♦r ✉♠ ❛♣r♦①✐♠❛❞♦r ❢✉♥çã♦ ♦✉ ❡str✉t✉r❛ ♣❛r❛♠étr✐❝❛✳ ❉❛í✱

❛ s♦♠❛ (Vab + Ṽ ∗bf ) ♣♦❞❡ s❡r ♠✐♥✐♠✐③❛❞❛ ❡♠ r❡❧❛çã♦ ❛♦ ✈❛❧♦r ❛t✉❛❧ ❞♦ ❝♦♥tr♦❧❡✱

❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ r❡❧❛çã♦ ❞❡ r❡❝♦rrê♥❝✐❛ ❞❛ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ♥❛ ❊q✉❛çã♦

✭✷✳✷✾✮✳ ◆♦ ❡stá❣✐♦ s❡❣✉✐♥t❡ b− c ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ é r❡♣❡t✐❞♦✳ ❆ ❛♣r♦①✐♠❛çã♦ ❞♦

❝✉st♦✱ ❞❡♥♦t❛❞❛ ♣♦r Ṽ ✱ ❢♦✐ ♠❡❧❤♦r❛❞❛ ❝♦♠ ❜❛s❡ ♥❛ ✐♥❢♦r♠❛çã♦ ❝♦❧❡t❛❞❛ ❞✉r❛♥t❡ ♦

♣r✐♠❡✐r♦ ❡stá❣✐♦✳ P♦rt❛♥t♦✱ ❛ ♣ró①✐♠❛ tr❛❥❡tór✐❛✱ ❛ ♣❛rt✐r ❞❡ c ♣❛r❛ f ✱ ❡stá ♠❛✐s

♣ró①✐♠♦ ❞❛ tr❛❥❡tór✐❛ ót✐♠❛✳

Pr♦❥❡t♦s ❝rít✐❝♦s ❛❞❛♣t❛t✐✈♦s r❡♣r♦❞✉③❡♠ ❛ s♦❧✉çã♦ ♠❛✐s ❣❡r❛❧ ❞♦ ❋❉P ♣♦r

❞❡r✐✈❛çã♦ ❞❛s r❡❧❛çõ❡s ❞❡ r❡❝♦rrê♥❝✐❛ ♣❛r❛ ❛ ♣♦❧ít✐❝❛ ót✐♠❛✱ ❞♦ ❝✉st♦✱ ❡✱ ♣♦ss✐✈❡❧✲

♠❡♥t❡✱ ❛s s✉❛s ❞❡r✐✈❛❞❛s✳ ❖ ♦❜❥❡t✐✈♦ é s✉♣❡r❛r ❛ ♠❛❧❞✐çã♦ ❞❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡✱

❛ss❡❣✉r❛♥❞♦ ❛♦ ♠❡s♠♦ t❡♠♣♦ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ✉♠❛ s♦❧✉çã♦ q✉❛s❡✲ót✐♠❛✱ ❛♦
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❧♦♥❣♦ ❞♦ t❡♠♣♦✳

✷✳✻ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❊st❡ ❝❛♣ít✉❧♦ ❢♦r♥❡❝❡✉ ✉♠ q✉❛❞r♦ ❞❡ ❝♦♥❝❡✐t♦s ❡ ♠ét♦❞♦s ❡♠ ❛♣r❡♥❞✐③❛❣❡♠

♣♦r r❡❢♦rç♦ ❢♦r♠✉❧❛❞♦ ♥♦ ❝♦♥t❡①t♦ ❞❡ ♣r♦❝❡ss♦s ❞❡ ❞❡❝✐sã♦ ♠❛r❦♦✈✐❛♥♦ ❡ ♣r♦❣r❛✲

♠❛çã♦ ❞✐♥â♠✐❝❛✳ ❉♦✐s ♣r♦❜❧❡♠❛s ❢✉♥❞❛♠❡♥t❛✐s ❡♠ ❛♣r❡♥❞✐③❛❣❡♠ ♣♦r r❡❢♦rç♦ sã♦

♦ ♣r♦❜❧❡♠❛ ❞❡ ❛✈❛❧✐❛çã♦ ❞❡ ♣♦❧ít✐❝❛ ❡ ❛ sí♥t❡s❡ ❞❡ ♣♦❧ít✐❝❛ ❞❡ ❞❡❝✐sã♦ ót✐♠❛✳ ❖

❝❛♣ít✉❧♦ r❡✈✐s♦✉ ▼❉Ps✱ ❞❡✜♥✐♥❞♦✲s❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❞❡❝✐sã♦ s❡q✉❡♥❝✐❛❧ ót✐♠❛✱

❡♠ q✉❡ ❞❡❝✐sõ❡s sã♦ t♦♠❛❞❛s ❡♠ ❡stá❣✐♦s ❞❡ ✉♠ ♣r♦❝❡ss♦ q✉❡ ❡✈♦❧✉✐ ❛♦ ❧♦♥❣♦ ❞♦

t❡♠♣♦✳ ◆❛ s❡q✉ê♥❝✐❛✱ ❛♣r❡s❡♥t♦✉✲s❡ ❛ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ q✉❡ é ❜❛s❡❛❞❛ ❡♠

❞✉❛s ❢♦r♠❛s ❞❛ ❡q✉❛çã♦ ❞❡ ❇❡❧❧♠❛♥✿ ❛ ❊q✉❛çã♦ ✭✷✳✶✹✮ ❛ ❞❛ ❛✈❛❧✐❛çã♦ ❞❡ ♣♦❧ít✐❝❛

❡ ❛ ❊q✉❛çã♦ ✭✷✳✶✸✮ ❞❛ ♦t✐♠❛❧✐❞❛❞❡✳ ❆ss♦❝✐❛❞♦s à ❡❧❛s t❡♠✲s❡ ♦s ♠ét♦❞♦s ❝♦♥✈❡♥✲

❝✐♦♥❛✐s ❞❡ ✐t❡r❛çã♦ ❞❡ ♣♦❧ít✐❝❛ ❡ ✐t❡r❛çã♦ ❞❡ ✈❛❧♦r q✉❡ sã♦ ♠ét♦❞♦s ❞❡♣❡♥❞❡♥t❡s ❞❡

♠♦❞❡❧♦ ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❞❡❝✐sã♦ s❡q✉❡♥❝✐❛❧ ót✐♠❛ ❢✉♥❝✐♦♥❛♥❞♦✲s❡ ✧♣❛r❛

trás ♥♦ t❡♠♣♦✧✳ ❆ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ tr❛❞✐❝✐♦♥❛❧ é ✉♠❛ té❝♥✐❝❛ ❞❡ s♦❧✉çã♦

♦♥❧✐♥❡ q✉❡ ♥ã♦ ♣♦❞❡ s❡r ✐♠♣❧❡♠❡♥t❛❞❛ ♦♥❧✐♥❡ ❡♠ ✉♠❛ ♠❛♥❡✐r❛ ✧♣❛r❛ ❢r❡♥t❡ ♥♦

t❡♠♣♦✧✳ ◆❛ s❡q✉ê♥❝✐❛✱ ♦ ❝❛♣ít✉❧♦ ❞❡s❝r❡✈❡✉ ♠ét♦❞♦s ❞❡ ❞✐❢❡r❡♥ç❛s t❡♠♣♦r❛✐s q✉❡

❢♦r♥❡❝❡ ❛❧❣♦r✐t♠♦s ♦♥❧✐♥❡ ❜❛s❡❛❞♦s ♥❛s ❢♦r♠❛s ❞❛s ❡q✉❛çõ❡s ❞❡ ❇❡❧❧♠❛♥ ♣❛r❛ ❛✈❛✲

❧✐❛r ♣♦❧ít✐❝❛s ❞❡ ❞❡❝✐sã♦ ♦✉ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❞❡❝✐sã♦ ót✐♠❛ ❡♠ ✉♠❛ ♠❛♥❡✐r❛

✧♣❛r❛ ❢r❡♥t❡ ♥♦ t❡♠♣♦✧❜❛s❡❛❞♦s ❡♠ ❞❛❞♦s ♦❜s❡r✈❛❞♦s ❞♦ s✐st❡♠❛ ❛♦ ❧♦♥❣♦ ❞❡ s✉❛

tr❛❥❡tór✐❛✳



❈❛♣ít✉❧♦ ✸

Pr♦❥❡t♦ ❞❡ ❈♦♥tr♦❧❡ Ót✐♠♦

❉▲◗❘ ✈✐❛ Pr♦❣r❛♠❛çã♦

❉✐♥â♠✐❝❛ ❍❡✉ríst✐❝❛

✸✳✶ ■♥tr♦❞✉çã♦

❆ ♦t✐♠❛❧✐❞❛❞❡ ❞♦s ❝♦♥tr♦❧❛❞♦r❡s é ❣❛r❛♥t✐❞❛ ♣♦r ♠❡✐♦ ❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦

❞❡ ❘✐❝❝❛t✐✳ ❆tr❛✈és ❞❡ ✉♠❛ ❞✐s❝r❡t✐③❛çã♦ ❞♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦✱ ♦ ❉▲◗❘ ♣♦❞❡

s❡r ❝❛r❛❝t❡r✐③❛❞♦ ❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♣♦ssí✈❡✐s ❡stá❣✐♦s ❡ ❡st❛❞♦s✱ t❡♥❞♦✲s❡ ❛

♣♦ss✐❜✐❧✐❞❛❞❡ ❡♠ ❡st❛❜❡❧❡❝❡r ✉♠ ❝❛♠✐♥❤♦ ❞❛s tr❛❥❡tór✐❛s ❛tr❛✈és ❞❛ Pr♦❣r❛♠❛çã♦

❉✐♥â♠✐❝❛✳

❆ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ❝♦♠♦ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦✱ é ✉♠

♣r♦❝❡❞✐♠❡♥t♦ ✧♣❛r❛ trás ♥♦ t❡♠♣♦✧✱ s❡♥❞♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ♣❧❛♥❡❥❛♠❡♥t♦ ♦✤✐♥❡✳ ❆

❊q✉❛çã♦ ❞❡ ❇❡❧❧♠❛♥ ❝♦♥❞✉③ ❛ ✈ár✐♦s ♠ét♦❞♦s ✐t❡r❛t✐✈♦s ♣❛r❛ ❛♣r❡♥❞❡r ❛ s♦❧✉çã♦

❞♦ ❝♦♥tr♦❧❡ ót✐♠♦ s❡♠ t❡r q✉❡ r❡s♦❧✈❡r ❞✐r❡t❛♠❡♥t❡ ❛ ❡q✉❛çã♦ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲

❇❡❧❧♠❛♥ ✭❍❏❇✮✳

❉✐✈❡rs❛s ❝♦♥tr✐❜✉✐çõ❡s ♣❛r❛ ❆♣r❡♥❞✐③❛❞♦ ♣♦r ❘❡❢♦rç♦ sã♦ ❢❡✐t❛s ♣♦r ♠❡✐♦ ❞❛

❆♣r♦①✐♠❛çã♦ ❞❛ ❋✉♥çã♦ ❱❛❧♦r✳ ◆❛ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛ ❋✉♥çã♦ ❱❛❧♦r ♣♦r ♠ét♦❞♦s

❞❡ ❘▲✱ é ♥❡❝❡ssár✐♦ ❛r♠❛③❡♥❛r ♦ ✈❛❧♦r ót✐♠♦ ❡ ♦ ❝♦♥tr♦❧❡ ót✐♠♦ ❡♠ ❢✉♥çã♦ ❞♦ ✈❡t♦r

❞❡ ❡st❛❞♦ x ∈ Rn✳ ◆♦ Pr♦❝❡ss♦ ❞❡ ❉❡❝✐sã♦ ▼❛r❦♦✈✐❛♥♦✱ ♦ ❡st❛❞♦ ❞❡✈❡ ❛ss✉♠✐r

❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈❛❧♦r❡s ❞✐s❝r❡t♦s ❞❡✜♥✐❞♦s ✭♣❛r❛ ✉♠❛ ❞❛❞❛ q✉❛♥t✐③❛✲

çã♦✮✳ ❆ ♣r♦♣♦rçã♦ q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈❛❧♦r❡s ❝r❡s❝❡✱ ♦ q✉❡ ♣♦❞❡ ♦❝♦rr❡r ❞❡✈✐❞♦

✸✶
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❛♦ r❡✜♥❛♠❡♥t♦ ❞❛ q✉❛♥t✐③❛çã♦ ❡✴♦✉ ❛✉♠❡♥t♦ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈❛r✐á✈❡✐s✱ ♠❛✐s ✐♥✲

❢♦r♠❛çõ❡s ❞❡✈❡♠ s❡r ❛r♠❛③❡♥❛❞❛s✱ ♥♦r♠❛❧♠❡♥t❡ ❡♠ ❢♦r♠❛ ❞❡ t❛❜❡❧❛s✱ ♦ q✉❡ t♦r♥❛

♦ ♣r♦❜❧❡♠❛ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ✐♥tr❛tá✈❡❧✳ ❇❡❧❧♠❛♥ ❞❡♥♦♠✐♥♦✉ ❡ss❡ ♣r♦❜❧❡♠❛ ❞❡

✧▼❛❧❞✐çã♦ ❞❛ ❉✐♠❡♥s✐♦♥❛❧✐❞❛❞❡✧✭❇❡❧❧♠❛♥ ✷✵✵✸✮✳ ◆♦ ❡♥t❛♥t♦✱ ✉t✐❧✐③❛♥❞♦ ❛ ❛♣r♦✲

①✐♠❛çã♦ ❞❛ ❋✉♥çã♦ ❱❛❧♦r✱ ♦♥❞❡ ♦ ❝rít✐❝♦ ❡✱ s❡ ❞❡s❡❥❛r✱ ♦ ❛t♦r sã♦ ♣❛r❛♠❡tr✐③❛❞♦s

✉s❛♥❞♦ ❛♣r♦①✐♠❛❞♦r❡s ❞❡ ❢✉♥çã♦✱ ❡st❡ ♣r♦❜❧❡♠❛ é ❝♦♥t♦r♥❛❞♦ ✭▲❡✇✐s ❛♥❞ ❱r❛❜✐❡

✷✵✵✾❜✮✳

◆❡st❡ ❝❛♣ít✉❧♦✱ s❡rá ✈✐st♦ ❝♦♠♦ ❢♦r♠✉❧❛r ❡st❡s ♣r♦❝❡❞✐♠❡♥t♦s ❡♠ ✉♠♠ét♦❞♦ ❞❡

❆♣r❡♥❞✐③❛❞♦ ♣♦r ❘❡❢♦rç♦ ✉s❛♥❞♦✲s❡ ❞❛❞♦s ❞♦ s✐st❡♠❛ ❛♦ ❧♦♥❣♦ ❞❡ s✉❛ tr❛❥❡tór✐❛✱

✉t✐❧✐③❛♥❞♦ ❛ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ❍❡✉ríst✐❝❛✱ ♦♥❞❡ ♦ ❝rít✐❝♦ ❡st✐♠❛ ❛ ❢✉♥çã♦

✈❛❧♦r ❜❛s❡❛❞♦ ❞✐r❡t❛♠❡♥t❡ ❞♦ ❡st❛❞♦ ❞❛ ♣❧❛♥t❛✱ ♦✉ s❡❥❛✱ ♦ ❝rít✐❝♦ ♥ã♦ ♥❡❝❡ss✐t❛ ❞♦

♠♦❞❡❧♦ ❞❛ ♣❧❛♥t❛ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ❢✉♥çã♦ ✈❛❧♦r✳ ❏á ♦ tr❡✐♥❛♠❡♥t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r

♥❡❝❡ss✐t❛ r❡❛❧✐③❛r ❛ tr❛♥s✐çã♦ ❞❡ ❡st❛❞♦ ❛ ❝❛❞❛ ✐t❡r❛çã♦✳ ❆ss✐♠✱ ♦ ❛❧❣♦r✐t♠♦ ❍❉P

✉t✐❧✐③❛ ♦ ♠♦❞❡❧♦ ❞❛ ♣❧❛♥t❛ s♦♠❡♥t❡ ♣❛r❛ ❛ ❛t✉❛❧✐③❛çã♦ ❞♦ ❝♦♥tr♦❧❛❞♦r✳

✸✳✷ ❖ Pr♦❜❧❡♠❛ ▲◗ ❉✐s❝r❡t♦

❯♠❛ ❝❧❛ss❡ ❛♠♣❧❛ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ❧✐♥❡❛r q✉❛❞rát✐❝♦ ❡♥✈♦❧✈❡

✉♠❛ ♣❧❛♥t❛ ❞❡s❝r✐t❛ ♣♦r ✉♠❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ ❧✐♥❡❛r ❡ ✈❛r✐❛♥t❡ ♥♦ t❡♠♣♦ ❞❛❞❛

♣♦r

xk+1 = Akxk +Bkuk, ✭✸✳✶✮

❝♦♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ xi ❞❛❞♦✱ xk é ♦ ✈❡t♦r ❞❡ ❡st❛❞♦ ❞❡ ❞✐♠❡♥sã♦ n ❡ uk é ♦ ✈❡t♦r ❞❡

❡♥tr❛❞❛ ❞❡ ❝♦♥tr♦❧❡ ❞❡ ❞✐♠❡♥sã♦ ne✳ ❆ ❧❡✐ u(·) ♣❛r❛ ❝♦♥tr♦❧❛r ♦ s✐st❡♠❛ ❞❡ ❊q✉❛çã♦

✭✸✳✶✮ é ❡st❛❜❡❧❡❝✐❞❛ ♣❛r❛ t❡♥t❛r ❢❛③ê✲❧♦ tã♦ ♣ró①✐♠♦ q✉❛♥t♦ ♣♦ssí✈❡❧ ❞❡ ✉♠❛ tr❛✲

❥❡tór✐❛ ❞❡s❡❥❛❞❛ ❞❡ ❡st❛❞♦✱ ❛ q✉❛❧ é ❞❛❞❛ ♣♦r ✉♠❛ ❢✉♥çã♦ ♣r❡s❝r✐t❛ x̃(·) ❞♦ t❡♠♣♦✱

❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ❡s♣❡❝✐✜❝❛❞♦ [i, N ] ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛ ❡♥❡r❣✐❛

♠í♥✐♠❛ ❞❡ ❝♦♥tr♦❧❡ ✉t✐❧✐③❛❞❛✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ♣r♦❜❧❡♠❛ ▲◗ é ❝❛r❛❝t❡r✐③❛❞♦ ❝♦♠♦

✉♠❛ ❡str✉t✉r❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❞❡t❡r♠✐♥❛r ✉♠❛ ❧❡✐ ❞❡ ❝♦♥tr♦❧❡

uk✱ k ∈ [i, N ]✱ q✉❡ ♠✐♥✐♠✐③❛ ♦ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ✭❢✉♥çã♦ ❞❡ ❝✉st♦✮ ❞❛❞♦ ♣♦r
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V (xi, u(·), i) = (xN − x̃N)
TS(xN − x̃N) +

+
N−1∑

k=i

[(xk − x̃k)
TQk(xk − x̃k) + uT

kRkuk] ✭✸✳✷✮

❡ q✉❡ t❡♥❤❛ ❝♦♠♦ r❡str✐çã♦ ❞✐♥â♠✐❝❛ ♦ s✐st❡♠❛ ❞❡ ❊q✉❛çã♦ ✭✸✳✶✮✳ ❆s ♠❛tr✐③❡s Q =

QT ≥ 0 ❡ R = RT > 0✱ ❝♦♠ ❞✐♠❡♥sõ❡s ❛♣r♦♣r✐❛❞❛s✱ r❡♣r❡s❡♥t❛♠ ♣♦♥❞❡r❛çõ❡s ❞♦

❡rr♦ ❡♥tr❡ ♦ ❡st❛❞♦ x(·) ❡ ❛ tr❛❥❡tór✐❛ ❞❡s❡❥❛❞❛ x̃(·)✱ ❡ ❞♦ ❝♦♥tr♦❧❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆ ♠❛tr✐③ S = ST ≥ 0 ♣♦♥❞❡r❛ ♦ ❞❡s✈✐♦ ❞❡ ❡st❛❞♦ ✜♥❛❧ ♥♦ ✐♥st❛♥t❡ N ✳ ❖ ♣r♦❜❧❡♠❛

❞❡✜♥✐❞♦ ♣❡❧❛s ❊q✉❛çõ❡s ✭✸✳✶✮ ❡ ✭✸✳✷✮ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ r❛str❡❛♠❡♥t♦

❞❡ t❡♠♣♦ ❞✐s❝r❡t♦✳

❯♠ ❞♦s r❡s✉❧t❛❞♦s ♠❛✐s ♠❛r❝❛♥t❡s ❡♠ t❡♦r✐❛ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ❧✐♥❡❛r q✉❛❞rá✲

t✐❝♦ é q✉❡ s❡ ❛ ♦t✐♠✐③❛çã♦ é s♦❜r❡ ✉♠ ❤♦r✐③♦♥t❡ ❞❡ t❡♠♣♦ ✐♥✜♥✐t♦✱ ❛ ❧❡✐ ❞❡ ❝♦♥tr♦❧❡

ót✐♠❛ r❡s✉❧t❛♥t❡ ❢♦r♥❡❝❡ ❜♦❛s ♣r♦♣r✐❡❞❛❞❡s✱ ✐♥❝❧✉✐♥❞♦ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ♠❛❧❤❛ ❢❡✲

❝❤❛❞❛✳ ❊ss❡s r❡s✉❧t❛❞♦s ❡stã♦ ✐♥tr✐♥s❡❝❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s à ♣r♦♣r✐❡❞❛❞❡s ❞❡

❡st❛❜✐❧✐❞❛❞❡ ❡ ❞❡t❡❝t❛❜✐❧✐❞❛❞❡ ❞♦ s✐st❡♠❛✳ P❛r❛ ♠❛✐s ❞✐s❝✉ssã♦ s♦❜r❡ ❡st❡ tó♣✐❝♦✱

✈❡❥❛ ✭❇r②s♦♥ ❛♥❞ ❍♦ ✶✾✼✺✮ ❡ ✭❆♥❞❡rs♦♥ ❛♥❞ ▼♦♦r❡ ✶✾✾✵✮✳

✸✳✷✳✶ ❖ Pr♦❜❧❡♠❛ ❞♦ ❘❡❣✉❧❛❞♦r ▲✐♥❡❛r ◗✉❛❞rát✐❝♦ ❉✐s❝r❡t♦

❡ ❛ ❊q✉❛çã♦ ❆❧❣é❜r✐❝❛ ❞❡ ❘✐❝❝❛t✐ ❉✐s❝r❡t❛

❖ ♣r♦❜❧❡♠❛ ▲◗❘ ❞✐s❝r❡t♦ ✭❉▲◗❘✮ ❝♦♥st✐t✉✐ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ♣r♦❜❧❡♠❛

▲◗ ❞✐s❝r❡t♦ ❡ é ❢♦r♠✉❧❛❞♦ ❝♦♠♦ ✉♠❛ ❡str✉t✉r❛ ❞❡ ♦t✐♠✐③❛çã♦ ❞✐♥â♠✐❝❛ ❝♦♠ ♦❜❥❡✲

t✐✈♦ ❞❡ ❞❡t❡r♠✐♥❛r ✉♠❛ ❧❡✐ ❞❡ ❝♦♥tr♦❧❡ uk q✉❡ ♠✐♥✐♠✐③❛ ✉♠ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦

q✉❛❞rát✐❝♦ ❞❛❞♦ ♣♦r

Vi =
1

2
xT
NPNxN +

1

2

N−1∑

k=i

(xT
kQkxk + uT

kRkuk), ✭✸✳✸✮

❡ t❡♠ ❝♦♠♦ r❡str✐çã♦ ❛ ❊q✉❛çã♦ ❞❡ ❊st❛❞♦ ✭✸✳✶✮✱ s❡♥❞♦ [i, N ] ♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦

❞❡ ✐♥t❡r❡ss❡✱ Q = QT ≥ 0 ❡ R = RT > 0 sã♦ ♠❛tr✐③❡s ❞❡ ♣♦♥❞❡r❛çõ❡s ❞♦ ❡st❛❞♦ ❡

❞♦ ❝♦♥tr♦❧❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ PN = P T
N ≥ 0 é ✉♠❛ ♠❛tr✐③ q✉❡ ♣♦♥❞❡r❛ ♦ ❡st❛❞♦

✜♥❛❧✱ t♦❞❛s ❝♦♠ ❞✐♠❡♥sõ❡s ❛♣r♦♣r✐❛❞❛s✳

❖❜s❡r✈❛✲s❡ ❛ ♣❛rt✐r ❞♦ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ✭✸✳✸✮ q✉❡ ❛ tr❛❥❡tór✐❛ ❞❡s❡❥❛❞❛

x̃ é s✐♠♣❧❡s♠❡♥t❡ ♦ ❡st❛❞♦ ♥✉❧♦✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱ ❛ ❧❡✐ ❞❡ ❝♦♥tr♦❧❡ ót✐♠❛ ❞❡✈❡
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❝♦♥❞✉③✐r ❛ ♣❧❛♥t❛ ❞❡ ✉♠ ❡st❛❞♦ ♥ã♦✲♥✉❧♦ xi ♥♦ ✐♥st❛♥t❡ i ♣❛r❛ ♦ ❡st❛❞♦ ♥✉❧♦ ♥♦

✐♥st❛♥t❡ N ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ ❝♦♥tr♦❧❡✳

P❛r❛ ❝♦♠❡ç❛r✱ s❡❥❛ k = N ❡ ❡s❝r❡✈❛

V ∗N =
1

2
xT
NPNxN , ✭✸✳✹✮

q✉❡ é ❛ ♣❡♥❛❧✐❞❛❞❡ ♣❛r❛ ❝♦♠❡ç❛r ♥♦ ❡st❛❞♦ xN ♥♦ ✐♥st❛♥t❡ N ✳

❆❣♦r❛✱ r❡❞✉③✲s❡ k ♣❛r❛ N − 1 ❡ ❡s❝r❡✈❛

VN−1 =
1

2
xT
N−1QN−1xN−1 +

1

2
uT
N−1RN−1uN−1 +

1

2
xT
NPNxN . ✭✸✳✺✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❊q✉❛çã♦ ✭✷✳✷✾✮✱ é ♣r❡❝✐s♦ s❡ ❞❡t❡r♠✐♥❛r u∗N−1 ♣♦r ♠✐♥✐♠✐③❛çã♦

❞❛ ❊q✉❛çã♦ ✭✸✳✺✮✳ ❉❡ss❛ ❢♦r♠❛✱ ✉s❛♥❞♦✲s❡ ❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦✱ t❡♠✲s❡

VN−1 =
1
2
xT
N−1QN−1xN−1 +

1
2
uT
N−1RN−1uN−1

+ 1
2
(AN−1xN−1 +BN−1uN−1)

TPN (AN−1xN−1 +BN−1uN−1) .
✭✸✳✻✮

❯♠❛ ✈❡③ q✉❡ ♥ã♦ ❡①✐st❡♠ r❡str✐çõ❡s✱ ♦ ♠í♥✐♠♦ ❞❡ VN−1 é ❡♥❝♦♥tr❛❞♦ ❡st❛❜❡❧❡❝❡♥❞♦✲

s❡

0 =
∂VN−1
∂uN−1

= RN−1uN−1 +BT
N−1PN(AN−1xN−1 +BN−1uN−1). ✭✸✳✼✮

❘❡s♦❧✈❡♥❞♦✲s❡ ♣❛r❛ ♦ ❝♦♥tr♦❧❡ ót✐♠♦✱ t❡♠✲s❡

u∗N−1 = −
(
BT

N−1PNBN−1 +RN−1
)−1

BT
N−1PNAN−1xN−1. ✭✸✳✽✮

❉❡✜♥✐♥❞♦

KN−1 =
(
BT

N−1PNBN−1 +RN−1
)−1

BT
N−1PNAN−1, ✭✸✳✾✮

♣♦❞❡✲s❡ ❡s❝r❡✈❡r

u∗N−1 = −KN−1xN−1. ✭✸✳✶✵✮
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❖ ❝✉st♦ ót✐♠♦ ♥♦ ✐♥st❛♥t❡ k = N − 1 é ❡♥❝♦♥tr❛❞♦ s✉❜st✐t✉✐♥❞♦✲s❡ ❛ ❊q✉❛çã♦

✭✸✳✶✵✮ ♥❛ ❊q✉❛çã♦ ✭✸✳✻✮ q✉❡ ❛♣ós s✐♠♣❧✐✜❝❛çõ❡s✱ r❡s✉❧t❛

V ∗N−1 =
1
2
xT
N−1

[
(AN−1 − BN−1KN−1)

TPN (AN−1 − BN−1KN−1)

+ KT
N−1RN−1KN−1 +QN−1

]
xN−1.

✭✸✳✶✶✮

❉❡✜♥✐♥❞♦

PN−1 = (AN−1 − BN−1KN−1)
TPN (AN−1 − BN−1KN−1)

+KT
N−1RN−1KN−1 +QN−1,

✭✸✳✶✷✮

❛ ❊q✉❛çã♦ ✭✸✳✶✶✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

V ∗N−1 =
1

2
xT
N−1PN−1xN−1. ✭✸✳✶✸✮

❆❣♦r❛ r❡❞✉③✲s❡ ♣❛r❛ k = N − 2✳ ❊♥tã♦

VN−2 =
1

2
xT
N−2QN−2xN−2 +

1

2
uT
N−2RN−2uN−2 +

1

2
xT
N−1PN−1xN−1 ✭✸✳✶✹✮

sã♦ ♦s ❝✉st♦s ❛❞♠✐ssí✈❡✐s ♣❛r❛ N − 2✱ ✉♠❛ ✈❡③ q✉❡ ❡st❡s sã♦ ♦s ❝✉st♦s q✉❡ sã♦

ót✐♠♦s ❛ ♣❛rt✐r ❞❡ k = N − 1✳ P❛r❛ ❞❡t❡r♠✐♥❛r u∗N−2✱ ♠✐♥✐♠✐③❛✲s❡ ✭✸✳✶✹✮✳

❖❜s❡r✈❡ q✉❡ ✭✸✳✶✹✮ é ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ✭✸✳✺✮✳ ❖ ❝♦♥tr♦❧❡ ót✐♠♦ ❡ ♦ ❝✉st♦

ót✐♠♦ ♥♦ ✐♥st❛♥t❡ k = N − 2 sã♦ ♣♦rt❛♥t♦ ❞❛❞♦s ♣♦r ✭✸✳✾✮✱ ✭✸✳✶✵✮✱ ✭✸✳✶✷✮ ❡ ✭✸✳✶✸✮

❝♦♠ N s✉❜st✐t✉í❞♦ ♣♦r N − 1✳

❈♦♥t✐♥✉❛♥❞♦✲s❡ ❛ r❡❞✉③✐r k ❡ ❛♣❧✐❝❛♥❞♦✲s❡ ♦ ♣r✐♥❝í♣✐♦ ❞❛ ♦t✐♠❛❧✐❞❛❞❡✱ ♦ r❡s✉❧✲

t❛❞♦ ♣❛r❛ ❝❛❞❛ k✱ k = N − 1, · · · , 1, 0 é

Kk =
(
BT

k Pk+1Bk +Rk

)−1
BT

k Pk+1Ak, ✭✸✳✶✺✮

u∗k = −Kkxk, ✭✸✳✶✻✮

Pk = (Ak − BkKk)
TPk+1 (Ak − BkKk) +KT

k RkKk +Qk, ✭✸✳✶✼✮
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V ∗k =
1

2
xT
kPkxk, ✭✸✳✶✽✮

s❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ✜♥❛❧ PN ♣❛r❛ ✭✸✳✶✼✮ é ❞❛❞❛ ❡♠ ✭✸✳✸✮✳ ❊st❛ ❢♦r♠✉❧❛çã♦ ✐♠✲

♣❧✐❝❛ q✉❡ ❡str❛té❣✐❛s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ❞❡✈❡♠ s❡r ❞❡t❡r♠✐♥❛❞❛s r❡❝✉rs✐✈❛♠❡♥t❡

♥♦ t❡♠♣♦ ❛ ♣❛rt✐r ❞♦ ❡stá❣✐♦ ✜♥❛❧ ✭♣r♦❝❡❞✐♠❡♥t♦ ✧♣❛r❛ trás ♥♦ t❡♠♣♦✧✮✳

❯♠❛ ♦❜s❡r✈❛çã♦ ✐♠♣♦rt❛♥t❡ r❡❢❡r❡✲s❡ à ❊q✉❛çã♦ ✭✸✳✶✼✮✳ ❙❡ ♦ ❣❛♥❤♦ Kk é ❞❛❞♦

♣♦r ✉♠❛ s❡q✉ê♥❝✐❛ ❛r❜✐trár✐❛ ❞❡ ❣❛♥❤♦s ❡st❛❜✐❧✐③❛♥t❡s✱ ❡♥tã♦ ✭✸✳✶✼✮ é s✐♠♣❧❡s♠❡♥t❡

✉♠❛ ❡q✉❛çã♦ ❞❡ ▲②❛♣✉♥♦✈✱ ❛ q✉❛❧ é ❧✐♥❡❛r ❡♠ Pk✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❛ s❡q✉ê♥❝✐❛

❞❡ ❣❛♥❤♦s ót✐♠♦s ❞❡ ❊q✉❛çã♦ ✭✸✳✶✺✮ ❢♦r ❛♣❧✐❝❛❞❛ ♥❛ ❊q✉❛çã♦ ✭✸✳✶✼✮✱ ❡st❛ t♦r♥❛✲s❡

❛ ❡q✉❛çã♦ ♠❛tr✐❝✐❛❧ ❞❡ ❘✐❝❝❛t✐ ❡♠ s✉❛ ✈❡rsã♦ ❡st❛❜✐❧✐③❛❞❛ ❞❡ ❏♦s❡♣❤✳ ◆ã♦ é ❞✐❢í❝✐❧

✈❡r✐✜❝❛r q✉❡✱ s✉❜st✐t✉✐♥❞♦✲s❡ ✭✸✳✶✺✮ ❡♠ ✭✸✳✶✼✮ ❡ ❛♣ós tr❛♥s❢♦r♠❛çõ❡s✱ ♦❜té♠✲s❡ ❛

❢♦r♠❛

Pk = Qk + AT
kPk+1Ak − AT

kPk+1Bk(Rk +BT
k Pk+1Bk)

−1BT
k Pk+1Ak.

✭✸✳✶✾✮

❊st❛ ❡q✉❛çã♦ é ✉♠❛ ❞❡❝❧❛r❛çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇ ❞✐s❝r❡t❛ ♣❛r❛ ♦ ❝❛s♦ ❉▲◗❘✳

❯♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ♣r♦❜❧❡♠❛ ❉▲◗❘ ♦❝♦rr❡ q✉❛♥❞♦ ❛s ♠❛tr✐③❡s A ❡ B ❞♦

s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❡ ❛s ♠❛tr✐③❡s ❞❡ ♣♦♥❞❡r❛çõ❡s Q ❡ R sã♦ ✐♥✈❛r✐❛♥t❡s ♥♦ t❡♠♣♦ ❡

♦ ✐♥t❡r✈❛❧♦ ❞❡ ♦t✐♠✐③❛çã♦ é ✐♥✜♥✐t♦✱ ✐st♦ é✱ (N − k) → ∞✳ ◆❡st❡ ❝❛s♦✱ ❝♦♥❞✐çõ❡s

❞❡ ❡①✐stê♥❝✐❛ ❡ ❡st❛❜✐❧✐❞❛❞❡ ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ r❡❣✉❧❛❞♦r ♣♦❞❡♠ s❡r ❣❛r❛♥t✐❞❛s

s✉♣♦♥❞♦✲s❡ q✉❡ ♦ ♣❛r (A,B) é ❡st❛❜✐❧✐③á✈❡❧ ❡ (A,C) é ❝♦♠♣❧❡t❛♠❡♥t❡ ♦❜s❡r✈á✈❡❧

♣❛r❛ q✉❛❧q✉❡r CTC = Q✳ ❊♥tã♦✱ ♣❛r❛ N → ∞✱ t❡♠✲s❡ q✉❡ P
∆
= Pk+1 = Pk é

❝♦♥st❛♥t❡ ❡ é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ❞❛ ❡q✉❛çã♦

P = Q+ ATPA− ATPB(R +BTPB)−1BTPA,

✭✸✳✷✵✮

q✉❡ é ❡q✉❛çã♦ ❛❧❣é❜r✐❝❛ ❞❡ ❘✐❝❝❛t✐ ❞❡ t❡♠♣♦ ❞✐s❝r❡t♦ ✭❉✐s❝r❡t❡ ❆❧❣❡❜r❛✐❝ ❘✐❝❝❛t✐

❊q✉❛t✐♦♥ ✲ ❉❆❘❊✮✱ t❛♠❜é♠ r❡❢❡r✐❞❛ ♥❡st❡ t❡①t♦ ❝♦♠♦ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐✳ ❆❧é♠

❞✐ss♦✱ ♦ s✐st❡♠❛ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛
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xk+1 = (A− BK∞)xk ✭✸✳✷✶✮

é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧✱ s❡♥❞♦ K∞ ♦ ❣❛♥❤♦ ❡♠ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡ q✉❡ é ❞❛❞♦

♣♦r

K∞ = (BTPB +R)−1BTPA. ✭✸✳✷✷✮

✸✳✸ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ❍❡✉ríst✐❝❛ ✭❍❉P✮

❆ Pr♦❣r❛♠❛çã♦ ❉✐♥â♠✐❝❛ ❍❡✉ríst✐❝❛✱ q✉❡ ✐♥❝❧✉✐ ♦s ♠ét♦❞♦s ❚❉✱ é ✉♠ ♠ét♦❞♦

♣❛r❛ ❡st✐♠❛r ❛ ❢✉♥çã♦ ✈❛❧♦r V ✳ ❙❡ ❛ ♣♦❧ít✐❝❛ ♥ã♦ é ✜①❛✱ ♠❛s ❛t✉❛❧✐③❛❞❛ ❝♦♠ ❛

✐t❡r❛çã♦ ❞❡ ♣♦❧ít✐❝❛ ♦✉ ❝♦♠ ❛ ✐t❡r❛çã♦ ❣✉❧♦s❛✱ ❛ ❢✉♥çã♦ ✈❛❧♦r ❝♦rr❡s♣♦♥❞❡♥t❡ à

♣♦❧ít✐❝❛ ót✐♠❛ ♣♦❞❡ s❡r ❡st✐♠❛❞❛✳ ❊st✐♠❛r ❛ ❢✉♥çã♦ ✈❛❧♦r ♣❛r❛ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛

♣♦❧ít✐❝❛ ❡①✐❣❡ ❛♣❡♥❛s ❛♠♦str❛s ❞❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ ✐♥st❛♥tâ♥❡♦ c✱ ❡♥q✉❛♥t♦ ♦s

♠♦❞❡❧♦s ❞♦ ❛♠❜✐❡♥t❡ ❡ ♦ ❝✉st♦ ✐♥st❛♥tâ♥❡♦ sã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ ❡♥❝♦♥tr❛r ❛ ❢✉♥çã♦

✈❛❧♦r ❝♦rr❡s♣♦♥❞❡♥t❡ à ♣♦❧ít✐❝❛ ót✐♠❛✳ ❆ss✐♠✱ ❛ ❢✉♥çã♦ ✈❛❧♦r ♣❛r❛ ✉♠❛ ♣♦❧ít✐❝❛ g

♣♦❞❡ s❡r ❞❡✜♥✐❞❛ r❡❝✉rs✐✈❛♠❡♥t❡ ❝♦♠♦

V (x) = c (x, g (x)) + V (f (x, g (x))) . ✭✸✳✷✸✮

P♦❞❡✲s❡ ✉s❛r ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡st❛ ❡q✉❛çã♦ ❝♦♠♦ ❛❧✈♦ d ♣❛r❛ ✉♠ ❡sq✉❡♠❛ ✐t❡r❛t✐✈♦

❜❛s❡❛❞♦ ❡♠ q✉❛❧q✉❡r ❛❧❣♦r✐t♠♦ ❞❡ ❛♣r❡♥❞✐③❛❞♦ s✉♣❡r✈✐s✐♦♥❛❞♦ q✉❡ t❡♥t❛ ❛♣r♦①✐✲

♠❛r V ♣♦r ✉♠ ♠♦❞❡❧♦ ♣❛r❛♠❡tr✐③❛❞♦ V (x, w) ✭▲❛♥❞❡❧✐✉s ❛♥❞ ❑♥✉tss♦♥ ✶✾✾✻✮

d (x, c, f, w) = c (x, g (x)) + V (f (x, g (x)) , w) . ✭✸✳✷✹✮

❉❛❞♦ ✉♠❛ ❡st✐♠❛t✐✈❛ wi✱ ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦ ót✐♠♦✱ s❡ ✐♥✐❝✐❛ ❛ ❜✉s❝❛ ♣❛r❛ ✉♠

♥♦✈♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦ wi+1 q✉❡ ♠✐♥✐♠✐③❛ ♦ ❡rr♦ q✉❛❞rát✐❝♦ ❡s♣❡r❛❞♦ ❡♥tr❡ ♦

♠♦❞❡❧♦ ❡ ♦ ❛❧✈♦✿

wi+1 = argmin
w

Ex

{
|V (x, w)− d (x, c, f, wi)|

2} . ✭✸✳✷✺✮

❯♠❛ ✈❡③ q✉❡ ✉♠ ♥♦✈♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s ❞❡✜♥❡ ♥♦✈♦s ❛❧✈♦s✱ ♦❝❛s✐♦♥❛✲s❡ ✉♠

♣r♦❜❧❡♠❛ ❞❡ ❛❧✈♦ ♠ó✈❡❧ q✉❡ ❞á ♦r✐❣❡♠ ❛ ✉♠ ❡sq✉❡♠❛ ✐t❡r❛t✐✈♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r

♦ ♣❛râ♠❡tr♦ ❝♦rr❡s♣♦♥❞❡♥t❡ à ♣♦❧ít✐❝❛ ót✐♠❛✳
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◆♦ ❡♥t❛♥t♦✱ ❝♦♠❡ç❛✲s❡ ♣♦r ❞❡t❡r♠✐♥❛r ❝♦♠♦ ♣❛r❛♠❡tr✐③❛r ❛ ♣♦❧ít✐❝❛ g(x) =

g(x, κ) ❡ ❞❡t❡r♠✐♥❛r ♦s ♣❛râ♠❡tr♦s ❞❡ r❡s♣♦st❛ ❛♣r♦♣r✐❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✉❛✲

çã♦ ❞❛ ❖t✐♠❛❧✐❞❛❞❡ ❞❡ ❇❡❧❧♠❛♥ ✉s❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ❞❡ V ✿

κ∗ = argmin
κ

{c(x, g(x, κ)) + V (f(x, g(x, κ)), w)} . ✭✸✳✷✻✮

❯♠❛ ♠❛♥❡✐r❛ ❞❡ ❜✉s❝❛r ♦s ♣❛râ♠❡tr♦s ót✐♠♦s é ❡♠♣r❡❣❛r ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ♦t✐✲

♠✐③❛çã♦ ❜❛s❡❛❞♦ ♥♦ ❣r❛❞✐❡♥t❡ ∂Vg(κ)(x)/∂κ✳ ◆❡st❡s ❝á❧❝✉❧♦s✱ ♦ r❡q✉✐s✐t♦ ❞❡ ✉♠

♥ú♠❡r♦ ❞❡ ♠♦❞❡❧♦s t♦r♥❛✲s❡ ❡✈✐❞❡♥t❡✿

∂V

∂κ
=

∂c

∂g

∂g

∂κ
+

∂V

∂f

∂f

∂g

∂g

∂κ
. ✭✸✳✷✼✮

Pr❡❝✐s❛✲s❡ ❞❡ ♠♦❞❡❧♦s ❞❡ três ❞❡r✐✈❛❞❛s✱ ❛❧é♠ ❞♦ ♠♦❞❡❧♦ ❝♦♥❤❡❝✐❞♦ ❞❛ ❞❡r✐✈❛❞❛

❞❛ ♣♦❧ít✐❝❛ g ❛t✉❛❧ ❡♠ r❡❧❛çã♦ ❛♦s s❡✉s ♣❛râ♠❡tr♦s κ✳ ❖s três ♠♦❞❡❧♦s sã♦ ❛s

❞❡r✐✈❛❞❛s ❞♦ ❝✉st♦ ✐♥st❛♥tâ♥❡♦ c ❡♠ r❡❧❛çã♦ à r❡s♣♦st❛ g✱ ❛q✉❡❧❛ ❞❛ ❢✉♥çã♦ ✈❛❧♦r

V ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♣ró①✐♠♦ ✈❡t♦r ❞❡ ❡st❛❞♦ f ✱ ❡ t❛♠❜é♠ ❛ ❞❡r✐✈❛❞❛ ❞♦ ❛♠❜✐❡♥t❡

f ❡♠ r❡❧❛çã♦ à r❡s♣♦st❛ g✳ ❊st❛s ❞❡r✐✈❛❞❛s ♣♦❞❡♠ s❡r ♦❜t✐❞♦s✱ ♣♦r ❡①❡♠♣❧♦ ♣♦r

❞✐❢❡r❡♥❝✐❛çã♦ ❞❡ ♠♦❞❡❧♦s ♣❛r❛♠❡tr✐③❛❞♦s ❞❛s ❢✉♥çõ❡s c(x, u)✱ V (x)✱ ❡ f(x, u)✳

✸✳✹ ❙♦❧✉çã♦ ❞♦ ❉▲◗❘ ✈✐❛ ❍❉P

❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❞♦ ❉▲◗❘ ❡ ❡st❛❜❡❧❡ç❛ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛s ❞✐❢❡r❡♥t❡s

❢✉♥çõ❡s ❡♥✈♦❧✈✐❞❛s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠✱

V (x) = xTPx ✭✸✳✷✽✮

c(x, u) = xTQx+ uTRu ✭✸✳✷✾✮

f(x, u) = Ax+Bu ✭✸✳✸✵✮

u = g(x) = Kx ✭✸✳✸✶✮

❖s ♣❛râ♠❡tr♦s✱ Q ❡ R✱ ❞♦ ❝✉st♦ ✐♥st❛♥tâ♥❡♦ c ❡ ♦s ♣❛râ♠❡tr♦s✱ A ❡ B✱ ❞♦ ❛♠❜✐❡♥t❡

f ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ✉t✐❧✐③❛♥❞♦ q✉❛❧q✉❡r ❛❧❣♦r✐t♠♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ♣❛❞rã♦✳ ❖s
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♣❛râ♠❡tr♦s ❞❛ ❢✉♥çã♦ ✈❛❧♦r ♣♦❞❡♠ s❡r ❡st✐♠❛❞♦s ♣❡❧❛ ♠✐♥✐♠✐③❛çã♦ ✐t❡r❛t✐✈❛ ❞♦

♣r♦❜❧❡♠❛ ❞❡ ❛❧✈♦ ♠ó✈❡❧ ♥❛ ❊q✉❛çã♦ ✭✸✳✷✺✮ ❛tr❛✈és ❞❛ ✐t❡r❛çã♦ ❣✉❧♦s❛ ✭▲❛♥❞❡❧✐✉s

✶✾✾✼✮✳

❆❣♦r❛✱ ✉s❛✲s❡ ❛s ❡①♣r❡ssõ❡s ♣❛r❛ ❛s ❢✉♥çõ❡s ♣❛r❛♠❡tr✐③❛❞❛s ♥❛s ❊q✉❛çõ❡s

✭✸✳✷✽✮✱ ✭✸✳✷✾✮✱ ✭✸✳✸✵✮ ❡ ✭✸✳✸✶✮ ♣❛r❛ s❡ ♦❜t❡r ❛s ❞❡r✐✈❛❞❛s ♥❡❝❡ssár✐❛s ♥❛ ❊q✉❛✲

çã♦ ✭✸✳✷✼✮✳ ◆♦ ❝❛s♦ ❞♦ ❉▲◗❘✱ ♦❜té♠✲s❡ ♦ ♠í♥✐♠♦ ❞❛ ❊q✉❛çã♦ ✭✸✳✷✻✮✱ r❡s♦❧✈❡♥❞♦

∂V/∂κ = 0 ♣❛r❛ κ✳ ❯♠❛ ✈❡③ q✉❡ t❡♠✲s❡ ∂g/∂κ 6= 0✱ ♣♦❞❡✲s❡ s✐♠♣❧✐✜❝❛r ❡st❛

❡q✉❛çã♦ ♣❛r❛ ♣r♦❞✉③✐r✿

0 =
(

∂c
∂g

+ ∂V
∂f

∂f
∂g

)
∂g
∂κ

= ∂r
∂g

+ ∂V
∂f

∂f
∂g

= 2uTR + 2(Ax+Bu)TPB

= uT (R +BTPB) + xTATPB

✭✸✳✸✷✮

❆ s❡❣✉♥❞❛ ❧✐♥❤❛ ✈❡♠ ❞♦ ❢❛t♦ q✉❡ g = u ❡ q✉❡ ❛♦ ❡st❛❞♦ s❡❣✉✐♥t❡✱ f = Ax+Bu✱ é

❛tr✐❜✉í❞♦ ♦ ✈❛❧♦r V (f) = fTPf ♦ q✉❡ s✐❣♥✐✜❝❛ ∂V/∂f = 2fTP ✳ ❆ ❡q✉❛çã♦ ❛❝✐♠❛

❢♦r♥❡❝❡ ❛ s♦❧✉çã♦ ♣❛r❛ ❛ r❡s♣♦st❛ ❛♣r♦♣r✐❛❞❛ ♣♦r✿

u = g(x, κ) = −(R +BTKB)−1BTPAx = Kx, ✭✸✳✸✸✮

❖❜s❡r✈❛✲s❡ q✉❡ ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s κ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ❛ ✈❡rsã♦ ✈❡t♦r✐③❛❞♦

❞❛ ♠❛tr✐③ K✱ ♦✉ s❡❥❛✱ k = vec(K)✱ s❡♥❞♦ vec ❛ ❢✉♥çã♦ ❞❡ ✈❡t♦r✐③❛çã♦ ✭❇r❡✇❡r

✶✾✼✽✮✳ ◆♦t❡✲s❡ t❛♠❜é♠ q✉❡ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ V (P )❀ c(Q,R)✱ ❡ f(A,B) ✐♥❞✉③

✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ ♣♦❧ít✐❝❛ g(P,R,A,B)✳

❙❡ t♦❞♦s ♦s ♣❛râ♠❡tr♦s sã♦ ❝♦♥❤❡❝✐❞♦s✱ ❛ ♠❛tr✐③ P ∗✱ ❝♦rr❡s♣♦♥❞❡♥t❡ à ♣♦❧ít✐❝❛

ót✐♠❛✱ ♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞❛ ❝♦♠♦ ❛ ú♥✐❝❛ s♦❧✉çã♦ s❡♠✐❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ❞❡ ✉♠❛

❡q✉❛çã♦ ♥ã♦ ❧✐♥❡❛r ❞❡ ❘✐❝❝❛t✐✳ ❊st❛ ❡q✉❛çã♦ ❞❡ ❘✐❝❝❛t✐ é ♦❜t✐❞❛ ❛tr❛✈és ❞❛ ✐♥s❡rçã♦

❞❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ♣♦❧ít✐❝❛ ót✐♠❛ ♥❛ ❊q✉❛çã♦ ✭✸✳✸✸✮ ❞❡♥tr♦ ❞❛ ❊q✉❛çã♦ ✭✸✳✷✹✮✳

❆♣ós r❡♦r❞❡♥❛♠❡♥t♦ ❞♦s t❡r♠♦s✱ ♦ r❡s✉❧t❛❞♦ é✿

P ∗ = Q+ AT (P ∗ − P ∗B(R +BTP ∗B)−1)BTP ∗A. ✭✸✳✸✹✮

❖❜s❡r✈❛✲s❡ ❞❛ ❊q✉❛çã♦ ✭✸✳✸✷✮ q✉❡✱ ❞❛❞♦ ♦ ♠♦❞❡❧♦ ❞❡ V ✱ ❛♣❡♥❛s ❞✉❛s ♠❛tr✐③❡s

❛❞✐❝✐♦♥❛✐s ♣r❡❝✐s❛♠ s❡r ❡st✐♠❛❞❛s✱ ∂c/∂u ❡ ∂f/∂u✳ ❯s❛♥❞♦✲s❡ ✉♠❛ ❛❜♦r❞❛❣❡♠

❝rít✐❝❛ ❛❞❛♣t❛t✐✈❛ ❣✉❧♦s❛✱ ♦s ♣❛râ♠❡tr♦s ❞❛ ❢✉♥çã♦ ✈❛❧♦r ót✐♠♦ ♣♦❞❡♠ s❡r ❡st✐♠❛✲

❞♦s✳
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❱♦❧t❛♥❞♦ ♣❛r❛ ♦ ❡sq✉❡♠❛ ✐t❡r❛t✐✈♦ ❜❛s❡❛❞♦ ♥❛ ♠✐♥✐♠✐③❛çã♦ ❞❛ ❊q✉❛çã♦ ✭✸✳✷✺✮

❝♦♠ r❡❧❛çã♦ ❛ Pi+1✱ ❛ ♠❛tr✐③ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♥♦✈♦ ✈❡t♦r ♣❛râ♠❡tr♦ wi+1 é ❞❛❞♦

♣♦r✿

Pi+1 = argmin
P

Ex

{∣∣xTPx− d(x, c, f, Pi)
∣∣2
}
.

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r ❞❡✈❡✲s❡ ✐♥tr♦❞✉③✐r ❞♦✐s ❝♦♥❝❡✐t♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✲

✈✐♠❡♥t♦ ❛❧❣é❜r✐❝♦✿

✶✳ P❛r❛ ✉♠ ✈❡t♦r x ∈ R
n✱ ❞❡✜♥❛ ♦ ✈❡t♦r x̄ = (x2

1, ..., x1xn, x
2
2, ..., xn−1xn, x

2
n)

T ✱

♦✉ s❡❥❛✱ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ✈❡t♦r x̄ ❝♦rr❡s♣♦♥❞❡♠ ❛ ❢✉♥çõ❡s q✉❛❞rát✐❝❛s

s♦❜r❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ x✳ ❆ ❞✐♠❡♥sã♦ ❞♦ ✈❡t♦r x̄ t♦r♥❛✲s❡ ❡♥tã♦ n(n+ 1)/2✳

✷✳ ❯♠❛ ❢✉♥çã♦ v(M) ♣❛r❛ ♠❛tr✐③❡s q✉❛❞r❛❞❛s M ∈ R
n✳ ❆ ❢✉♥çã♦ v(M) é ✉♠

✈❡t♦r q✉❡ ❝♦♥té♠ n(n+ 1)/2 s♦♠❛s Mij +Mji✳ ❖s ❡❧❡♠❡♥t♦s ♥♦s ✈❡t♦r❡s x̄✱

x ∈ R
n(n+1)/2✱ ❞❡✜♥✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❡ v(M) é ♦r❞❡♥❛❞♦ ❞❡ ♠♦❞♦ q✉❡ s✉❛

❢♦r♠❛ q✉❛❞rát✐❝❛ xTHx ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ x̄Tv(M)✳ ◆♦t❡ q✉❡ s❡ M é

s✐♠étr✐❝❛✱ ❡❧❛ ♣♦❞❡ s❡r r❡❝✉♣❡r❛❞❛ ❛ ♣❛rt✐r ❞♦s ❝♦♠♣♦♥❡♥t❡s ❞❡ v(M)

❈♦♠ ❛s ♥♦t❛çõ❡s x̄ ❡ θ = v(P )✱ ❡st❛ r❡❣r❛ ❞❡ ❛t✉❛❧✐③❛çã♦ t♦r♥❛✲s❡✿

θi+1 = argmin
θ

Ex

{∣∣x̄T θ − d(x, c, f, Pi)
∣∣2
}
. ✭✸✳✸✺✮

■st♦ ❞❡✜♥❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ❡rr♦ q✉❛❞rát✐❝♦ ❡♠ t❡r♠♦s ❞♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r θ✱ ♦

q✉❡ s✐❣♥✐✜❝❛ q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♠í♥✐♠♦ ❞❛❞♦ ♣❡❧❛ s♦❧✉çã♦ ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s

♣❛❞rã♦✿

θi+1 =
(
Ex

{
x̄x̄T

})1
Ex {x̄d (x, c, f, Pi)} . ✭✸✳✸✻✮

❖ ❛❧✈♦ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❍❉P ❢♦✐ ❞❡✜♥✐❞♦ ♥❛ ❊q✉❛çã♦ ✭✸✳✷✹✮✳

❯s❛♥❞♦ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞♦ s✐st❡♠❛ ❞❛❞♦ ♣❡❧❛s ❊q✉❛çõ❡s ✭✸✳✷✽✮✱ ✭✸✳✷✾✮✱ ✭✸✳✸✵✮ ❡

✭✸✳✸✶✮✱ ♦ ❛❧✈♦ ♣♦❞❡ s❡r ❡①♣r❡ss♦ ❝♦♠♦✿

d (x, c, f, Pi) = c(x, u) + V (f(x, g(x)))

= xTQx+ uTRu+ fTPif

= xTQx+ uTRu+ (Ax+Bu)TPi (Ax+Bu) .

✭✸✳✸✼✮
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◆♦t❡ q✉❡ t♦❞❛ ❛ ✐♥❢♦r♠❛çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ♣r♦❞✉③✐r ❛❧✈♦s ♣❛r❛ ❛ ❍❉P é ♦ ❝✉st♦

❛t✉❛❧ ❡ ❛ ❢✉♥çã♦ ✈❛❧♦r ❛✈❛❧✐❛❞♦s ♥♦ ❡st❛❞♦ q✉❡ ♦ s✐st❡♠❛ ❡♥tr❛ ❛♣ós ❛ r❡s♣♦st❛

❛t✉❛❧ t❡r s✐❞♦ ❛♣❧✐❝❛❞❛✳

❆ ✐♥s❡rçã♦ ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ♣❛r❛ ♦ ❛❧✈♦ d ❞❡♥tr♦ ❞❛ ❊q✉❛çã♦ ✭✸✳✸✻✮ ❥✉♥t❛✲

♠❡♥t❡ ❝♦♠ ❛ r❡s♣♦st❛ ❣✉❧♦s❛ u = K(Pi)x ❢♦r♥❡❝❡✿

θi+1 = (Ex{x̄x̄
T})−1Ex{x̄(x

T (Q+KT (Pi)RK(Ki))x

+ xT (A+BK(Pi))
TPi(A+BK(Pi))x)}

= (Ex{x̄x̄
T})−1Ex{x̄(x

T (Q+KT (Pi)RK(Pi))

+ (A+BK(Pi))
TKi(A+BK(Pi)))}

= (Ex{x̄x̄
T})−1Ex{x̄x̄

T}v(f(Ki, K(Pi)))

= v(f(Pi, K(Pi))).

✭✸✳✸✽✮

❯♠❛ ✈❡③ q✉❡ ❛ ♠❛tr✐③ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ θi+1 é s✐♠étr✐❝❛✱ ❡st❡ ❡sq✉❡♠❛ ✐t❡r❛t✐✈♦

♣♦❞❡ s❡r r❡❞❡❝❧❛r❛❞♦ ♥❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✿

Pi+1 = f(Pi, K(Pi))

= Q+KT (Pi)RK(Pi) + (A+BK(Pi))
TPi(A+BK(Pi)).

✭✸✳✸✾✮

❊st❡ ❡sq✉❡♠❛ ♣♦❞❡✲s❡ s❡r ♣r♦✈❛❞♦ ❝♦♥✈❡r❣✐r ♣❛r❛ ♦ ♣❛râ♠❡tr♦ ót✐♠♦ P ∗✱ ♦ q✉❛❧

❞❡✜♥❡ ❛ ú♥✐❝❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ s❡♠✐✲❞❡✜♥✐❞❛ ♣❛r❛ ❛ ❊q✉❛çã♦ ❞❡ ❘✐❝❝❛t✐ ✭✸✳✸✹✮✱

s♦❜ ❛ s❡❣✉✐♥t❡s s✉♣♦s✐çõ❡s✿ P0 ≥ 0✱ R > 0✱ Q ≥ 0✱ (A,B) é ✉♠ ♣❛r ❝♦♥tr♦❧á✈❡❧✱ ❡

q✉❡ ❛ r❡s♣♦st❛ é ❣❡r❛❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❊q✉❛çã♦ ✭✸✳✸✸✮ ✭▲❛♥❞❡❧✐✉s ✶✾✾✼✮✳

❖s ✈❛❧♦r❡s ❡s♣❡r❛❞♦s q✉❡ ❛♣❛r❡❝❡♠ ♥❛ r❡❣r❛ ❞❡ ❛t✉❛❧✐③❛çã♦ ✭✸✳✸✻✮ ♥ã♦ sã♦

♦❜tí✈❡✐s ❡♠ ✉♠❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♣rát✐❝❛✳ ◆♦ ❡♥t❛♥t♦✱ ✉♠❛ ✈❡③ q✉❡ ♦s ✈❛❧♦r❡s

❡s♣❡r❛❞♦s ❛♥✉❧❛♠✲s❡ ✉♥s ❛♦s ♦✉tr♦s ♥❛ ❊q✉❛çã♦ ✭✸✳✸✽✮✱ ✐st♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❢❛③❡r

✉s♦ ❞❛s ❞✉❛s s❡❣✉✐♥t❡s s♦♠❛s✿

Φi =

ji∑

j=ji−1

x̄jx̄
T
j , ✭✸✳✹✵✮

zi =

ji∑

j=ji−1

x̄jd(xj, c, f, Pi) ✭✸✳✹✶✮

❯♠❛ ✈❡③ q✉❡ ❤á ❧✐❜❡r❞❛❞❡ ♣❛r❛ ❛ ❡s❝♦❧❤❛ ❞❛s ❛♠♦str❛s xj✱ ♥ã♦ ❞❡✈❡ s❡r ✉♠

♣r♦❜❧❡♠❛ ♦❜t❡r ✉♠❛ ♠❛tr✐③ ♥ã♦ s✐♥❣✉❧❛r Ci =
∑

x̄x̄T ❛ ♣❛rt✐r ❞❡ ji−ji−1 = dim(x̄)

❛♠♦str❛s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳



❈❆P❮❚❯▲❖ ✸✳ P❘❖❏❊❚❖ ❉❊ ❈❖◆❚❘❖▲❊ Ó❚■▼❖ ❉▲◗❘ ❱■❆ P❘❖●❘❆▼❆➬➹❖
❉■◆➶▼■❈❆ ❍❊❯❘❮❙❚■❈❆ ✹✷

■st♦ s✐❣♥✐✜❝❛ q✉❡ ♣♦❞❡✲s❡ ✐♠♣❧❡♠❡♥t❛r ♦ ❡sq✉❡♠❛ ❞❡ ✐t❡r❛çã♦ ❝♦♠♦ ❛ ♠✉❧t✐♣❧✐✲

❝❛çã♦ ❡♥tr❡ ♦ ✐♥✈❡rs♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ♥ã♦ s✐♥❣✉❧❛r ❝❛❧❝✉❧❛❞❛ Ci ❡ ✈❡t♦r

qi ❞❡ ❛❝♦r❞♦ ❝♦♠✿

θi+1 = Φ−1i zi

=
(∑

x̄jx̄
T
j

)−1∑
x̄jd(xj, c, f, Pi

=
(∑

x̄jx̄
T
j

)−1∑
x̄j[x

T
j (Q+KT (Pi)RK(Pi))xj

+xT
j (A+BK(Pi))

TPi(A+BK(Pi))xj]

=
(∑

x̄jx̄
T
j

)−1 (∑
x̄jx̄

T
j

)
v(Q+KT (Pi)RK(Pi)

+(A+BK(Pi))
TPi(A+BK(Pi)))

= v(f(Pi, K(Pi))).

✭✸✳✹✷✮

❖ r❡s✉❧t❛❞♦ é ❡①❛t❛♠❡♥t❡ ♦ ♠❡s♠♦ ❡sq✉❡♠❛ ✐t❡r❛t✐✈♦ ❝♦♠♦ ♦❜t✐❞♦ ❡♠ ✭✸✳✸✽✮✱ ❛

♣❛rt✐r ❞❛ ♠✐♥✐♠✐③❛çã♦ ❞❛ ❢✉♥çã♦ ❞❡ ❡rr♦ ♥❛ ❊q✉❛çã♦ ✭✸✳✷✺✮✳

❯♠❛ ✈❡③ q✉❡ ♦ ❡sq✉❡♠❛ ♥❛ ❊q✉❛çã♦ ✭✸✳✸✽✮ ❝♦♥✈❡r❣❡✱ ♦ ♠❡s♠♦ ❛❝♦♥t❡❝❡ ❝♦♠ ♦

❡sq✉❡♠❛ ✐t❡r❛t✐✈♦ ❞❛❞❛ ♣❡❧❛ ❊q✉❛çã♦ ✭✸✳✹✷✮✳ ❖ ❧✐♠✐t❡ é ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ♠❛tr✐③✱

P ∗✱ q✉❡ ❝♦♥st✐t✉✐ ❛ ❢✉♥çã♦ ✈❛❧♦r ót✐♠♦ ♣❛r❛ ♦ s✐st❡♠❛ ❧✐♥❡❛r q✉❛❞rát✐❝♦ ❞❡s❝r✐t♦

♥❛s ❊q✉❛çõ❡s ✭✸✳✷✽✮✱ ✭✸✳✷✾✮✱ ✭✸✳✸✵✮ ❡ ✭✸✳✸✶✮✳

P❛r❛ ♠❡❧❤♦r ❛♣r❡s❡♥t❛r ❛ s♦❧✉çã♦ ❉▲◗❘ ❛♣r❡s❡♥t❛✲s❡ ♦ ✢✉①♦❣r❛♠❛ ❞♦ ❛❧❣♦✲

r✐t♠♦ ❉▲◗❘✲❍❉P ♥❛ ❋✐❣✉r❛ ✸✳✶✳

✸✳✺ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

◆❡st❡ ❝❛♣ít✉❧♦✱ ♦ ♠ét♦❞♦ ❞❡ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ❤❡✉ríst✐❝❛✱ q✉❡ ❡st❛ ✐♥✲

s❡r✐❞♦ ♥❛ ❛❜♦r❞❛❣❡♠ ❝rít✐❝❛ ❛❞❛♣t❛t✐✈❛✱ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♣❛r❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡

s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ❞❛ ❡q✉❛çã♦ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ❡ ♣♦❧ít✐❝❛s ❞❡ ❞❡✲

❝✐sã♦ ót✐♠❛s ♣❛r❛ ✈✐❛❜✐❧✐③❛r ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠ ♣r♦❥❡t♦ ♦♥❧✐♥❡ ❞❡ s✐st❡♠❛

❞❡ ❝♦♥tr♦❧❡ ót✐♠♦✳

❊s♣❡❝✐✜❝❛♠❡♥t❡✱ ❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ❢✉♥çã♦ ✈❛❧♦r ♣❛r❛ ✉♠❛ ❞❛❞❛ ♣♦❧ít✐❝❛ ❞❡

❞❡❝✐sã♦ ✉s♦✉ ✉♠❛ ❢♦r♠✉❧❛çã♦ ❛♣♦✐❛❞❛ ❡♠ t❡♦r✐❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❑r♦♥❡❝❦❡r ❡ ♠é✲

t♦❞♦s ❛♣r♦①✐♠❛❞♦s ❞❡ ❞❡s❝✐❞❛ ❞♦ ❣r❛❞✐❡♥t❡✱ ❡ ❛♣❧✐❝❛çõ❡s ❢♦r❛♠ r❡❛❧✐③❛❞❛s s♦❜r❡

♦ ♣r♦❜❧❡♠❛ ❉▲◗❘✳ ❆s ♣❛r❛♠❡tr✐③❛çõ❡s ❞❛ ❡q✉❛çã♦ ❞❡ ❇❡❧❧♠❛♥✱ ❢✉♥çã♦ ✈❛❧♦r ❡

s✐st❡♠❛ ❞✐♥â♠✐❝♦ ♠♦♥t❛♠ ✉♠ q✉❛❞r♦ ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❉▲◗❘✳
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❉■◆➶▼■❈❆ ❍❊❯❘❮❙❚■❈❆ ✹✸

❋✐❣✉r❛ ✸✳✶✿ ❖ ❛❧❣♦r✐t♠♦ ❉▲◗❘✲❍❉P



❈❛♣ít✉❧♦ ✹

❆❧❣♦r✐t♠♦s ❘▲❙✲❍❉P✲❉▲◗❘ ❡

❉❡❝♦♠♣♦s✐çã♦ QR

✹✳✶ ■♥tr♦❞✉çã♦

❊♠ ♠❡t♦❞♦❧♦❣✐❛s ❞❡ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡ ❜❛s❡❛❞❛s ❡♠ ❆❉P✱ ❞❡♥tr❡ ♦s ❛❧❣♦✲

r✐t♠♦s ✐t❡r❛t✐✈♦s ♣r♦♣♦st♦s ♣❛r❛ ❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s ❞❛ ❢✉♥çã♦ ✈❛❧♦r✱ ♦ ❛♣r❡♥✲

❞✐③❛❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s r❡❝✉rs✐✈♦s ✭❘▲❙✮ é ✉♠ ❞♦s ♠❛✐s ❜❡♠✲s✉❝❡❞✐❞♦s

✭❳✉ ❡t ❛❧✳ ✷✵✵✷✮✳ ❚❛❧ r❡s✉❧t❛❞♦ ❢❛✈♦rá✈❡❧ é ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞❡✈✐❞♦ à s✉❛ r♦❜✉st❡③

♣❛r❛ ❧✐❞❛r ❝♦♠ ✈❛r✐❛çõ❡s ♥♦ t❡♠♣♦ ❞♦s ♣❛râ♠❡tr♦s ❞❡ r❡❣r❡ssã♦ ❡ ❛ rá♣✐❞❛ ❝♦♥✲

✈❡r❣ê♥❝✐❛ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ ❣r❛❞✐❡♥t❡ ❡st♦❝ást✐❝♦✳ P♦ré♠✱

♣r♦❜❧❡♠❛s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ r❡❧❛❝✐♦♥❛❞♦s ❛ ✐♥st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ♣♦❞❡♠ ♦❝♦rr❡r

❞❡✈✐❞♦ ❛♦ ♠❛❧ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❞❛ ❛❜♦r❞❛❣❡♠ ❘▲❙ ♣❛r❛

❛♣r♦①✐♠❛çõ❡s ❞❡ ❢✉♥çã♦ ✈❛❧♦r ✭▲✐✉ ❛♥❞ ❇❛❧❛❦r✐s❤♥❛♥ ✷✵✵✵✮✳

◆❡st❡ ❝❛♣ít✉❧♦ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❡ ❛ ❢♦r♠✉❧❛çã♦ ❞♦ ♣r♦✲

❜❧❡♠❛ ❞❡ ❡st✐♠❛çã♦ ❘▲❙ ♣❛r❛ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐ ❛ss♦❝✐❛❞❛ ❝♦♠

♦ ♣r♦❜❧❡♠❛ ❉▲◗❘ ✈✐❛ ❍❉P✳ ❘❡s✉❧t❛♥❞♦✱ ❛ss✐♠✱ ♥♦ ❛❧❣♦r✐t♠♦ ❞❡ ❈♦♥tr♦❧❡ Ót✐♠♦

❆❞❛♣t❛t✐✈♦ ❘▲❙λ✲❍❉P✲❉▲◗❘✳ ❊♥tr❡t❛♥t♦✱ ❞❡✈✐❞♦ à ♣r♦❜❧❡♠❛s ❞❡ ❡st❛❜✐❧✐❞❛❞❡

♥✉♠ér✐❝❛✱ ❛ s♦❧✉çã♦ ♣❛r❛ ❛ ♣♦❧ít✐❝❛ ❞❡ ❞❡❝✐sã♦ ót✐♠❛ ♣❛r❛ ✉♠ ❞❛❞♦ ♣♦♥t♦ ❞❡

♦♣❡r❛çã♦ ♣♦❞❡ ♥ã♦ ❝♦♥✈❡r❣✐r ♠❡s♠♦ ❡①✐st✐♥❞♦ ✉♠❛ s♦❧✉çã♦✳

P❛r❛ ❝♦♥t♦r♥❛r ❡ss❡ ♣r♦❜❧❡♠❛✱ ♠♦❞✐✜❝❛✲s❡ ♦ ❛❧❣♦r✐t♠♦ ♣❛❞rã♦ ❝♦♠ ❛ s✉❜st✐t✉✐✲

çã♦ ❞♦ ❡st✐♠❛❞♦r ❘▲❙ ❝♦♥✈❡♥❝✐♦♥❛❧ ♣❡❧♦ ❡st✐♠❛❞♦r ♦rt♦❣♦♥❛❧ QR✲❘▲❙✱ ❢♦r♠✉❧❛♥❞♦✲

s❡ ❛ss✐♠ ♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✱ q✉❡ é ♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ♥❡st❡ tr❛✲

✹✹
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❜❛❧❤♦✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ❛❜♦r❞❛❣❡♠ ♣r♦♣♦st❛ é ✈✐st❛ ❝♦♠♦ ✉♠❛ ♠❡❧❤♦r✐❛ ♥♦ ♣r♦❝❡ss♦

❞❡ ❡st✐♠❛çã♦ ❘▲❙ ❞❡ ♣♦❧ít✐❝❛s ❞❡ ❞❡❝✐sã♦ ót✐♠❛ ❉▲◗❘ ♣❛r❛ ❡✈✐t❛r ♣r♦❜❧❡♠❛s ❞❡

❝♦♥✈❡r❣ê♥❝✐❛ ❡ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ✈✐❛ ❞❡❝♦♠♣♦s✐çã♦ QR✳

●♦❧✉❜ ✭●♦❧✉❜ ✶✾✻✺✮ s✉❣❡r✐✉ ❛ ❞❡❝♦♠♣♦s✐çã♦ QR ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞♦s

♠í♥✐♠♦s q✉❛❞r❛❞♦s ✭▲❙✮ ❡♠♣r❡❣❛♥❞♦ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❍♦✉s❡❤♦❧❞❡r✳ ❖ ✉s♦ ❞❡

r♦t❛çõ❡s ❞❡ ●✐✈❡♥s ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❞❡❝♦♠♣♦s✐çã♦ QR ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s

▲❙ ❢♦✐ ❛❜♦r❞❛❞♦ ♣♦r ●❡♥t❧❡♠❛♥ ✭●❡♥t❧❡♠❛♥ ✶✾✼✸✮✱ q✉❡ ❢♦✐ ✉♠ ❞♦s ♣✐♦♥❡✐r♦s ♥♦

✉s♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ QR ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ✭❘▲❙✮ ✭●❡♥t❧❡♠❛♥ ❛♥❞ ❍✉♥❣

✶✾✽✶✮✳ ▼❝❲❤✐rt❡r ✭▼❝❲❤✐rt❡r ✶✾✽✸❛✮ ✭▼❝❲❤✐rt❡r ✶✾✽✸❜✮ ❡ ♠❛✐s t❛r❞❡ ❲❛r❞

✭❲❛r❞ ✶✾✽✻✮ ♣r♦♣✉s❡r❛♠ ✐♠♣❧❡♠❡♥t❛çõ❡s ❞❡ ✜❧tr❛❣❡♠ ❛❞❛♣t❛t✐✈❛ ❞♦ ❛❧❣♦r✐t♠♦

❘▲❙ ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡ ♠✐♥✐♠✐③❛çã♦ ❞♦ ❡rr♦ q✉❛❞rát✐❝♦✳ ❊❧❡s ❛♣r♦✈❡✐t❛✲

r❛♠ ❛s r♦t❛çõ❡s ❞❡ ●✐✈❡♥s ♣❛r❛ ❛ tr✐❛♥❣✉❧❛r✐③❛çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❞❛❞♦s ❡ s✉❣❡r✐r❛♠

✉♠❛ ✐♠♣❧❡♠❡♥t❛çã♦ s✐stó❧✐❝❛✱ q✉❡ é ✐♥t❡r❡ss❛♥t❡ ♣♦r s❡ tr❛t❛r ❞❡ ✉♠ ♠ét♦❞♦ ❞❡

♣❛r❛❧❡❧✐s♠♦ ❞❛s r♦t❛çõ❡s ❞❡ ●✐✈❡♥s✳

✹✳✷ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘

❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s ✭▲❡❛st✲❙q✉❛r❡s ✲ ▲❙✮ ❛ss♦❝✐❛❞♦

❝♦♠ ❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ❢✉♥çã♦ ✈❛❧♦r V ❞♦ ♣r♦❜❧❡♠❛ ❉▲◗❘✱ ❡①♣r❡ss❛ ♥❛ ❢♦r♠❛ ❞❛

❊q✉❛çã♦ ✭✸✳✷✽✮✱ ❝♦♠ ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦ ❞❡ ♣❡r❞❛✿

J(i) =

ji∑

j=ji−1

λji−j
∣∣e(j)2

∣∣, ✭✹✳✶✮

s❡♥❞♦ e(j) = d(j) − θH(ji)x̄(j)✱ λ é ✉♠❛ ❝♦♥t❛♥t❡ ♣♦s✐t✐✈❛✱ 0 < λ < 1✱ ❡ ♦ ❛❧✈♦

❞❡s❡❥❛❞♦ d(j) ❞❡✜♥✐❞♦ ♥❛ ❊q✉❛çã♦ ✭✸✳✸✼✮ ❡ x̄ ∈ ℜn(n+1)/2 ❞❡✜♥✐❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠

♦ ♣r♦❞✉t♦ ❞❡ ❑r♦♥❡❝❦❡r q✉❡ é ❞❛❞♦ ♣♦r✳ x̄T=[x2
1 . . . x1xn x2

2 . . . xn−1xn x2
n]✳

❖ ✈❛❧♦r ót✐♠♦ ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦ θ̂(i)✱ ♣❛r❛ ♦ q✉❛❧ ❛ ❢✉♥çã♦ ❞❡ ♣❡r❞❛ J(i) ❞❛

❊q✉❛çã♦ ✭✹✳✶✮ ❛t✐♥❣❡ ♦ s❡✉ ✈❛❧♦r ♠í♥✐♠♦✱ é ❞❡✜♥✐❞♦ ♣❡❧❛ ❡q✉❛çã♦ ♥♦r♠❛❧✱ ❡s❝r✐t❛

❡♠ ❢♦r♠❛ ♠❛tr✐❝✐❛❧ ♣♦r✿

Φ(i)θ̂(i) = z(i), ✭✹✳✷✮

❡♠ q✉❡ Φ(i) é ❛ ♠❛tr✐③ ❞❡ ❝♦rr❡❧❛çã♦✱ nθ × nθ✱ ❛ q✉❛❧ é ❞❡✜♥✐❞❛ ♣♦r✿
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Φ(i) =

ji∑

j=ji−1

λji−jx̄(j)x̄H(j), ✭✹✳✸✮

❡ z(i) é ♦ ✈❡t♦r ❞❡ ❝♦rr❡❧❛çã♦ ❝r✉③❛❞❛✱ nθ × 1✱ ❡♥tr❡ ❛s ❡♥tr❛❞❛s ❞♦ ❡st✐♠❛❞♦r ▲❙

❡ ❛ r❡s♣♦st❛ ❞❡s❡❥❛❞❛ é ❞❡✜♥✐❞❛ ♣♦r✿

z(i) =

ji∑

j=ji−1

λji−jx̄(j)d∗(j), ✭✹✳✹✮

♦♥❞❡ ♦ ❛st❡r✐s❝♦ r❡♣r❡s❡♥t❛ ♦ ❝♦♥❥✉❣❛❞♦ ❝♦♠♣❧❡①♦✳

■s♦❧❛♥❞♦ ♦ t❡r♠♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ j = ji ❞♦ r❡st❛♥t❡ ❞♦ s♦♠❛tór✐♦ ♥♦ ❧❛❞♦

❞✐r❡✐t♦ ❞❛ ❊q✉❛çã♦ ✭✹✳✸✮✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r✿

Φ(i) = λ




ji−1∑

j=ji−1

λji−1−jx̄(j)x̄H(j)


+ x̄(i)x̄H(i). ✭✹✳✺✮

◆♦ ❡♥t❛♥t♦✱ ♣♦r ❞❡✜♥✐çã♦✱ ❛ ❡①♣r❡ssã♦ ❞❡♥tr♦ ❞♦s ❝♦❧❝❤❡t❡s ♥♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛

❊q✉❛çã♦ ✭✹✳✺✮ é ✐❣✉❛❧ ❛ ♠❛tr✐③ ❞❡ ❝♦rr❡❧❛çã♦ Φ(i − 1)✳ ❆ss✐♠✱ t❡♠✲s❡ ❛ s❡❣✉✐♥t❡

r❡❝✉rsã♦ ♣❛r❛ ❛t✉❛❧✐③❛çã♦ ❞♦ ✈❛❧♦r ❞❛ ♠❛tr✐③ ❞❡ ❝♦rr❡❧❛çã♦ ❞❛s ❡♥tr❛❞❛s✿

Φ(i) = λΦ(i− 1) + x̄(i)x̄H(i), ✭✹✳✻✮

♦♥❞❡ Φ(i − 1) é ♦ ✈❛❧♦r ❛♥t❡r✐♦r ❞❛ ♠❛tr✐③ ❞❡ ❝♦rr❡❧❛çã♦✱ ❡ ♦ ♣r♦❞✉t♦ ♠❛tr✐❝✐❛❧

x̄(i)x̄H(i) ❞❡s❡♠♣❡♥❤❛ ♦ ♣❛♣❡❧ ❞❡ ✉♠ t❡r♠♦ ❞❡ ✧❝♦rr❡çã♦✧♥❛ ♦♣❡r❛çã♦ ❞❡ ❛t✉❛❧✐✲

③❛çã♦✳

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣♦❞❡✲s❡ ✉s❛r ❛ ❊q✉❛çã♦ ✭✹✳✹✮ ♣❛r❛ ♦❜t❡r ❛ s❡❣✉✐♥t❡ r❡❝✉rsã♦

♣❛r❛ ❛ ❛t✉❛❧✐③❛çã♦ ❞♦ ✈❡t♦r ❞❡ ❝♦rr❡❧❛çã♦ ❝r✉③❛❞♦ ❡♥tr❡ ❛s ❡♥tr❛❞❛s ❡ ❛ r❡s♣♦st❛

❞❡s❡❥❛❞❛

z(i) = λz(i− 1) + x̄(i)d∗(i). ✭✹✳✼✮

P❛r❛ ❝❛❧❝✉❧❛r ❛ ❡st✐♠❛t✐✈❛ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s θ̂(i) ♣❛r❛ ♦ ✈❡t♦r ❞❡ ♣❛râ✲

♠❡tr♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❊q✉❛çã♦ ✭✹✳✷✮✱ ❞❡✈❡✲s❡ ❞❡t❡r♠✐♥❛r ❛ ✐♥✈❡rs❛ ❞❛ ♠❛tr✐③ ❞❡

❝♦rr❡❧❛çã♦ Φ(i)✳ ◆❛ ♣rát✐❝❛✱ ♥♦ ❡♥t❛♥t♦✱ ❣❡r❛❧♠❡♥t❡ t❡♥t❛✲s❡ ❡✈✐t❛r ❛ ❡①❡❝✉çã♦ ❞❡

t❛❧ ♦♣❡r❛çã♦✱ ♣♦✐s ❡❧❛ ♣♦❞❡ s❡r ♠✉✐t♦ ❞❡♠♦r❛❞❛✱ s❡ ♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s nθ

❢♦r ❛❧t♦✳
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❈♦♠ ❛ ♠❛tr✐③ ❞❡ ❝♦rr❡❧❛çã♦ Φ(i) s❡♥❞♦ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ❡✱ ♣♦rt❛♥t♦✱ ♥ã♦

s✐♥❣✉❧❛r✱ ♣♦❞❡✲s❡ ❛♣❧✐❝❛r ♦ ▲❡♠❛ ❞❛ ■♥✈❡rsã♦ ❞❡ ▼❛tr✐③ ✭❆✳✷✮ ♣❛r❛ ❛ ❊q✉❛çã♦

❘❡❝✉rs✐✈❛ ✭✹✳✻✮✳ ▼❛s✱ ♣r✐♠❡✐r♦ ❢❛③✲s❡ ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s✿

A = Φ(i)

B−1 = λΦ(i− 1)

C = x̄(i)

D = 1

❊♥tã♦✱ s✉❜st✐t✉✐♥❞♦ ❡ss❛s ❞❡✜♥✐çõ❡s ♥♦ ▲❡♠❛ ❞❛ ■♥✈❡rsã♦ ❞❡ ▼❛tr✐③✱ ❊q✉❛çã♦

✭❆✳✶✶✮✱ ♦❜tê♠✲s❡ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ r❡❝✉rs✐✈❛ ♣❛r❛ ❛ ✐♥✈❡rs❛ ❞❛ ♠❛tr✐③ ❞❡ ❝♦rr❡✲

❧❛çã♦

Φ−1(i) = λ−1Φ−1(i− 1)−
λ−2Φ−1(i− 1)x̄(i)x̄H(i)Φ−1(i− 1)

1 + λ−1x̄H(i)Φ−1(i− 1)x̄(i)
✭✹✳✽✮

P♦r q✉❡stõ❡s ❞❡ ❝♦♥✈❡♥✐ê♥❝✐❛✱ ❞❡✜♥❛ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦

Γ(i) = Φ−1(i), ✭✹✳✾✮

❡

L(i) =
λ−1Γ(i− 1)x̄(i)

1 + λ−1x̄H(i)Γ(i− 1)x̄(i)
. ✭✹✳✶✵✮

❯s❛♥❞♦ ❡ss❛s ❞❡✜♥✐çõ❡s✱ ♣♦❞❡✲s❡ r❡❡s❝r❡✈❡r ❛ ❊q✉❛çã♦ ✭✹✳✽✮ ❝♦♠♦ s❡❣✉❡✿

Γ(i) = λ−1Γ(i− 1)− λ−1L(i)x̄HΓ(i− 1), ✭✹✳✶✶✮

❆ ♠❛tr✐③ Γ(i)✱ nθ × nθ✱ é ❞❡♥♦♠✐♥❛❞❛ ♠❛tr✐③ ❝♦rr❡❧❛çã♦ ✐♥✈❡rs❛✴♠❛tr✐③ ❞❡

❝♦✈❛r✐â♥❝✐❛✳ ❖ ✈❡t♦r L(i)✱ nθ × 1✱ é ❝❤❛♠❛❞♦ ✈❡t♦r ❞❡ ❣❛♥❤♦✳

❘❡❛rr❛♥❥❛♥❞♦✲s❡ ❛ ❊q✉❛çã♦ ✭✹✳✶✵✮✱ t❡♠✲s❡

L(i) = λ−1Γ(i− 1)x̄(i)− λ−1L(i)x̄H(i)Γ(i− 1)x̄(i)

= [λ−1Γ(i− 1)− λ−1L(i)x̄H(i)Γ(i− 1)]x̄(i)
, ✭✹✳✶✷✮

P♦❞❡✲s❡ ♦❜s❡r✈❛r ❞❛ ❊q✉❛çã♦ ✭✹✳✶✶✮ q✉❡ ❛ ❡①♣r❡ssã♦ ❞❡♥tr♦ ❞♦s ❝♦❧❝❤❡t❡s ♥♦ ❧❛❞♦

❞✐r❡✐t♦ ❞❛ ❊q✉❛çã♦ ✭✹✳✶✷✮ é ✐❣✉❛❧ ❛ Γ(i)✳ ❆ss✐♠✱ ❛ ❊q✉❛çã♦ ✭✹✳✶✷✮ ♣♦❞❡ s❡r s✐♠✲

♣❧✐✜❝❛❞❛ ♣❛r❛✿
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L(i) = Γ(i)x̄(i). ✭✹✳✶✸✮

❊st❡ r❡s✉❧t❛❞♦✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ Γ(i) = Φ−1(i)✱ ♣♦❞❡ s❡r ✉s❛❞♦ ❝♦♠♦ ❛ ❞❡✜♥✐çã♦

♣❛r❛ ♦ ✈❡t♦r ❞❡ ❣❛♥❤♦✿

L(i) = Φ−1(i)x̄(i), ✭✹✳✶✹✮

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦ ✈❡t♦r ❞❡ ❣❛♥❤♦ L(i) é ❞❡✜♥✐❞♦ ❝♦♠♦ ✈❡t♦r ❞❡ ❡♥tr❛❞❛ x̄(i)

tr❛♥s❢♦r♠❛❞♦ ♣❡❧❛ ✐♥✈❡rs❛ ❞❛ ♠❛tr✐③ ❞❡ ❝♦rr❡❧❛çã♦ Φ(i)✳

❊♠ s❡❣✉✐❞❛✱ s❡ ❞❡s❡♥✈♦❧✈❡rá ✉♠❛ ❡q✉❛çã♦ r❡❝✉rs✐✈❛ ♣❛r❛ ❛t✉❛❧✐③❛r ❛ ❡st✐♠❛t✐✈❛

❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s θ̂(i) ♣❛r❛ ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦✳ P❛r❛ ❢❛③❡r ✐ss♦✱ ✉s❛✲s❡ ❛s

❊q✉❛çõ❡s ✭✹✳✷✮✱ ✭✹✳✼✮ ❡ ✭✹✳✾✮ ♣❛r❛ ❡①♣r❡ss❛r ❛ ❡st✐♠❛t✐✈❛ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s

θ̂(i) ♣❛r❛ ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s ♥❛ ✐t❡r❛çã♦ i ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

θ̂(i) = Φ−1(i)z(i)

= Γ(i)z(i)

= λΓ(i)z(i− 1) + Γ(i)x̄(i)d∗(i),

✭✹✳✶✺✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❊q✉❛çã♦ ✭✹✳✶✶✮ ♣❛r❛ Γ(i) s♦♠❡♥t❡ ♥♦ ♣r✐♠❡✐r♦ t❡r♠♦ ♥♦ ❧❛❞♦ ❞✐r❡✐t♦

❞❛ ❊q✉❛çã♦ ✭✹✳✶✺✮✱ ♦❜tê♠✲s❡✿

θ̂(i) = Γ(i− 1)z(i− 1)− L(i)x̄H(i)Γ(i− 1)z(i− 1)

+Γ(i)x̄(i)d∗(i)

= Φ−1(i− 1)z(i− 1)− L(i)x̄H(i)Φ−1(i− 1)z(i− 1)

+Γ(i)x̄(i)d∗(i)

= θ̂(i− 1)− L(i)x̄H(i)θ̂(i− 1) + Γ(i)x̄(i)d∗(i),

✭✹✳✶✻✮

❋✐♥❛❧♠❡♥t❡✱ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ Γ(i)x̄(i) é ✐❣✉❛❧ ❛♦ ✈❡t♦r ❞❡ ❣❛♥❤♦ L(i) ❝♦♠♦

♥❛ ❊q✉❛çã♦ ✭✹✳✶✸✮✱ ♦❜tê♠✲s❡ ❛ ❡q✉❛çã♦ r❡❝✉rs✐✈❛ ❞❡s❡❥❛❞❛ ♣❛r❛ ❛ ❛t✉❛❧✐③❛çã♦ ❞♦

✈❡t♦r ❞❡ ♣❛râ♠❡tr♦ θ ✿

θ̂(i) = θ̂(i− 1) + L(i)[d∗(i)− x̄H(i)θ̂(i− 1)]

= θ̂(i− 1) + L(i)ξ∗(i),
✭✹✳✶✼✮
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❡♠ q✉❡ ξ(i) é ♦ ❡rr♦ ❞❡ ❡st✐♠❛t✐✈❛ ❛ ♣r✐♦r✐ ❞❡✜♥✐❞♦ ♣♦r

ξ(i) = d(i)− x̄T (i)θ̂∗(i− 1)

= d(i)− θ̂H(i− 1)x̄(i),
✭✹✳✶✽✮

❖ ♣r♦❞✉t♦ ✐♥t❡r♥♦ θ̂H(i− 1)x̄(i) r❡♣r❡s❡♥t❛ ✉♠❛ ❡st✐♠❛t✐✈❛ ❞❛ r❡s♣♦st❛ ❞❡s❡❥❛❞❛

d(i)✱ ❝♦♠ ❜❛s❡ ♥❛ ❡st✐♠❛t✐✈❛ ❛♥t❡r✐♦r ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡✲

tr♦s θ̂(·) q✉❡ ❢♦✐ ❝❛❧❝✉❧❛❞♦ ♥♦ ♣❛ss♦ ❞❡ t❡♠♣♦ i− 1✳

❖ ❡rr♦ ❞❡ ❡st✐♠❛t✐✈❛ ❛ ♣r✐♦r✐ ξ(i) é✱ ❡♠ ❣❡r❛❧✱ ❞✐❢❡r❡♥t❡ ❞♦ ❡rr♦ ❞❡ ❡st✐♠❛t✐✈❛

❛ ♣♦st❡r✐♦r✐

e(i) = d(i)− θ̂H(i)x̄(i) ✭✹✳✶✾✮

❯♠ r❡s✉♠♦ ❞♦ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ é ❛♣r❡s❡♥t❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❆❧❣♦rít✐♠♦ ✶ ✲ ❆❧❣♦rít✐♠♦ ❍❉P ✲ ❘❡❝✉rs✐✈❡ ❧❡❛st✲sq✉❛r❡ ❛♥❞ ❘❡❝✉rr❡♥❝❡ ❙t❡♣✳
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❘▲❙λ✲❍❉P✲❉▲◗❘

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✲

✶ ✄ ❈♦♥✜❣✉r❛çã♦ ✲ ❈♦♥❞✐çõ❡s ■♥✐❝✐❛✐s

✷ ✄ P♦♥❞❡r❛çõ❡s ❡ ❙✐st❡♠❛ ❉✐♥â♠✐❝♦ ✲ [Q,R,Ad, Bd, N ]← [ ]

✸ ✄ ❋❛t♦r ❞❡ ❉❡s❝♦♥t♦ ✲ 0 < γ ≤ 1✳

✹ ✄ P❛râ♠❡tr♦ ❘▲❙✿ θ̂0✱ Γ0

✺ ✄ ❋❛t♦r ❞❡ ❊sq✉❡❝✐♠❡♥t♦ ✲ 0 < λ ≤ 1✳

✻ ✄ ❊st❛❞♦ ■♥✐❝✐❛❧ ✲ x0✳

✼ ✄ P♦♥❞❡r❛çõ❡s ❡ ❙✐st❡♠❛ ❉✐♥â♠✐❝♦ ✲ [N,nrevit]← [ ]

✽ ✄ ❱❛❧♦r❡s ✐♥✐❝✐❛s ❞❡ P ❡ K ✲ [P0,K0]← [ ]

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✲

✾ ✄ Pr♦❝❡ss♦ ■t❡r❛t✐✈♦

✶✵ ❢♦r i← 0 : N

✶✶ ❞♦

✶✷ ✄ P♦❧✐t✐❝❛ Ót✐♠❛

✶✸ ui ← Kixi

✶✹ ✄ ❊st❛❞♦

✶✺ xi+1 ← Adxi +Bdui

✶✻ ✄ ❉❡✜♥✐çã♦ ❞❛ ❇❛s❡ ✲ Pr♦❞✉t♦ ❞❡ ❑r♦♥❡❝❦❡r

✶✼ xi ← [x2
1i; . . . x1ixni;x

2
2i; . . . ;xn−1ixni;x

2
ni]

✶✽ ✄ ▼♦♥t❛❣❡♠ ❞♦ ❆❧✈♦

✶✾ d(x, r, f, P )← xT
i Qxi + uT

i Rui + xT
i+1Pxi+1

✷✵ ✄ ❘▲❙ ✲ ❘❡❝✉rs✐✈❡ ❧❡❛st✲sq✉❛r❡

✷✶ Li+1 = Γixi

λ+xT

i
Γ(i)xi

✷✷ θ̂i+1 = θ̂i + Li+1(d(·)− xT
i θ̂i)

✷✸ Γi+1 = λ−1
(

Γi − Li+1x
T
i Γi

)

✷✹ ✄ r❡❝✉♣❡r❛çã♦ ❞❡ ♠❛tr✐③ P ❛ ♣❛rt✐r ❞♦s ✈❡t♦r❡s θ

✷✺ m =
n(n+1)

2

✷✻ P θ̂i+1 ←















θ̂1 θ̂2/2 · · · θ̂n/2

θ̂2/2 θ̂1+n · · · θ̂2n−1/2

✳✳✳
✳✳✳

✳ ✳ ✳ θ̂2n/2

θ̂n/2 θ̂n+1/2 θ̂2n/2 θ̂m















✷✼ ✄ ❆t✉❛❧✐③❛çã♦ ❞❛ P♦❧ít✐❝❛ ✭●❛♥❤♦ Ót✐♠♦ ❞❡ ❘❡❛❧✐♠❡♥t❛çã♦ K✮ ❑

✷✽ Ki+1 ← −γ(R+ γBT
d P θ̂i+1Bd)

−1BT
d P θ̂i+1Ad

✷✾ ✐❢ i%nrevit = 0

✸✵ t❤❡♥

✸✶ xi+1 ← xrevit

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✕

✸✷ ❋✐♠ ❞♦ Pr♦❝❡ss♦ ■t❡r❛t✐✈♦

✹✳✸ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

◆❡st❛ s❡çã♦ s❡ ♠♦str❛rá ❛ ❛❞❡q✉❛çã♦ ❞♦ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ ❡♠

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♦ ❛❧❣♦rít✐♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ ❜❛s❡✲

❛❞♦ ❡♠ ❞❡❝♦♠♣♦s✐çã♦ QR✳

❉♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘✱ t❡♠✲s❡ q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ❛t✉❛❧✐③❛çã♦ r❡❝✉r✲
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s✐✈❛ ❞♦ ✈❛❧♦r ❞❛ ♠❛tr✐③ ❞❡ ❝♦rr❡❧❛çã♦ é ❞❛❞❛ ♣♦r✿

Φ(i) = λΦ(i− 1) + x̄(i)x̄H(i), ✭✹✳✷✵✮

♦♥❞❡ Φ(i − 1) é ♦ ✈❛❧♦r ✧❛♥t❡r✐♦r✧❞❛ ♠❛tr✐③ ❞❡ ❝♦rr❡❧❛çã♦✱ ❡ ♦ ♣r♦❞✉t♦ ♠❛tr✐❝✐❛❧

x̄(i)x̄H(i) é ♦ t❡r♠♦ ❞❡ ❝♦rr❡çã♦ ♥❛ ♦♣❡r❛çã♦ ❞❡ ❛t✉❛❧✐③❛çã♦✳

❆♥t❡s ❞❡ ♣r♦❝❡❞❡r ❝♦♠ ❛ ❢♦r♠✉❧❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✱ é

❝♦♥✈❡♥✐❡♥t❡ ✐♥tr♦❞✉③✐r ❛❧❣✉♠❛s ♥♦t❛çõ❡s✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❡q✉❛çõ❡s ♥♦r♠❛✐s ❞♦

❡st✐♠❛❞♦r ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✱ ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ̂(i) é ❞❡✜♥✐❞♦ ♣♦r✿

Φ(i)θ̂(i) = z(i), ✭✹✳✷✶✮

♦♥❞❡ z(i) é ♦ ✈❡t♦r ❞❡ ❝♦rr❡❧❛çã♦ ❝r✉③❛❞❛ ❡♥tr❡ ❛ r❡s♣♦st❛ ❞❡s❡❥❛❞❛ d(i) ❡ ♦ ✈❡t♦r

❞❡ ❡♥tr❛❞❛ x̄(i)✳

❙❡❥❛ ❛ ♠❛tr✐③ Φ(i) ❡①♣r❡ss❛ ♥❛ ❢♦r♠❛✿

Φ(i) = Φ1/2(i).ΦH/2(i), ✭✹✳✷✷✮

s❡♥❞♦ Φ1/2 ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r ✐♥❢❡r✐♦r ❞❡✜♥✐❞❛ ❝♦♠♦ ❛ r❛✐③ q✉❛❞r❛❞❛ ❞❡ Φ(i)✱

❡ ΦH/2 é ❛ tr❛♥s♣♦st❛ ❍❡r♠✐t✐❛♥❛ ❞❡ Φ1/2 ✭❉❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❤♦❧❡s❦②✮✳

❊♠ s❡❣✉✐❞❛✱ ♣ré✲♠✉❧t✐♣❧✐❝❛♥❞♦ ♦s ❞♦✐s ❧❛❞♦s ❞❛ ❊q✉❛çã♦ ✭✹✳✷✶✮ ♣❡❧❛ ♠❛tr✐③

Φ−1/2(i)✱ ♣r♦❞✉③✲s❡ ✉♠ ♥♦✈♦ ✈❡t♦r ❞❡ ✈❛r✐á✈❡✐s ❞❡✜♥✐❞♦ ♣♦r✿

ω(i) = ΦH/2(i)θ̂(i) = Φ−1/2(i)z(i), ✭✹✳✷✸✮

❆ss✐♠✱ ♣♦❞❡✲s❡ ❝❤❡❣❛r ❛♦ ✈❡t♦r ❞❡ ❝♦rr❡❧❛çã♦ ❝r✉③❛❞❛ ❡♥tr❡ ❛ ❡♥tr❛❞❛ x̄(i) ❡ ❛

s❛í❞❛ ❞❡s❡❥❛❞❛ d(i)✿

z(i) = λz(i− 1) + x̄(i)d∗(i), ✭✹✳✷✹✮

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

Φ(i)θ̂(i) = λΦ(i− 1)θ̂(i− 1) + x̄(i)d∗(i) ✭✹✳✷✺✮

❉❡✈✐❞♦ ❛ q✉❡stõ❡s q✉❡ s❡rã♦ ❡①♣❧✐❝❛❞❛s ♠❛✐s ❛❞✐❛♥t❡✱ é ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ ❡①✲

♣r❡ss❛r ❛s ❊q✉❛çõ❡s ✭✹✳✷✵✮ ❡ ✭✹✳✷✺✮ ♥❛ ❢♦r♠❛ tr❛♥s♣♦st❛ ❍❡r♠✐t✐❛♥❛✱ ❡♠ t❛❧ ❝❛s♦

♣♦❞❡✲s❡ ❡①♣r❡ss❛r ❝❛❞❛ ✉♠ ❞♦s t❡r♠♦s q✉❡ ❛♣❛r❡❝❡ ♥♦ s❡❣✉♥❞♦ ♠❡♠❜r♦ ❞❡ ❝❛❞❛

❡q✉❛çã♦ ❡♠ s✉❛s ❢♦r♠❛s ❢❛t♦r❛❞❛s ✐♥❞✐✈✐❞✉❛✐s ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿
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λΦH(i− 1) = [λ1/2Φ1/2(i− 1)].[λ1/2ΦH/2(i− 1)] ✭✹✳✷✻✮

λθ̂H(i− 1)ΦH(i− 1) = [λ1/2θ̂H(i− 1)Φ1/2(i− 1)][λ1/2ΦH/2(i− 1)]

= [λ1/2ωH(i− 1)][λ1/2ΦH/2(i− 1)]

✭✹✳✷✼✮

P♦❞❡✲s❡ ✐❞❡♥t✐✜❝❛r ❛❣♦r❛ q✉❛tr♦ ❢❛t♦r❡s ❞✐st✐♥t♦s ❝♦♠♦ ♦s ❡❧❡♠❡♥t♦s ❞❡ ❜❧♦❝♦

❞❛ ♣ré✲♠❛tr✐③✱ q✉❡ sã♦ ❛rr❛♥❥❛❞♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

• λ1/2Φ1/2(i− 1) ❡ x̄(i) q✉❡ sã♦ ❞❡ ❞✐♠❡♥sã♦ nθ ×nθ ❡ nθ × 1 r❡s♣❡❝t✐✈❛♠❡♥t❡✳

• [λ1/2ω̂H(i− 1)] ❡ d(i)✱ q✉❡ sã♦ ❞❡ ❞✐♠❡♥sã♦ 1× nθ ❡ 1× 1 r❡s♣❡❝t✐✈❛♠❡♥t❡

❖ ♣r✐♠❡✐r♦ ♣❛r ❞❡ ❢❛t♦r❡s é ♥❛t✉r❛❧♠❡♥t❡ ❝♦♠♣❛tí✈❡❧ ❡♠ ✈✐rt✉❞❡ ❞❡ s❡r ❝♦♠♣♦st♦

♣♦r ✉♠❛ ♠❛tr✐③ ❡ ✉♠ ✈❡t♦r✳ ❆ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞♦ ú❧t✐♠♦ ♣❛r ❞❡ ❢❛t♦r❡s ❝♦♠♦

✈❡t♦r❡s ❧✐♥❤❛ é ❛ r❛③ã♦ ♣❛r❛ tr❛❜❛❧❤❛r ❝♦♠ ❛s ❢♦r♠❛s tr❛♥s♣♦st❛s ❤❡r♠✐t✐❛♥❛s ❞❛s

❊q✉❛çõ❡s ✭✹✳✷✵✮ ❡ ✭✹✳✷✺✮ q✉❡ ♣♦❞❡♠✱ ❛ss✐♠✱ ❝♦♥str✉✐r ❛ s❡❣✉✐♥t❡ ♣r❡✲♠❛tr✐③



λ1/2Φ1/2(i− 1) x̄(i)

λ1/2θH(i− 1) d(i)

0T 1




❆ ú❧t✐♠❛ ❧✐♥❤❛✱ ❝♦♥st✐t✉í❞❛ ♣♦r ✉♠ ❜❧♦❝♦ ❞❡ ③❡r♦s s❡❣✉✐❞♦ ♣♦r ✉♠ t❡r♠♦ ✉♥✐tár✐♦✱

❢♦✐ ❛❞✐❝✐♦♥❛❞♦ ❛ ✜♠ ❞❡ ❛❜r✐r ❡s♣❛ç♦ ♣❛r❛ ❛ ❣❡r❛çã♦ ❞❡ ♦✉tr❛s ✈❛r✐á✈❡✐s ❞♦ ❘▲❙ ♥❛

♣ós✲♠❛tr✐③✳

❙✉♣♦♥❤❛✲s❡ q✉❡ ❡♠ s❡❣✉✐❞❛ s❡ ❡s❝♦❧❤❡ ✉♠❛ r♦t❛çã♦ ✉♥✐tár✐❛ Θ(i) q✉❡ tr❛♥s✲

❢♦r♠❛ ❡st❛ ♣ré✲♠❛tr✐③ ❞❡ ♠♦❞♦ ❛ ♣r♦❞✉③✐r ✉♠ ❜❧♦❝♦ ♥✉❧♦ ♥❛ s❡❣✉♥❞❛ ❡♥tr❛❞❛ ❞❛

❧✐♥❤❛ ❞♦ ❜❧♦❝♦ s✉♣❡r✐♦r ❞❛ ♣ós ♠❛tr✐③✱ ❝♦♠♦ ♠♦str❛❞♦ ♣❡❧❛ ❢♦r♠❛✿

B = AΘ, ✭✹✳✷✽✮

s❡♥❞♦

A =




λ1/2Φ1/2(i− 1) x̄(i)

λ1/2ωH(i− 1) d(i)

0T 1


 , B =




BH
11(i) 0

bH21(i) b∗22(i)

bH31(i) b∗32(i)


 . ✭✹✳✷✾✮
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P❛r❛ ❛✈❛❧✐❛r ♦s ❡❧❡♠❡♥t♦s ❞♦s ❜❧♦❝♦s ❞❡s❝♦♥❤❡❝✐❞♦s BH
11(i)✱ b

H
21(i)✱ b

∗
22(i)✱ b

H
31(i) ❡

b∗32(i) ❞❛ ♣ós✲♠❛tr✐③✱ ♣r♦❝❡❞❡✲s❡ ❡❧❡✈❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ❊q✉❛çã♦ ✭✹✳✸✵✮ ❛♦

q✉❛❞r❛❞♦✳ ❊♠ s❡❣✉✐❞❛✱ r❡❝♦♥❤❡❝❡♥❞♦ q✉❡ Θ(i) é ✉♠❛ ♠❛tr✐③ ✉♥✐tár✐❛✱ ❡✱ ♣♦rt❛♥t♦✱

Θ(i)ΘH(i) é ✐❣✉❛❧ à ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ t♦❞♦ i✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r✿

AAH = BBH , ✭✹✳✸✵✮

q✉❡ ❡①♣❛♥❞✐♥❞♦✱ ♦❜tê♠✲s❡✿




λ1/2Φ1/2(i− 1) x̄(i)

λ1/2ωH(i− 1) d(i)

0T 1




[
λ1/2ΦH/2(i− 1) λ1/2ω(i− 1) 0

x̄H(i) d∗(i) 1

]
=




BH
11(i) 0

bH21(i) b∗22(i)

bH31(i) b∗32(i)




[
B11(i) b21(i) b31(i)

0T b22(i) b32(i)

]
✭✹✳✸✶✮

❆ss✐♠✱ ❝♦♠♣❛r❛♥❞♦✲s❡ ♦s r❡s♣❡❝t✐✈♦s t❡r♠♦s ❞❡ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ✐❣✉❛❧❞❛❞❡

✭✹✳✸✶✮✱ ♦❜tê♠✲s❡ ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐❞❛❞❡s✿

BH
11(i)B11(i) = λΦ(i− 1) + x̄(i)x̄H(i) = Φ(i) ✭✹✳✸✷✮

bH21(i)B11(i) = λωH(i− 1)ΦH/2(i− 1) + d(i)x̄H(i) ✭✹✳✸✸✮

bH31(i)B11(i) = x̄H(i) ✭✹✳✸✹✮

BH
11(i)b21(i) = λΦ1/2(i− 1)ω(i− 1) + x̄(i)d∗(i) ✭✹✳✸✺✮

bH21(i)b21(i) + b∗22(i)b22(i) = λωH(i− 1)ω(i− 1) + d(i)d∗(i) ✭✹✳✸✻✮

bH31(i)b21(i) + b∗32(i)b22(i) = d∗(i) ✭✹✳✸✼✮

BH
11(i)b31(i) = x̄(i) ✭✹✳✸✽✮
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bH21(i)b31(i) + b∗22(i)b32(i) = d(i) ✭✹✳✸✾✮

bH31(i)b31(i) + b∗32(i)b32(i) = 1 ✭✹✳✹✵✮

❉❡s❡♥✈♦❧✈❡♥❞♦ ❛ ❊q✉❛çã♦ ✭✹✳✸✷✮✱ ❡♥❝♦♥tr❛✲s❡ ♦ ✈❛❧♦r ❞❡ B11

BH
11(i)B11(i) = λΦ(i− 1) + x̄(i)x̄H(i) = Φ(i)

BH
11(i)B11(i) = Φ(i)

BH
11(i) = Φ1/2(i) ✭✹✳✹✶✮

❉❡s❡♥✈♦❧✈❡♥❞♦ ❛ ❊q✉❛çã♦ ✭✹✳✸✸✮✱ ❡♥❝♦♥tr❛✲s❡ ♦ ✈❛❧♦r ❞❡ b21

bH21(i)B11(i) = λωH(i− 1)ΦH/2(i− 1) + d(i)x̄H(i)

bH21(i)Φ
H/2(i) = λωH(i− 1)ΦH/2(i− 1) + d(i)x̄H(i)

bH21(i)Φ
H/2(i) = λθ̂H(i− 1)Φ1/2(i− 1)ΦH/2(i− 1) + d(i)x̄H(i)

bH21(i)Φ
H/2(i) = λθ̂H(i− 1)Φ(i− 1) + d(i)x̄H(i)

bH21(i)Φ
H/2(i) = θ̂H(i)ΦH(i)

bH21(i) = θ̂H(i)Φ1/2(i)

bH21(i) = ωH(i) ✭✹✳✹✷✮

❉❡s❡♥✈♦❧✈❡♥❞♦ ❛ ❊q✉❛çã♦ ✭✹✳✸✹✮✱ ❡♥❝♦♥tr❛✲s❡ ♦ ✈❛❧♦r ❞❡ b31

bH31(i)B11(i) = x̄H(i)
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bH31(i)Φ
H/2(i) = x̄H(i)

bH31(i) = x̄H(i)Φ−H/2(i) ✭✹✳✹✸✮

❉❡s❡♥✈♦❧✈❡♥❞♦ ❛ ❊q✉❛çã♦ ✭✹✳✹✵✮✱ ❡♥❝♦♥tr❛✲s❡ ♦ ✈❛❧♦r ❞❡ b32

bH31(i)b31(i) + b∗32(i)b32(i) = 1

b∗32(i)b32(i) = 1− bH31(i)b31(i)

b∗32(i)b32(i) = 1− (x̄H(i)Φ−H/2(i)(Φ−1/2(i)x̄(i))

b∗32(i)b32(i) = 1− x̄H(i)Φ−1(i)x̄(i)

b∗32(i)b32(i) = 1− x̄H(i)L(i)

b∗32(i) = (1− LH(i))1/2x̄(i)

❉❡✜♥✐♥❞♦ ρ(i) = 1− LH(i)x̄(i)

b∗32(i) = ρ1/2(i) ✭✹✳✹✹✮

❉❡s❡♥✈♦❧✈❡♥❞♦ ❛ ❊q✉❛çã♦ ✭✹✳✸✾✮✱ ❡♥❝♦♥tr❛✲s❡ ♦ ✈❛❧♦r ❞❡ b22

bH21(i)b31(i) + b∗22(i)b32(i) = d(i)

ωH(i)Φ−1/2(i)x̄(i) + b∗22(i)
(
ρ1/2

)∗
(i) = d(i)

b∗22(i)
(
ρ1/2

)∗
(i) = d(i)− ωH(i)x̄(i)Φ1/2(i)

b∗22(i) = (d(i)− ωH(i)x̄(i)Φ1/2(i))
(
ρ−1/2

)∗
(i)
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b∗22(i) = (d(i)− x̄(i)θ̂H(i))
(
ρ−1/2

)∗
(i)

b∗22(i) = (d(i)− x̄(i)(θ̂H(i− 1) + LH(i)ξ(i)))
(
ρ−1/2

)∗
(i)

b∗22(i) = (d(i)− x̄(i)θ̂H(i− 1)− x̄(i)LH(i)ξ(i))
(
ρ−1/2

)∗
(i)

b∗22(i) = (ξ(i)− x̄(i)LH(i)ξ(i))
(
ρ−1/2

)∗
(i)

b∗22(i) = ξ(i)(1− x̄(i)LH(i))
(
ρ−1/2

)∗
(i)

b∗22(i) = ξ(i)ρ(i)
(
ρ−1/2

)∗
(i)

b∗22(i) = ξ(i)ρ1/2(i) ✭✹✳✹✺✮

❆ss✐♠✱ r❡♦r❣❛♥✐③❛♥❞♦ ❛ ♠❛tr✐③ ❞❛ ❊q✉❛çã♦ ✭✹✳✸✶✮ ❝♦♠ ♦s ✈❛❧♦r❡s ❞❡ BH
11(i)✱ b

H
21(i)✱

b∗22(i)✱ b
H
31(i) ❡ b

∗
32(i)✱ r❡t✐r❛❞♦s ❞❛s ❊q✉❛çõ❡s ✭✹✳✹✶✮✱ ✭✹✳✹✷✮✱ ✭✹✳✹✺✮✱ ✭✹✳✹✸✮ ❡ ✭✹✳✹✹✮✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠✲s❡✿




λ1/2Φ1/2(i− 1) x̄(i)

λ1/2ωH(i− 1) d(i)

0T 1


Θ(i) =




Φ1/2(i) 0

ωH(i) ξ(i)ρ1/2(i)

x̄H(i)Φ−H/2(i) ρ1/2(i)


 , ✭✹✳✹✻✮

❡ ❛ ❛t✉❛❧✐③❛çã♦ ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦ θ̂(i)✱ t❡♥❞♦ ❡♠ ✈✐st❛ ❛ ❊q✉❛çã♦ ✭✹✳✷✸✮✱ é

❞❛❞♦ ♣♦r✿

θ̂H(i) = ωH(i)Φ−1/2(i) ✭✹✳✹✼✮
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❆❧❣♦rít✐♠♦ ✷ ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✲ ❉❡❝♦♠♣♦s✐çã♦ QR ♣♦r ❘♦t❛çõ❡s ❞❡ ●✐✈❡♥s✳

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❘❖❚❆➬➹❖ ❉❊ ●■❱❊◆❙✮

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✲

✶ ✄ ❈♦♥✜❣✉r❛çã♦ ✲ ❈♦♥❞✐çõ❡s ■♥✐❝✐❛✐s

✷ ✄ P♦♥❞❡r❛çõ❡s ❡ ❙✐st❡♠❛ ❉✐♥â♠✐❝♦ ✲ [Q,R,Ad, Bd, N ]← [ ]

✸ ✄ ❋❛t♦r ❞❡ ❉❡s❝♦♥t♦ ✲ 0 < γ ≤ 1✳

✹ ✄ P❛râ♠❡tr♦ ❘▲❙ ✲ QR✿ Φ1/2
0 ✱ ω0

✺ ✄ ❋❛t♦r ❞❡ ❊sq✉❡❝✐♠❡♥t♦ ✲ 0 < λ ≤ 1✳

✻ ✄ ❙❡❧❡çã♦ ✲ ❊st❛❞♦ ■♥✐❝✐❛❧ ✲ x0✳

✼ ✄ P♦♥❞❡r❛çõ❡s ❡ ❙✐st❡♠❛ ❉✐♥â♠✐❝♦ ✲ [N,nrevit]← [ ]

✽ ✄ ❱❛❧♦r❡s ✐♥✐❝✐❛s ❞❡ P ❡ ❑ ✲ [P0,K0]← [ ]

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✲

✾ ✄ Pr♦❝❡ss♦ ■t❡r❛t✐✈♦

✶✵ ❢♦r i← 0 : N

✶✶ ❞♦

✶✷ ✄ P♦❧✐t✐❝❛ Ót✐♠❛

✶✸ ui ← Kixi

✶✹ ✄ ❊st❛❞♦s

✶✺ xi+1 ← Adxi +Bdui

✶✻ ✄ ❉❡✜♥✐çã♦ ❞❛ ❇❛s❡ ✲ Pr♦❞✉t♦ ❞❡ ❑r♦♥❡❝❦❡r

✶✼ xi ← [x2
1i;x1ix2i; . . . ;x

2
4i]

✶✽ ✄ ▼♦♥t❛❣❡♠ ❞♦ ❆❧✈♦

✶✾ d(x, r, f, P )← xT
i Qxi + uT

i Rui + xT
i+1Pixi+1

✷✵ ✄ ❘▲❙ ❜❛s❡❛❞♦ ❡♠ ❉❡❝♦♠♣♦s✐çã♦ QR ✭❘♦t❛çã♦ ❞❡ ●✐✈❡♥s✮

✷✶ AQR ←







λ1/2Φ
1/2
i x̄i

λ1/2ωH
i d(·)

0T 1







✷✷ CQR ← a1
√

a2
1
+a2

2

✷✸ SQR ← − a2
√

a2
1
+a2

2

✷✹ QQR ← eye(i)

✷✺ JQR ←
[

CQR SQR

−SQR CQR

]

✷✻ R← JQR ∗AQR

✷✼ R→









Φ
1/2
i+1 0

ωH
i+1 ξiρ

1/2
i+1

x̄H
i Φ

−H/2
i+1 ρ

1/2
i+1









✷✽ ✄ ❆t✉❛❧✐③❛çã♦ ❞♦ ✈❡t♦r θ̂ ♣♦r ♠❡✐♦ ❞❛ ✧s✉❜st✐t✉✐çã♦ ♣❛r❛ trás✧

✷✾ θ̂Hi+1 = ωH
i+1Φ

−1/2
i+1

✸✵ ✄ ❘❡❝✉♣❡r❛çã♦ ❞❡ ♠❛tr✐③ P ❛ ♣❛rt✐r ❞♦s ✈❡t♦r❡s θ

✸✶ P θ̂i+1 ← [θ̂1, θ̂2/2, ..., θ̂9/2; ..., θ̂10]

✸✷ ✄ ❆t✉❛❧✐③❛çã♦ ❞❛ P♦❧ít✐❝❛ ✭●❛♥❤♦ Ót✐♠♦ ❞❡ ❘❡❛❧✐♠❡♥t❛çã♦ K✮

✸✸ Ki+1 ← −γ(R+ γBT
d P θ̂i+1Bd)

−1BT
d P θ̂i+1Ad

✸✹ ✐❢ i%nrevit = 0

✸✺ t❤❡♥

✸✻ xi+1 ← xrevit

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✕

✸✼ ❋✐♠ ❞♦ Pr♦❝❡ss♦ ■t❡r❛t✐✈♦



❈❆P❮❚❯▲❖ ✹✳ ❆▲●❖❘■❚▼❖❙ ❘▲❙✲❍❉P✲❉▲◗❘ ❊ ❉❊❈❖▼P❖❙■➬➹❖ QR ✺✽

❆❧❣♦rít✐♠♦ ✸ ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✲ ❉❡❝♦♠♣♦s✐çã♦ QR ♣♦r ❘❡✢❡①ã♦ ❞❡ ❍♦✉s❡❤♦❧❞❡r✳

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❘❊❋▲❊❳➹❖ ❉❊ ❍❖❯❙❊❍❖▲❉❊❘✮

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✲

✶ ✄ ❈♦♥✜❣✉r❛çã♦ ✲ ❈♦♥❞✐çõ❡s ■♥✐❝✐❛✐s

✷ ✄ P♦♥❞❡r❛çõ❡s ❡ ❙✐st❡♠❛ ❉✐♥â♠✐❝♦ ✲ [Q,R,Ad, Bd, N ]← [ ]

✸ ✄ ❋❛t♦r ❞❡ ❉❡s❝♦♥t♦ ✲ 0 < γ ≤ 1✳

✹ ✄ P❛râ♠❡tr♦ ❘▲❙ ✲ QR✿ Φ1/2
0 ✱ ω0

✺ ✄ ❋❛t♦r ❞❡ ❊sq✉❡❝✐♠❡♥t♦ ✲ 0 < λ ≤ 1✳

✻ ✄ ❙❡❧❡çã♦ ✲ ❊st❛❞♦ ■♥✐❝✐❛❧ ✲ x0✳

✼ ✄ P♦♥❞❡r❛çõ❡s ❡ ❙✐st❡♠❛ ❉✐♥â♠✐❝♦ ✲ [N,nrevit]← [ ]

✽ ✄ ❱❛❧♦r❡s ✐♥✐❝✐❛s ❞❡ P ❡ ❑ ✲ [P0,K0]← [ ]

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✲

✾ ✄ Pr♦❝❡ss♦ ■t❡r❛t✐✈♦

✶✵ ❢♦r i← 0 : N

✶✶ ❞♦

✶✷ ✄ P♦❧✐t✐❝❛ Ót✐♠❛

✶✸ ui ← Kixi

✶✹ ✄ ❊st❛❞♦s

✶✺ xi+1 ← Adxi +Bdui

✶✻ ✄ ❉❡✜♥✐çã♦ ❞❛ ❇❛s❡ ✲ Pr♦❞✉t♦ ❞❡ ❑r♦♥❡❝❦❡r

✶✼ xi ← [x2
1i;x1ix2i; . . . ;x

2
4i]

✶✽ ✄ ▼♦♥t❛❣❡♠ ❞♦ ❱❡t♦r ❆❧✈♦

✶✾ d(x, r, f, P )← xT
i Qxi + uT

i Rui + xT
i+1Pxi+1

✷✵ ✄ ❘▲❙ ❜❛s❡❛❞♦ ❡♠ ❉❡❝♦♠♣♦s✐çã♦ QR ✭❘❡✢❡①ã♦ ❞❡ ❍♦✉s❡❤♦❧❞❡r✮

✷✶ AQR ←







λ1/2Φ1/2(i− 1) x̄(i)

λ1/2pH(i− 1) d(i)

0T 1







✷✷ s =
√

a2k + a2k+1 + . . .+ a2nθ+2

✷✸ w = 1√
2s(s+|ak|)

(

0 . . . ak + s✐♥❛❧(ak)s ak+1 . . . anθ+2

)T

✷✹ H = (I − ✷wwt)

✷✺ R = HAQR

✷✻ R→









Φ
1/2
i+1 0

ωH
i+1 ξiρ

1/2
i+1

x̄H
i Φ

−H/2
i+1 ρ

1/2
i+1









✷✼ ✄ ❆t✉❛❧✐③❛çã♦ ❞♦ ✈❡t♦r θ̂ ♣♦r ♠❡✐♦ ❞❛ ✧s✉❜st✐t✉✐çã♦ ♣❛r❛ trás✧

✷✽ θ̂Hi = ωH
i Φ

−1/2
i

✷✾ ✄ ❘❡❝✉♣❡r❛çã♦ ❞❡ ♠❛tr✐③ P ❛ ♣❛rt✐r ❞♦s ✈❡t♦r❡s θ

✸✵ P θ̂i+1 ← [θ̂1, θ̂2/2, ..., θ̂9/2; ..., θ̂10]

✸✶ ✄ ❆t✉❛❧✐③❛çã♦ ❞❛ P♦❧ít✐❝❛ ✭●❛♥❤♦ Ót✐♠♦ ❞❡ ❘❡❛❧✐♠❡♥t❛çã♦ K✮

✸✷ Ki+1 ← −γ(R+ γBT
d P θ̂i+1Bd)

−1BT
d P θ̂i+1Ad

✸✸ ✐❢ i%nrevit = 0

✸✹ t❤❡♥

✸✺ xi+1 ← xrevit

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✕

✸✻ ❋✐♠ ❞♦ Pr♦❝❡ss♦ ■t❡r❛t✐✈♦



❈❆P❮❚❯▲❖ ✹✳ ❆▲●❖❘■❚▼❖❙ ❘▲❙✲❍❉P✲❉▲◗❘ ❊ ❉❊❈❖▼P❖❙■➬➹❖ QR ✺✾

✹✳✹ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❆ ❢♦r♠✉❧❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ❝♦♠♦ ❛ ❢✉sã♦ ❞❡ três ♠❡t♦❞♦❧♦❣✐❛s

♣❛r❛ ♦ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ♦♥❧✐♥❡ ❜❛s❡❛❞❛ ♥❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✿

♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ✭✐t❡r❛çã♦ ❞❡ ♣♦❧ít✐❝❛✮✱ ❛♣r❡♥❞✐③❛❣❡♠ ♣♦r r❡❢♦rç♦ ✭❞✐❢❡r❡♥ç❛s

t❡♠♣♦r❛✐s✮ ❡ ❛♣r♦①✐♠❛çã♦ ❞❛ ❢✉♥çã♦ ✈❛❧♦r ✈✐❛ ❡str✉t✉r❛ ♣❛r❛♠étr✐❝❛ ❘▲❙✳

❖ ♣r♦❜❧❡♠❛ ♣r✐♥❝✐♣❛❧ ❞❡st❛ té❝♥✐❝❛ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ♠❛❧ ❝♦♥❞✐❝✐♦♥❛✲

♠❡♥t♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❞❛ ❛❜♦r❞❛❣❡♠ ❘▲❙ ♣❛r❛ ❡st✐♠❛r ❛ s♦❧✉çã♦ ❞❛

❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐✳

P❛r❛ ❞✐♠✐♥✉✐r ❡ss❡ ♣r♦❜❧❡♠❛ ♣r♦♣ôs✲s❡ ❛ ✉♥✐ã♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ QR ♥♦ ❛❧❣♦✲

r✐t♠♦ ♣❛❞rã♦ ✈✐s❛♥❞♦ ♠❡❧❤♦r❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❡ ♣❛✲

râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ r❡s✉❧t❛♥❞♦ ❛ss✐♠ ♥♦ ❛❧❣♦r✐t♠♦

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭✈❛r✐❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘✮✳



❈❛♣ít✉❧♦ ✺

❈♦♠♣❧❡①✐❞❛❞❡ ❈♦♠♣✉t❛❝✐♦♥❛❧

✺✳✶ ■♥tr♦❞✉çã♦

❆ t❡♦r✐❛ ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ é ✉♠ r❛♠♦ ❞❛ t❡♦r✐❛ ❞❛ ❝♦♠♣✉t❛çã♦

❡♠ ❝✐ê♥❝✐❛ ❞❛ ❝♦♠♣✉t❛çã♦ t❡ór✐❝❛ ❡ ♠❛t❡♠át✐❝❛ q✉❡ s❡ ❝♦♥❝❡♥tr❛ ❡♠ ❝❧❛ss✐✜❝❛r

♣r♦❜❧❡♠❛s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❞❡ ❛❝♦r❞♦ ❝♦♠ s✉❛ ❞✐✜❝✉❧❞❛❞❡ ✐♥❡r❡♥t❡✱ ❡ r❡❧❛❝✐♦♥❛r

❡ss❛s ❝❧❛ss❡s ❡♥tr❡ s✐ ✭❉♦✇♥❡② ❛♥❞ ❋❡❧❧♦✇s ✶✾✾✾✮✳ ◆❡st❡ ❝♦♥t❡①t♦✱ ✉♠ ♣r♦❜❧❡♠❛

❝♦♠♣✉t❛❝✐♦♥❛❧ é ❡♥t❡♥❞✐❞♦ ❝♦♠♦ ✉♠❛ t❛r❡❢❛ q✉❡ é✱ ❡♠ ♣r✐♥❝í♣✐♦✱ ♣♦ssí✈❡❧ ❞❡ s❡r

r❡s♦❧✈✐❞❛ ♣♦r ✉♠ ❝♦♠♣✉t❛❞♦r ✭♦ q✉❡ ❜❛s✐❝❛♠❡♥t❡ s✐❣♥✐✜❝❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ ♣♦❞❡

s❡r ❞❡s❝r✐t♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐♥str✉çõ❡s ♠❛t❡♠át✐❝❛s✮✳ ■♥❢♦r♠❛❧♠❡♥t❡✱ ✉♠

♣r♦❜❧❡♠❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❝♦♥s✐st❡ ❞❡ ✐♥stâ♥❝✐❛s ❞♦ ♣r♦❜❧❡♠❛ ❡ s♦❧✉çõ❡s ♣❛r❛ ❡ss❛s

✐♥stâ♥❝✐❛s ❞♦ ♣r♦❜❧❡♠❛✳

❯♠ ♣r♦❜❧❡♠❛ é ❞✐✜❝í❧✐♠♦ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ♥❡♥❤✉♠ ❛❧❣♦r✐t♠♦ ♣♦❞❡ r❡s♦❧✈ê✲❧♦

P♦r ❡①❡♠♣❧♦✱ ♦ t❡st❡ ❞❡ ♣r✐♠❛❧✐❞❛❞❡ é ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡t❡r♠✐♥❛r s❡ ✉♠ ❞❛❞♦

♥ú♠❡r♦ é ♣r✐♠♦ ♦✉ ♥ã♦✳ ❆s ✐♥stâ♥❝✐❛s ❞❡st❡ ♣r♦❜❧❡♠❛ sã♦ ♥ú♠❡r♦s ♥❛t✉r❛✐s✱ ❡ ❛

s♦❧✉çã♦ ♣❛r❛ ✉♠❛ ✐♥stâ♥❝✐❛ é s✐♠ ♦✉ ♥ã♦✱ ❞❡♣❡♥❞❡♥❞♦ s❡ ♦ ♥ú♠❡r♦ é ♣r✐♠♦ ♦✉ ♥ã♦✳

❯♠ ♣r♦❜❧❡♠❛ é ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✐♥❡r❡♥t❡♠❡♥t❡ ❞✐❢í❝✐❧ s❡ ❛ s✉❛ s♦❧✉çã♦ r❡q✉❡r

r❡❝✉rs♦s s✐❣♥✐✜❝❛t✐✈♦s✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ ♦ ❛❧❣♦r✐t♠♦ ✉s❛❞♦✳ ❆ t❡♦r✐❛ ❢♦r♠❛❧✐③❛

❡st❛ ✐♥t✉✐çã♦ ❛tr❛✈és ❞❛ ✐♥tr♦❞✉çã♦ ❞❡ ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ❞❡ ❝♦♠♣✉t❛çã♦ ♣❛r❛

❡st✉❞❛r ❡st❡s ♣r♦❜❧❡♠❛s ❡ q✉❛♥t✐✜❝❛r ♦s r❡❝✉rs♦s ♥❡❝❡ssár✐♦s ♣❛r❛ r❡s♦❧✈ê❧♦s✱ t❛✐s

❝♦♠♦ t❡♠♣♦ ❡ ❛r♠❛③❡♥❛♠❡♥t♦✳ ❖✉tr❛s ♠❡❞✐❞❛s ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ t❛♠❜é♠ sã♦

✉t✐❧✐③❛❞❛s✱ t❛✐s ❝♦♠♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝♦♠✉♥✐❝❛çã♦ ✭✉s❛❞❛ ❡♠ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡

❝♦♠✉♥✐❝❛çã♦✮✱ ♦ ♥ú♠❡r♦ ❞❡ ♣♦rt❛s ❡♠ ✉♠ ❝✐r❝✉✐t♦ ✭✉s❛❞♦ ♥❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡

✻✵
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❝✐r❝✉✐t♦✮ ❡ ♦ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss❛❞♦r❡s ✭✉s❛❞♦s ❡♠ ❝♦♠♣✉t❛çã♦ ♣❛r❛❧❡❧❛✮ ✭❉✉ ❛♥❞

❑♦ ✷✵✵✵✮✳ ❯♠ ❞♦s ♣❛♣é✐s ❞❛ t❡♦r✐❛ ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ é ❞❡t❡r♠✐♥❛r

♦s ❧✐♠✐t❡s ♣rát✐❝♦s ❞♦ q✉❡ ♦s ❝♦♠♣✉t❛❞♦r❡s ♣♦❞❡♠ ❡ ♥ã♦ ♣♦❞❡♠ ❢❛③❡r✳

❈❛♠♣♦s ✐♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛ ❝✐ê♥❝✐❛ ❞❛ ❝♦♠♣✉t❛çã♦ t❡ór✐❝❛ sã♦ ❛

❛♥á❧✐s❡ ❞❡ ❛❧❣♦r✐t♠♦s ❡ ❛ t❡♦r✐❛ ❞❛ ❝♦♠♣✉t❛❜✐❧✐❞❛❞❡✳ ❯♠❛ ❞✐st✐♥çã♦ ❝❤❛✈❡ ❡♥tr❡

❛ ❛♥á❧✐s❡ ❞❡ ❛❧❣♦r✐t♠♦s ❡ t❡♦r✐❛ ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ é q✉❡ ❛ ♣r✐♠❡✐r❛

é ❞❡❞✐❝❛❞❛ ❛ ❛♥❛❧✐s❛r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ r❡❝✉rs♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ✉♠ ❞❡t❡r♠✐♥❛❞♦

❛❧❣♦r✐t♠♦ r❡s♦❧✈❡r ✉♠ ♣r♦❜❧❡♠❛✱ ❡♥q✉❛♥t♦ ♦ s❡❣✉♥❞♦ ❢❛③ ✉♠❛ ♣❡r❣✉♥t❛ ♠❛✐s ❣❡r❛❧

s♦❜r❡ t♦❞♦s ♦s ♣♦ssí✈❡✐s ❛❧❣♦r✐t♠♦s q✉❡ ♣♦❞❡♠ s❡r ✉s❛❞♦s ♣❛r❛ r❡s♦❧✈❡r ♦ ♠❡s♠♦

♣r♦❜❧❡♠❛ ✭●♦❧❞r❡✐❝❤ ✷✵✵✽✮✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡❧❡ t❡♥t❛ ❝❧❛ss✐✜❝❛r ♦s ♣r♦❜❧❡♠❛s

q✉❡ ♣♦❞❡♠ ♦✉ ♥ã♦ ♣♦❞❡♠ s❡r r❡s♦❧✈✐❞♦s ❝♦♠ ♦s r❡❝✉rs♦s ❞❡✈✐❞❛♠❡♥t❡ r❡str✐t♦s✳

P♦r s✉❛ ✈❡③✱ ✐♠♣♦♥❞♦ r❡str✐çõ❡s s♦❜r❡ ♦s r❡❝✉rs♦s ❞✐s♣♦♥í✈❡✐s é ♦ q✉❡ ❞✐st✐♥❣✉❡ ❛

❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❛ t❡♦r✐❛ ❞❛ ❝♦♠♣✉t❛❜✐❧✐❞❛❞❡✿ ❛ s❡❣✉♥❞❛ ♣❡r❣✉♥t❛

q✉❡ t✐♣♦s ❞❡ ♣r♦❜❧❡♠❛s ♣♦❞❡♠✱ ❡♠ ♣r✐♥❝í♣✐♦✱ s❡r r❡s♦❧✈✐❞♦s ❛tr❛✈és ❞❡ ❛❧❣♦r✐t♠♦s✳

✺✳✷ P❛râ♠❡tr♦s ❞❡ ❆✈❛❧✐❛çã♦ ❞❡ ❆❧❣♦r✐t♠♦s

❯♠ ❛❧❣♦r✐t♠♦ é ✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ ❞❡ ✐♥str✉çõ❡s ❜❡♠ ❞❡✜♥✐❞❛s ❡ ♥ã♦ ❛♠❜í✲

❣✉❛s✱ ❝❛❞❛ ✉♠❛ ❞❛s q✉❛✐s ♣♦❞❡ s❡r ❡①❡❝✉t❛❞❛ ♠❡❝❛♥✐❝❛♠❡♥t❡ ❡♠ ✉♠ ♣❡rí♦❞♦ ❞❡

t❡♠♣♦ ✜♥✐t♦ ❡ ❝♦♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡s❢♦rç♦ ✜♥✐t❛ ✭●♦❧❞r❡✐❝❤ ✷✵✵✽✮✳

❖ ❝♦♥❝❡✐t♦ ❞❡ ❛❧❣♦r✐t♠♦ é ❢r❡q✉❡♥t❡♠❡♥t❡ ✐❧✉str❛❞♦ ♣❡❧♦ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ r❡✲

❝❡✐t❛ ❝✉❧✐♥ár✐❛✱ ❡♠❜♦r❛ ♠✉✐t♦s ❛❧❣♦r✐t♠♦s s❡❥❛♠ ♠❛✐s ❝♦♠♣❧❡①♦s✳ ❊❧❡s ♣♦❞❡♠

r❡♣❡t✐r ♣❛ss♦s ✭❢❛③❡r ✐t❡r❛çõ❡s✮ ♦✉ ♥❡❝❡ss✐t❛r ❞❡ ❞❡❝✐sõ❡s ✭t❛✐s ❝♦♠♦ ❝♦♠♣❛r❛çõ❡s

♦✉ ❧ó❣✐❝❛✮ ❛té q✉❡ ❛ t❛r❡❢❛ s❡❥❛ ❝♦♠♣❧❡t❛❞❛✳ ❯♠ ❛❧❣♦r✐t♠♦ ❝♦rr❡t❛♠❡♥t❡ ❡①❡❝✉✲

t❛❞♦ ♥ã♦ ✐rá r❡s♦❧✈❡r ✉♠ ♣r♦❜❧❡♠❛ s❡ ❡st✐✈❡r ✐♠♣❧❡♠❡♥t❛❞♦ ✐♥❝♦rr❡t❛♠❡♥t❡ ♦✉ s❡

♥ã♦ ❢♦r ❛♣r♦♣r✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛✳

❯♠ ❛❧❣♦r✐t♠♦ ♥ã♦ r❡♣r❡s❡♥t❛✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱ ✉♠ ♣r♦❣r❛♠❛ ❞❡ ❝♦♠♣✉t❛❞♦r

✱ ❡ s✐♠ ♦s ♣❛ss♦s ♥❡❝❡ssár✐♦s ♣❛r❛ r❡❛❧✐③❛r ✉♠❛ t❛r❡❢❛✳ ❙✉❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♣♦❞❡

s❡r ❢❡✐t❛ ♣♦r ✉♠ ❝♦♠♣✉t❛❞♦r✱ ♣♦r ♦✉tr♦ t✐♣♦ ❞❡ ❛✉tô♠❛t♦ ♦✉ ♠❡s♠♦ ♣♦r ✉♠

s❡r ❤✉♠❛♥♦✳ ❉✐❢❡r❡♥t❡s ❛❧❣♦r✐t♠♦s ♣♦❞❡♠ r❡❛❧✐③❛r ❛ ♠❡s♠❛ t❛r❡❢❛ ✉s❛♥❞♦ ✉♠

❝♦♥❥✉♥t♦ ❞✐❢❡r❡♥❝✐❛❞♦ ❞❡ ✐♥str✉çõ❡s ❡♠ ♠❛✐s ♦✉ ♠❡♥♦s t❡♠♣♦✱ ❡s♣❛ç♦ ♦✉ ❡s❢♦rç♦

❞♦ q✉❡ ♦✉tr♦s✳ ❚❛❧ ❞✐❢❡r❡♥ç❛ ♣♦❞❡ s❡r r❡✢❡①♦ ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧

❛♣❧✐❝❛❞❛✱ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ❡str✉t✉r❛s ❞❡ ❞❛❞♦s ❛❞❡q✉❛❞❛s ❛♦ ❛❧❣♦r✐t♠♦ ✭❙✐♣s❡r
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✷✵✵✻✮✳ P♦r ❡①❡♠♣❧♦✱ ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ s❡ ✈❡st✐r ♣♦❞❡ ❡s♣❡❝✐✜❝❛r q✉❡ ✈♦❝ê ✈✐st❛

♣r✐♠❡✐r♦ ❛s ♠❡✐❛s ❡ ♦s s❛♣❛t♦s ❛♥t❡s ❞❡ ✈❡st✐r ❛ ❝❛❧ç❛ ❡♥q✉❛♥t♦ ♦✉tr♦ ❛❧❣♦r✐t♠♦

❡s♣❡❝✐✜❝❛ q✉❡ ✈♦❝ê ❞❡✈❡ ♣r✐♠❡✐r♦ ✈❡st✐r ❛ ❝❛❧ç❛ ❡ ❞❡♣♦✐s ❛s ♠❡✐❛s ❡ ♦s s❛♣❛t♦s✳

❋✐❝❛ ❝❧❛r♦ q✉❡ ♦ ♣r✐♠❡✐r♦ ❛❧❣♦r✐t♠♦ é ♠❛✐s ❞✐❢í❝✐❧ ❞❡ ❡①❡❝✉t❛r q✉❡ ♦ s❡❣✉♥❞♦ ❛♣❡s❛r

❞❡ ❛♠❜♦s ❧❡✈❛r❡♠ ❛♦ ♠❡s♠♦ r❡s✉❧t❛❞♦✳

❖ ❝♦♥❝❡✐t♦ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ❢♦✐ ❢♦r♠❛❧✐③❛❞♦ ❡♠ ✶✾✸✻ ♣❡❧❛ ▼áq✉✐♥❛ ❞❡ ❚✉r✐♥❣ ❞❡

❆❧❛♥ ❚✉r✐♥❣ ❡ ♣❡❧♦ ❝á❧❝✉❧♦ ❧❛♠❜❞❛ ❞❡ ❆❧♦♥③♦ ❈❤✉r❝❤ ✭❈❤✉r❝❤ ✶✾✾✻✮✱ q✉❡ ❢♦r♠❛r❛♠

❛s ♣r✐♠❡✐r❛s ❢✉♥❞❛çõ❡s ❞❛ ❈✐ê♥❝✐❛ ❞❛ ❝♦♠♣✉t❛çã♦✳

▲♦❣♦✱ ♣♦❞❡✲s❡ ❛✈❛❧✐❛r ✉♠ ❛❧❣♦r✐t♠♦ ❡♠ ❞✐✈❡rs♦s ♣❛râ♠❡tr♦s t❛✐s ❝♦♠♦✿

✶✳ ❱❡❧♦❝✐❞❛❞❡ ❞❡ ❊①❡❝✉çã♦✱ q✉❡ t❛❧✈❡③ s❡❥❛ ♦ ♣♦♥t♦ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❞❡ ❛❧❣♦✲

r✐t♠♦s ♣❛r❛ ♣r♦❝❡ss❛♠❡♥t♦ ❡♠ t❡♠♣♦ r❡❛❧✳

✷✳ ❯t✐❧✐③❛çã♦ ❞❡ ▼❡♠ór✐❛✱ ♦ ❛✈❛♥ç♦ ❞❛ ✐♥❢♦r♠át✐❝❛ ❡❧❡✈♦✉ ❛ ❛♠♣❧❛ ❞✐s♣♦♥✐❜✐❧✐✲

❞❛❞❡ ❞❡ ♠❡♠ór✐❛ ❞✐♠✐♥✉✐♥❞♦ ❛ ♣r❡♦❝✉♣❛çã♦ ❝♦♠ ❡ss❡ ♣❛râ♠❡tr♦✳

✸✳ ❊st❛❜✐❧✐❞❛❞❡✱ ❣❛r❛♥t✐r q✉❡ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ s❡❥❛ ♦ ♠❡s♠♦ ❛♦

♣❛ss❛r ❞♦ t❡♠♣♦ ♥ã♦ s♦❢r❡♥❞♦ ❝♦♠ ♠❛✉ ❢✉♥❝✐♦♥❛♠❡♥t♦ ♣❡❧♦ t❡♠♣♦ ❞❡ ❡①❡✲

❝✉çã♦✱ ❡♥tr❡ ♦✉tr♦s✳

❖s ❛❧❣♦r✐t♠♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♥♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ sã♦ ❛✈❛❧✐❛❞♦s t❡♥❞♦ ❝♦♠♦

r❡❢❡r❡♥❝✐❛ três ✐♠♣♦rt❛♥t❡s ♣❛râ♠❡tr♦s✿ ❈✉st♦ ❈♦♠♣✉t❛❝✐♦♥❛❧✱ ❊st❛❜✐❧✐❞❛❞❡ ◆✉✲

♠ér✐❝❛ ❡ ❚❡♠♣♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛✱ ♦s q✉❛✐s s❡rã♦ ❞✐s❝✉t✐❞♦s ❛ s❡❣✉✐r✳

✺✳✷✳✶ ❈✉st♦ ❈♦♠♣✉t❛❝✐♦♥❛❧

❆ ♣r✐♥❝í♣✐♦✱ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ s❡ r❡❢❡r❡ à ❡st✐♠❛t✐✈❛ ❞♦ ❡s❢♦rç♦

❝♦♠♣✉t❛❝✐♦♥❛❧ ✭❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✮ ❞❡s♣❡♥❞✐❞♦ ♣❛r❛ ❡①❡❝✉çã♦ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦

q✉❡ r❡s♦❧✈❡ ✉♠ ♣r♦❜❧❡♠❛ ❝♦♠ ❡♥tr❛❞❛ ❞❡ t❛♠❛♥❤♦ ♥✳ ❊st❡ ❡s❢♦rç♦ ♥♦r♠❛❧♠❡♥t❡ é

♠❡❞✐❞♦ ♣♦r ✉♠❛ ❢✉♥çã♦ ❞❛ ❢♦r♠❛ O(f(n))✱ ❛ q✉❛❧ ✐♥❞✐❝❛ ❛ ♦r❞❡♠ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡

❞❡ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ q✉❡ ❡stá ❛ss♦❝✐❛❞♦ ❛♦ ♥ú♠❡r♦ ❞❡ ♦♣❡r❛çõ❡s

❛r✐t♠ét✐❝❛s r❡❛❧✐③❛❞❛s ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❡♠ ❢✉♥çã♦ ❞❛ ❞✐♠❡♥sã♦ n ❞❛ ❡♥tr❛❞❛ ❞♦

♣r♦❜❧❡♠❛✳ ❊♠ ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s ❛ ❢✉♥çã♦ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ f(n) ♣♦❞❡ r❡❧❛❝✐♦♥❛r

♠❛✐s ❞❡ ✉♠❛ ✈ár✐á✈❡❧✱ ❝♦♠♦ f(n,m)✱ f(n,m, p)✱ ❡t❝✳ ❆❧❣♦r✐t♠♦s q✉❡ r❡q✉❡r❡♠

♠❡♥♦s ♦♣❡r❛çõ❡s ❛r✐t♠ét✐❝❛s sã♦ ♣r❡❢❡r✐❞♦s ♥❛ ♣rát✐❝❛ ♣♦✐s ♦❝❛s✐♦♥❛♠ ❡♠ ❝✉st♦s

❝♦♠♣✉t❛❝✐♦♥❛✐s ♠❡♥♦r❡s✳



❈❆P❮❚❯▲❖ ✺✳ ❈❖▼P▲❊❳■❉❆❉❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✻✸

❆ss✐♠✱ ❛ ❛♥❛❧✐s❡ ❞♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡✈❡ s❡r ❝❛❧❝✉❧❛❞❛ ❡♠ ✉♠❛ ✉♥✐❞❛❞❡

❝♦♠♣✉t❛❝✐♦♥❛❧ ❝❤❛♠❛❞❛ ✢♦♣s q✉❡ é ✉♠ ❛❝rô♥✐♠♦ ♥❛ ❝♦♠♣✉t❛çã♦ q✉❡ s✐❣♥✐✜❝❛

❋❧♦❛t✐♥❣✲♣♦✐♥t ❖♣❡r❛t✐♦♥s P❡r ❙❡❝♦♥❞✱ q✉❡✱ ❡♠ ♣♦rt✉❣✉ês✱ q✉❡r ❞✐③❡r ♦♣❡r❛çõ❡s

❞❡ ♣♦♥t♦ ✢✉t✉❛♥t❡ ♣♦r s❡❣✉♥❞♦✳ ■st♦ é ✉s❛❞♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ✉♠

❝♦♠♣✉t❛❞♦r ♦✉ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦✱ ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♥♦ ❝❛♠♣♦ ❞❡ ❝á❧❝✉❧♦s ❝✐❡♥tí✜❝♦s✱

q✉❡ ❢❛③❡♠ ❣r❛♥❞❡ ✉s♦ ❞❡ ❝á❧❝✉❧♦s ❝♦♠ ♣♦♥t♦ ✢✉t✉❛♥t❡❀ s✐♠✐❧❛r ❛ ✐♥str✉çõ❡s ♣♦r

s❡❣✉♥❞♦ ✭❆r♦r❛ ❛♥❞ ❇❛r❛❦ ✷✵✵✻✮✳

❏á q✉❡ ❞✐s♣♦s✐t✐✈♦s ❞❡ ❝♦♠♣✉t❛çã♦ tê♠ ❡♥♦r♠❡ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦✱

❝♦♥✈é♠ ✉t✐❧✐③❛r ✉♥✐❞❛❞❡s ♠❛✐♦r❡s q✉❡ ✢♦♣s✱ s❡✉s ♠ú❧t✐♣❧♦s✳ ❖s ♠ú❧t✐♣❧♦s ♠❛✐s

✉t✐❧✐③❛❞♦s sã♦✿ ♠❡❣❛✢♦♣s ✭▼✢♦♣✴s✮✱ ❣✐❣❛✢♦♣s ✭●✢♦♣✴s✮✱ t❡r❛✢♦♣s ✭❚✢♦♣✴s✮✱ ♣❡✲

t❛✢♦♣s ✭P✢♦♣✴s✮ ❡ ❡①❛✢♦♣s ✭❊✢♦♣✴s✮✳

❆ ❡✈♦❧✉çã♦ ❞❛ ✐♥❢♦r♠át✐❝❛ ❡st❛ ❡❧❡✈❛♥❞♦ ❝❛❞❛ ✈❡③ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ✢♦♣s ❞❡ ✉♠

❝♦♠♣✉t❛❞♦r ♣♦ré♠ ❛✐♥❞❛ ❡①✐st❡ ❝á❧❝✉❧♦s q✉❡ ♥❡❝❡ss✐t❛♠ ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ♠✉✐t♦

❣r❛♥❞❡ ❞❡ ✢♦♣s ♣❛r❛ s❡r ❡①❡❝✉t❛❞♦s✱ ♦ ♠❛✐♦r ❡①❡♠♣❧♦ sã♦ ♦s ❝á❧❝✉❧♦s ♥❡❝❡ssár✐♦s

♣❛r❛ ♣r❡✈✐sã♦ ❞❡ t❡♠♣♦ q✉❡ s❡♠♣r❡ sã♦ r❡❛❧✐③❛❞♦s ♣♦r s✉♣❡r❝♦♠♣✉t❛❞♦r❡s q✉❡

t❡♠ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ♠✉✐t♦ ♠❛✐♦r q✉❡ ❝♦♠♣✉t❛❞♦r❡s ♣❡ss♦❛✐s P❈✬s✳

P♦r ✐ss♦✱ ❛✐♥❞❛ s❡ ❞❡✈❡ t❡r ❛ ♣r❡♦❝✉♣❛çã♦ ❡♠ r❡❞✉çã♦ ❞♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦s

❛❧❣♦r✐t♠♦s✳

◆❡ss❛ s❡çã♦ s❡rã♦ ❞❡s❝r✐t♦s ♦s ❝✉st♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❞♦s ❛❧❣♦r✐t♠♦s ♣r♦♣♦st♦s

♥❡st❡ ❡st✉❞♦✳ ❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r ❝♦♠ t❛✐s ❞❡s❡♥✈♦❧✈✐♠❡♥t♦s✱ s❡rã♦ ♥❡❝❡ssár✐♦s

✐♥tr♦❞✉③✐r ❛❧❣✉♠❛s ♥♦t❛çõ❡s✳

❙❡❥❛♠ α1 ❡ α2 ❞♦✐s ❡s❝❛❧❛r❡s q✉❛✐sq✉❡r ❡♠ ℜ✳ ❆s ♥♦t❛çõ❡s op(+)
α ✱ op(.)α ❡ op

(÷)
α

s❡rã♦ ✉s❛❞❛s ♣❛r❛ ❞❡♥♦t❛r ✉♠❛ ♦♣❡r❛çã♦ ❞❡ ❛❞✐çã♦ α1 + α2✱ ♠✉❧t✐♣❧✐❝❛çã♦ α1.α2

❡ ❞✐✈✐sã♦ α1/α2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈❛❞❛ ✉♠❛ ❞❡st❛s ♦♣❡r❛çõ❡s ❡q✉✐✈❛❧❡ à ✉♠ ✢♦♣

✭♠❡❞✐❞❛ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❛r✐t♠ét✐❝❛ ❛❞♦t❛❞❛✮✳

❆s ❚❛❜❡❧❛s ✺✳✶ ❡ ✺✳✷ ❛♣r❡s❡♥t❛♠ ❛❧❣✉♠❛s ♦♣❡r❛çõ❡s ❜ás✐❝❛s ❞❡ ✈❡t♦r❡s ❡ ♠❛✲

tr✐③❡s q✉❡ ❛♣❛r❡❝❡♠ ♥❛s ❡t❛♣❛s ❞❡ ❛✈❛❧✐❛çã♦ ❡ ♠❡❧❤♦r✐❛ ❞❡ ♣♦❧ít✐❝❛ ❞♦s ❛❧❣♦r✐t♠♦s

❘▲❙λ✲❍❉P✲❉▲◗❘ ❡ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✳ ❊st❛s t❛❜❡❧❛s t❛♠❜é♠ ❢♦r♥❡❝❡♠ ♦

♥ú♠❡r♦ ❞❡ ✢♦♣s ✭♦♣❡r❛çõ❡s ❞❡ ♣♦♥t♦ ✢✉t✉❛♥t❡ ♣♦r s❡❣✉♥❞♦✮ ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s

♦♣❡r❛çõ❡s ❜ás✐❝❛s✳

❖❜s❡r✈❛çõ❡s✿

✶✳ ❉❡ ❢♦r♠❛ ❣❡♥ér✐❝❛✱ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ❞✉❛s ♠❛tr✐③❡s M1 ❡ M2 ❝♦♠ M1 ∈

ℜm×p ❡ M1 ∈ ℜp×m ❡♥✈♦❧✈❡ 2mnp−mn ✢♦♣s ❡ s❡rá ❞❡♥♦t❛❞❛ ♣♦r op(∗)Mmpn
✳
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✷✳ ❉❛❞❛ ✉♠❛ ♠❛tr✐③ M ❝♦♠ M ∈ ℜm×m ✐♥✈❡rsí✈❡❧✱ ❛ ♦❜t❡♥çã♦ ❞❛ ✐♥✈❡rs❛

❞❡ M ✱ M−1✱ ♣♦r ♠❡✐♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ●❛✉ss ✭♣r♦❝❡ss♦ ❞❡ ❡❧✐♠✐♥❛çã♦

●❛✉ss✐❛♥❛✮✱ r❡q✉❡r ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 2
3
m3 ✢♦♣s ✭1

3
m3 ✢♦♣s ♣❛r❛ ♠❛tr✐③❡s

❞❡✜♥✐❞❛s ♣♦s✐t✐✈❛s✮✳ ❆ ♦♣❡r❛çã♦ ❞❡ ✐♥✈❡rsã♦ ❞❡ ✉♠❛ ♠❛tr✐③ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛

s❡rá ❞❡♥♦t❛❞❛ ♣♦r op(−1)MDP
✳

❚❛❜❡❧❛ ✺✳✶✿ ❖♣❡r❛çõ❡s ❜ás✐❝❛s ❝♦♠ ✈❡t♦r❡s ❡♠ ℜnθ

❖♣❡r❛çã♦ ❉❡s❝r✐çã♦ ❈♦♠♣❧❡①✐❞❛❞❡

op
(+)
v ❆❞✐çã♦✿ v1 + v2 nθ

opdotv Pr♦❞✉t♦ ❡s❝❛❧❛r✿ vT1 v2 2nθ − 1

opoutv Pr♦❞✉t♦ ❡①t❡r♥♦✿ v1vT2 n2
θ

op
(.)
v,α ▼✉❧t✐♣❧✐❝❛çã♦ ❞❡ ✉♠ ❡s❝❛❧❛r α ♣♦r ✉♠ ✈❡t♦r✿ αv nθ

❚❛❜❡❧❛ ✺✳✷✿ ❖♣❡r❛çõ❡s ❜ás✐❝❛s ❝♦♠ ♠❛tr✐③❡s ❡♠ ℜnθ×nθ

❖♣❡r❛çã♦ ❉❡s❝r✐çã♦ ❈♦♠♣❧❡①✐❞❛❞❡

op
(+)
M ❆❞✐çã♦ n2

θ

op
(.)
M ▼✉❧t✐♣❧✐❝❛çã♦ 2n3

θ − n2
θ

op
(.)
M,α ▼✉❧t✐♣❧✐❝❛çã♦ ❞❡ ✉♠ ❡s❝❛❧❛r ♣♦r ✉♠❛ ♠❛tr✐③ n2

θ

op
(.)
M,v ▼✉❧t✐♣❧✐❝❛çã♦ ❞❡ ✉♠❛ ♠❛tr✐③ ♣♦r ✉♠ ✈❡t♦r 2n2

θ − nθ

op
(.)
MTriangular,v

▼✉❧t✐♣❧✐❝❛çã♦ ❞❡ ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r ♣♦r ✉♠ ✈❡t♦r n2
θ

op
(.)
MDiagonal,v

▼✉❧t✐♣❧✐❝❛çã♦ ❞❡ ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ♣♦r ✉♠ ✈❡t♦r nθ

❘▲❙λ✲❍❉P✲❉▲◗❘

❊❚❆P❆ ❆❱❆▲■❆➬➹❖ ❉❊ P❖▲❮❚■❈❆

◆❛ ❞❡s❝r✐çã♦ ❞♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡♠ ✉♠❛ ✐t❡r❛çã♦ i ❞❡ ❛✈❛❧✐❛çã♦ ❞❡ ♣♦❧ít✐❝❛

r❡❛❧✐③❛❞❛ ♣❡❧♦ ❘▲❙ ♣❛❞rã♦✱ t❡♠✲s❡✿

✶✲ ❈♦♥str✉çã♦ ❞♦ ✈❡t♦r ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡ x̄k ✈✐❛ ♣r♦❞✉t♦ ❞❡ ❑r♦♥❡❝❦❡r ❞♦s

❡st❛❞♦s✳ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛ ❢♦r♠❛çã♦ ❞❡ ❝❛❞❛ ✈❡t♦r x̄k ❡♥✈♦❧✈❡ nθ[op
(·)
α ]✱ ♦ q✉❡

❡q✉✐✈❛❧❡ à nθ ✢♦♣s✱ t❡♠✲s❡

op(·)α = nθ = nθ✢♦♣s
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✷✲ ❈á❧❝✉❧♦ ❞♦ ❣❛♥❤♦ L(i) ❞❛ ❊q✉❛çã♦ ✭✹✳✶✵✮✿

opdotv ✰ ✷op(·)M,v+op(+)
α +op(·)v,α+op(÷)α ⇒ (✷nθ−✶)+(✹n✷

θ−✷nθ)+✶+nθ+1 = ✹n2
θ+nθ+✶ flops

✸✲ ❆t✉❛❧✐③❛çã♦ ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ̂(i) ❞❡ ❊q✉❛çã♦ ✭✹✳✶✼✮✿

opdotv + op(+)
α + op(·)v,α + op(+)

v ⇒ (✷nθ − ✶) + 1 + nθ + nθ = ✹nθ flops

✹✲ ❆t✉❛❧✐③❛çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ Γ(i) ❞❡ ❊q✉❛çã♦ ✭✹✳✵✽✮✿

opoutv +op
(·)
M+op

(+)
M +op

(·)
M,α+op(÷)α ⇒ n2

θ+(✷n3
θ−n2

θ)+n2
θ+n2

θ+1 = ✷n3
θ+✷n

2
θ+1 flops

✺✲ ❘❡❝✉♣❡r❛çã♦ ❞❛ ♠❛tr✐③ P ❛ ♣❛rt✐r ❞♦ ✈❡t♦r θ̂ ❣❡r❛❞♦ ♣❡❧♦ ❘▲❙ ❝♦♥✈❡♥❝✐♦♥❛❧

é ❞❛❞♦ ♣♦r✿

(n✷ − n)op(÷)α ⇒ n✷ − n flops

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■❱❊◆❙✮

❊❚❆P❆ ❆❱❆▲■❆➬➹❖ ❉❊ P❖▲❮❚■❈❆

◆❛ ❞❡s❝r✐çã♦ ❞♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡♠ ✉♠❛ ✐t❡r❛çã♦ i ❞❡ ❛✈❛❧✐❛çã♦ ❞❡ ♣♦❧ít✐❝❛

r❡❛❧✐③❛❞❛ ♣❡❧♦ ❘▲❙ QR ❝♦♠ r♦t❛çã♦ ❞❡ ●✐✈❡♥s✱ t❡♠✲s❡✿

✶✲ ❙❡❣✉❡✲s❡ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙µ✲❍❉P✲❉▲◗❘ ♦ q✉❛❧

r❡q✉❡r nθ ✢♦♣s

✷✲ ❈á❧❝✉❧♦ ❞❡ CQR ❡ SQR ✭●✐✈❡♥s✮✿

2(2op(·)α + op(+)
α + op(sqrt)α + op(÷)α ) ⇒ 2(2 + 1 + 1 + 1) = 10 flops

✸✲ ❈á❧❝✉❧♦ ❞❛ ▼❛tr✐③ R✿

op
(·)
M ⇒ 2(2)3 − (2)2 flops

✹✲ ❆t✉❛❧✐③❛çã♦ ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ̂(i) ✭❇❛❝❦ ❙✉❜st✐t✉t✐♦♥✮

opbacksub ⇒ n2
θ = n2

θ flops
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✺✲ ❘❡❝✉♣❡r❛çã♦ ❞❛ ♠❛tr✐③ P ❛ ♣❛rt✐r ❞♦ ✈❡t♦r θ̂ ❣❡r❛❞♦ ♣❡❧♦ QR✲❘▲❙ é ❞❛❞♦

♣♦r✿

(n✷ − n)op(÷)α ⇒ n✷ − n flops

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❍❖❯❙❊❍❖▲❉❊❘✮

❊❚❆P❆ ❆❱❆▲■❆➬➹❖ ❉❊ P❖▲❮❚■❈❆

◆❛ ❞❡s❝r✐çã♦ ❞♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡♠ ✉♠❛ ✐t❡r❛çã♦ i ❞❡ ❛✈❛❧✐❛çã♦ ❞❡ ♣♦❧ít✐❝❛

r❡❛❧✐③❛❞❛ ♣❡❧♦ ❘▲❙ QR✱ t❡♠✲s❡✿

✶✲ ❙❡❣✉❡✲s❡ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙µ✲❍❉P✲❉▲◗❘ ♦ q✉❛❧

r❡q✉❡r nθ ✢♦♣s

✷✲ ❈á❧❝✉❧♦ ❞❡ s ✭❍♦✉s❡❤♦❧❞❡r✮✿

op(·)v,v + op(sqrt)α ⇒ nθ + nθ = 2nθ flops

✸✲ ▼♦♥t❛❣❡♠ ❞❛ ▼❛tr✐③ z ✭❍♦✉s❡❤♦❧❞❡r✮✿

op(·)α + op(+)
α ⇒ 1 + 1 = 2flops

✹✲ ❈❛❧❝✉❧♦ ❞❛ ▼❛tr✐③ w ✭❍♦✉s❡❤♦❧❞❡r✮✿

op(+)
α + 2op(·)α + op(÷)α + op

(·)
M,α ⇒ 1 + 2 + 1 + n2

θ = n2
θ + 4 flops

✺✲ ❈❛❧❝✉❧♦ ❞❛ ▼❛tr✐③ H ✭❍♦✉s❡❤♦❧❞❡r✮✿

op
(−)
M + op

(·)
M,α + op(·)v,v ⇒ n2

θ + n2
θ + 2nθ = ✷n2

θ + 2nθ flops

✻✲ ❈❛❧❝✉❧♦ ❞❛ ♠❛tr✐③ R

op
(·)
M ⇒ 2n3

θ − n2
θ flops

✼✲ ❆t✉❛❧✐③❛çã♦ ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ̂(i) ✭❇❛❝❦ ❙✉❜st✐t✉t✐♦♥✮✿

opbacksub ⇒ n2
θ = n2

θ flops

✽✲ ❘❡❝✉♣❡r❛çã♦ ❞❛ ♠❛tr✐③ P ❛ ♣❛rt✐r ❞♦ ✈❡t♦r θ̂ ❣❡r❛❞♦ ♣❡❧♦ QR✲❘▲❙ é ❞❛❞♦

♣♦r✿
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(n✷ − n)op(÷)α ⇒ n✷ − n flops

❆❣♦r❛ ♣♦❞❡✲s❡ ❛♣r❡s❡♥t❛r ✉♠ ❝♦♠♣❛r❛t✐✈♦ ❡♥tr❡ ♦ ❈✉st♦ ❈♦♠♣✉t❛❝✐♦♥❛❧ ❞♦s

❛❧❣♦r✐t♠♦s ❘▲❙λ✲❍❉P✲❉▲◗❘✱ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●✐✈❡♥s✮ ❡ ❘▲❙λ✲QR✲❍❉P✲

❉▲◗❘ ✭❍♦✉s❡❤♦❧❞❡r✮✱ ❡ss❛ ❛✈❛❧✐❛çã♦ s❡rá ❢❡✐t❛ ❛♣❡♥❛s ♥❛ ❡t❛♣❛ ❞❡ ❛✈❛❧✐❛çã♦ ❞❡

♣♦❧ít✐❝❛✱ ♣♦r s❡r ❛ ú♥✐❝❛ ❡t❛♣❛ ❛ ♣♦ss✉✐r ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ❛❧❣♦r✐t♠♦s✳

❯♠❛ ❢♦r♠❛ s✐♠♣❧❡s ❞❡ ❝♦♠♣❛r❛r ♦s ❛❧❣♦r✐t♠♦s ❡ ❛♣r❡s❡♥t❛r q✉❛♥t♦s ✢♦♣s ❝❛❞❛

❛❧❣♦r✐t♠♦ ❣❛st❛ ♣❛r❛ r❡❛❧✐③❛r ❛s ♦♣❡r❛çõ❡s ❞❡ op(+/−)✱ op(·) ❡ op(÷)✳ ❯♠ r❡s✉♠♦

❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛❞❛ t✐♣♦ ❞❡ ♦♣❡r❛çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ❡①❡❝✉çã♦ ❞♦s ❛❧❣♦r✐t♠♦s

❡ ❛♣r❡s❡♥t❛❞♦ ❛❜❛✐①♦✳

❘▲❙µ ✲ ❍❉P ✲ ❉▲◗❘

op(+/−) →
n4

4
+

n3

2
+

3n2

4
+

n

2
+ 2

op(·) →
n6

4
+

3n5

4
+ 2n4 +

11n3

4
+

15n2

4
+

5n

2
− 2

op(÷) → n2 − n+ 1

❘▲❙µ − QR− ❍❉P ✲ ❉▲◗❘Givens

op(+/−) → ♥2 − n

op(·) →
n6

8
+

n5

8
+

n4

8
−

n3

8
+

7n2

4
− 2n

op(÷) →
n4

2
− n3 +

5n2

2
− 2n

❘▲❙µ − QR− ❍❉P ✲ ❉▲◗❘Householder

n5

4
+

n4

4
−

n3

4
−

n2

4
+ 2n− 2

n7

4
+

n6

2
+

n5

2
+

5n3

4
−

n2

4
+ n− 3

3n3

2
− 2n2 +

3n

2
− 1

❋❛③❡♥❞♦ ❛ s✉❜st✐t✉✐çã♦ ❞♦ ✈❛❧♦r ❞❡ n ♣♦r 4✱ s✐st❡♠❛ ❞❡ ✹❛ ♦r❞❡♠✱ ❡♥❝♦♥tr❛✲

s❡ ♦ ✈❛❧♦r r❡❛❧ ❞❡ ✢♦♣s ✉s❛❞♦s ♥❛ ❡①❡❝✉çã♦ ❞❡ ❝❛❞❛ ❛❧❣♦r✐t♠♦✳ ❖ r❡s✉❧t❛❞♦ é

❛♣r❡s❡♥t❛❞♦ ♥❛ ❚❛❜❡❧❛ ✺✳✸✳
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❚❛❜❡❧❛ ✺✳✸✿ ❘❡s✉❧t❛❞♦ ❞❛ ❛✈❛❧✐❛çã♦ ❞♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧

❆❧❣♦r✐t♠♦ ✢♦♣s

❘▲❙µ✲❍❉P✲❉▲◗❘ ✷✻✼✹

❘▲❙µ✲QR✲❍❉P✲❉▲◗❘Givens ✼✾✷

❘▲❙µ✲QR✲❍❉P✲❉▲◗❘Householder ✼✶✵✽

❈♦♠ ❜❛s❡ ♥♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ♦❜s❡r✈❛✲s❡ q✉❡ ♦ ❛❧❣♦✲

r✐t♠♦ q✉❡ r❡q✉❡r ♠❡♥♦s ✢♦♣s ♣❛r❛ ❛ s✉❛ ❡①❡❝✉çã♦ é ♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘Givens✳

✐ss♦ é ❡①♣❧✐❝❛❞♦ ♣❡❧❛ ❢❛❧t❛ ❞❡ ♦♣❡r❛çõ❡s ♠❛tr✐❝✐❛✐s ❞❡ ❣r❛♥❞❡ ♦r❞❡♠ ♥❡ss❡ ❛❧❣♦✲

r✐t♠♦✱❛s ú♥✐❝❛s ♠❛tr✐③❡s q✉❡ ♣❛ss❛♠ ♣♦r ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦ss✉❡♠ ♦r❞❡♠ ✷✱ ✐♥❞❡✲

♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ ♦r❞❡♠ ❞♦ s✐st❡♠❛✱❞✐♠✐♥✉✐♥❞♦ ❡♠ ♠✉✐t♦ ♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐✲

♦♥❛❧✳ ❏á ♦ ❛❧❣♦r✐t♠♦ ❘▲❙µ✲QR✲❍❉P✲❉▲◗❘Householder ❛♣r❡s❡♥t♦✉ ✉♠ r❡s✉❧t❛❞♦

❜❡♠ ♣✐♦r ❝♦♠♣❛r❛❞♦ ❛♦ ❛❧❣♦r✐t♠♦ ❘▲❙µ✲QR✲❍❉P✲❉▲◗❘Givens ❡ ❛♦ ❘▲❙µ✲❍❉P✲

❉▲◗❘ t❛♠❜é♠✱ s❡♥❞♦ ❛ss✐♠ ♦ ❛❧❣♦r✐t♠♦ ❝♦♠ ♦ ♠❛✐♦r ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✳

❈♦♠ ❡ss❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡ ❝♦♥❝❧✉✐r q✉❡ ♦s ❛❧❣♦r✐t♠♦ ❘▲❙µ✲QR✲❍❉P✲❉▲◗❘Givens

♣r♦♣♦st♦s ♥❡ss❡ tr❛❜❛❧❤♦ t❡♠ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✼✵% ♠❡♥♦r q✉❡ ♦ ❞♦ ❛❧❣♦r✐t♠♦

❘▲❙µ✲❍❉P✲❉▲◗❘ ♣❛❞rã♦✳

✺✳✷✳✷ ❊st❛❜✐❧✐❞❛❞❡ ◆✉♠ér✐❝❛

❙❛❜❡✲s❡ q✉❡ ✐♠♣r❡❝✐sõ❡s ❡ ❡rr♦s ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ sã♦ ✐♥❡✈✐tá✈❡✐s ♥❛ ✐♠✲

♣❧❡♠❡♥t❛çã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ q✉❛❧q✉❡r ❛❧❣♦r✐t♠♦✳ ❆❧❣♦r✐t♠♦s q✉❡ s♦❢r❡♠ ❞❡

✐♥st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ❡♠ ❢❛❝❡ ❞❡ t❛✐s ❡rr♦s ♥ã♦ sã♦ ❛❞❡q✉❛❞♦s ♥❛ ♣rát✐❝❛✳ ❖s

❛❧❣♦r✐t♠♦s ❘▲❙λ✲❍❉P✲❉▲◗❘ q✉❛♥❞♦ ✐♠♣❧❡♠❡♥t❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❊q✉❛çõ❡s

✭✹✳✶✵✮✱ ✭✹✳✶✶✮ ❡ ✭✹✳✶✼✮✱ ✐♥st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ♣♦❞❡ s❡r ✉♠ ♣r♦❜❧❡♠❛ ✉♠❛ ✈❡③ q✉❡

♦s ❡rr♦s ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ ❡ ♣r❡❝✐sã♦ ✜♥✐t❛ ♣♦❞❡♠ ❧❡✈❛r à ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛

Γ (·) ❞❛ r❡❝✉rsã♦ ❞❡ ❊q✉❛çã♦ ✭✹✳✶✶✮ ♣❡r❞❡r s✉❛ ♣♦s✐t✐✈✐❞❛❞❡✳ ❚❛❧ ❝♦♠♣♦rt❛♠❡♥t♦

✐♥stá✈❡❧ ❞♦ ❘▲❙✱ ♦ q✉❛❧ r❡s✉❧t❛ ❞❡ ✐♠♣r❡❝✐sõ❡s ♥✉♠ér✐❝❛s ❞❡✈✐❞♦ ❛♦ ✉s♦ ❞♦ ❛♠❜✐✲

❡♥t❡s ❞❡ ♣r❡❝✐sã♦ ✜♥✐t♦✱ é ❝❤❛♠❛❞♦ ✧✐♥st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛✧✳

❖ ♣r♦❜❧❡♠❛ ❞❛ ♣❡r❞❛ ❞❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛ ♠❛tr✐③ Γ(·) ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❛❧✲

❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ t❡♠ s✐❞♦ ❝♦♥t♦r♥❛❞♦ ❡♠♣r❡❣❛♥❞♦✲s❡ ♠ét♦❞♦s ❞♦ t✐♣♦

r❛✐③ q✉❛❞r❛❞❛ ✭❋❛t♦r❛çã♦ UDUT ✮ ✭❘ê❣♦ ❡t ❛❧✳✱ ✷✵✶✸✮ ❡ ❝♦♠♦ ♣r♦♣♦st♦ ♥❡ss❡ tr❛✲

❜❛❧❤♦ ❉❡❝♦♠♣♦s✐çã♦ QR q✉❡ ♥♦ ❝❛s♦ ❛ ♠❛tr✐③ ❛✈❛❧✐❛❞❛ é ❛ Φ(·) ✳ ❊st❛s ❛❜♦r❞❛❣❡♥s

t❡♠ ❝✉st♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ♠❡♥♦r❡s ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♥ú♠❡r♦ ❞❡ ♦♣❡r❛çõ❡s ❛r✐t✲
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♠ét✐❝❛s✱ r❡q✉❡r✐❞❛s ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦✱ q✉❡ s❡ r❡✢❡t❡ ♥❛ r❡❞✉çã♦

❞♦s ❡rr♦s ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦✱ t♦r♥❛♥❞♦ ♦s ❛❧❣♦r✐t♠♦s ❘▲❙λ✲❍❉P✲❉▲◗❘ ♠❡♥♦s

s❡♥sí✈❡✐s à ♣❡r❞❛ ❞❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛ ♠❛tr✐③ Γ(·) ❡ ❞❛ ♠❛tr✐③ Φ(·)✳

❖ ♣r♦❜❧❡♠❛ ❞❛ ✐♥st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ é

❛❜♦r❞❛❞♦ ♥❡ss❛ s✉❜s❡çã♦ ❡♠ t❡r♠♦s ❞❛s ❛✈❛❧✐❛çõ❡s ❞♦s ♥ú♠❡r♦s ❞❡ ❝♦♥❞✐çã♦ ❞❛

♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ Γ(·) ❞❛ ❡st✐♠❛t✐✈❛ ❘▲❙ ❡ ❞♦ ❢❛t♦r ❈❤♦❧❡s❦② ❞❛ ♠❛tr✐③ Φ(·)✱

❜❡♠ ❝♦♠♦ ❞♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡✳

❊st❡ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r s✉♣❡r❛❞♦ ✉s❛♥❞♦ tr❛♥s❢♦r♠❛çõ❡s ✉♥✐tár✐❛s ♥✉♠❡r✐❝❛✲

♠❡♥t❡ ❡stá✈❡✐s ❛ ❝❛❞❛ ✐t❡r❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ♠❛tr✐③ Γ(i) é

♣r♦♣❛❣❛❞❛ ♥✉♠❛ ❢♦r♠❛ ❞❡ r❛✐③ q✉❛❞r❛❞❛ ✉s❛♥❞♦ ❛ ❢❛t♦r❛çã♦ ❞❡ ❈❤♦❧❡s❦②

Γ(i) = Γ1/2(i)ΓH/2(i),

❡♠ q✉❡ Γ1/2(i) é ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r ✐♥❢❡r✐♦r✱ ❡ ΓH/2(i) é ❛ s✉❛ tr❛♥s♣♦st❛

❍❡r♠✐t✐❛♥❛✳

❊♠ á❧❣❡❜r❛ ❧✐♥❡❛r✱ ♦ ❢❛t♦r ❞❡ ❈❤♦❧❡s❦② Γ1/2(i) é ❝♦♠✉♠❡♥t❡ r❡❢❡r✐❞♦ ❝♦♠♦ ❛

r❛✐③ q✉❛❞r❛❞❛ ❞❛ ♠❛tr✐③ Γ(i)✳

❖ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ ❛ ♦❜s❡r✈❛r ❛q✉✐ é q✉❡ ♦ ♣r♦❞✉t♦ ♠❛tr✐❝✐❛❧ Γ1/2(i)ΓH/2(i)

é ♠✉✐t♦ ♠❡♥♦s ♣r♦✈á✈❡❧ ❞❡ s❡ t♦r♥❛r ✐♥❞❡✜♥✐❞♦✱ ♣♦rq✉❡ ♦ ♣r♦❞✉t♦ ❞❡ q✉❛❧q✉❡r

♠❛tr✐③ q✉❛❞r❛❞❛ ♣♦r s✉❛ tr❛♥s♣♦st❛ ❍❡r♠✐t✐❛♥❛ é s❡♠♣r❡ ❞❡✜♥✐❞♦ ♣♦s✐t✐✈♦✳ ❉❡

❢❛t♦✱ ♠❡s♠♦ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❡rr♦s ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦✱ ♦ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ♥✉♠ér✐❝♦

❞♦ ❢❛t♦r ❞❡ ❈❤♦❧❡s❦② Γ1/2(i) é ❣❡r❛❧♠❡♥t❡ ❜❡♠ ♠❡❧❤♦r ❞♦ q✉❡ ❛q✉❡❧❛ ❞❛ ♣ró♣r✐❛

Γ(i)

❖ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ Γ(i) é ❞❡✜♥✐❞♦ ♣❡❧❛ r❡❧❛çã♦

❡♥tr❡ ♦ ♠❛✐♦r σmax ❡ ♦ ♠❡♥♦r σmin ✈❛❧♦r❡s s✐♥❣✉❧❛r❡s ❞❡ Γ(i) q✉❡ é ❞❛❞♦ ♣♦r

cond(Γ(i)) =
σmax(Γ(i))

σmin(Γ(i))
. ✭✺✳✶✮

❈♦♠ ❡❢❡✐t♦✱ ♠♦str❛✲s❡ ❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ♥ú♠❡r♦s ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ ❞❡

❝♦✈❛r✐â♥❝✐❛ Γ(i) ❝♦♠ ♦ ❞♦ s❡✉ ❢❛t♦r ❈❤♦❧❡s❦② Φ1/2(i)✱ ❛ q✉❛❧ é ❞❛❞❛ ♣♦r

cond [Γ(i)] = cond
[
Γ1/2(i)ΓH/2(i)

]

= cond
[
Γ1/2(i)

]2 ✭✺✳✷✮

❞❛ r❡❧❛çã♦ ✭✺✳✷✮✱ ♦❜s❡r✈❛✲s❡ q✉❡ à ♠❡❞✐❞❛ q✉❡ cond(Γ(i)) ❛✉♠❡♥t❛ ❛ r♦❜✉st❡③

♥✉♠ér✐❝❛ é ♠❡❧❤♦r❛❞❛ ♣❛r❛ ♦s ♠ét♦❞♦s r❛✐③ q✉❛❞r❛❞❛✱ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ♥✉♠❡r♦s
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❞❡ ❝♦♥❞✐çã♦ ❞❛s ♠❛tr✐③❡s Γ1/2(i) ❡ Γ(i) t♦r♥❛✲s❡ s✐❣♥✐✜❝❛t✐✈❛✳

❖ ❛❧❣♦r✐t♠♦ ❞❡ ❡st✐♠❛çã♦ ❘▲❙ t❛♠❜é♠ ♣♦❞❡ s❡r ✐♠♣❧❡♠❡♥t❛❞♦ ♥❛ ❢♦r♠❛ ❞❡

r❛✐③ q✉❛❞r❛❞❛ ♣❡❧❛ ♣r♦♣❛❣❛çã♦ ❞❛ r❛✐③ q✉❛❞r❛❞❛ Γ−1/2(i) ❛♦ ✐♥✈és ❞❛ ♣ró♣r✐❛

♠❛tr✐③ ✐♥✈❡rs❛ Γ−1(i)✳ ◆❡st❛ ✈❛r✐❛♥t❡ ❞♦ ❘▲❙✱ ❛ ❢❛t♦r❛çã♦ ❞❡ ❈❤♦❧❡s❦② é ✉s❛❞❛

♣❛r❛ ❡①♣r❡ss❛r ❛ ♠❛tr✐③ ✐♥✈❡rs❛ Γ−1(i) ❝♦♠♦ s❡❣✉❡✿

Γ−1(i) = Γ−H/2(i)Γ−1/2(i)

♦♥❞❡ Γ−1/2(i) é ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r ✐♥❢❡r✐♦r✱ ❡ Γ−H/2(i) é ❛ s✉❛ tr❛♥s♣♦st❛

❍❡r♠✐t✐❛♥❛

❯♠❛ ♦✉tr❛ ♠❡❞✐❞❛ ♣❛r❛ ❛✈❛❧✐❛r ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ♣❛r❛ ♦

❛❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ é ❛ ❛♥❛❧✐s❡ ❞♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ ❞❛ ♠❛tr✐③

Γ(i)✱ ♦ q✉❛❧ é ❞❡✜♥✐❞♦ ♣♦r✳

ρ(i) = 1− LH(i)x̄(i). ✭✺✳✸✮

❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞♦ ✈❡t♦r ❞❡ ❣❛♥❤♦ L(i) ❞❡ ❊q✉❛çã♦ ✭✹✳✶✵✮ ❡ ♦ ❢❛t♦ ❞❡ q✉❡

Γ(i) é s✐♠étr✐❝❛✱ ✐st♦ é ΓT (i) = Γ(i)✱ ❛♣ós s✐♠♣❧✐✜❝❛çõ❡s ❛ ❊q✉❛çã♦ ✭✺✳✸✮ ♣♦❞❡ s❡r

r❡❡s❝r✐t❛ ♣♦r

ρ(i) =
λ

λ+ x̄H(i)Γ(i− 1)x̄(i)
. ✭✺✳✹✮

❖❜s❡r✈❛♥❞♦ q✉❡ ❛ ❢♦r♠❛ s✐♠étr✐❝❛ ❡♠ ✭✺✳✹✮ ♣♦ss✉✐ ✉♠ ✈❛❧♦r r❡❛❧ ♥ã♦✲♥❡❣❛t✐✈♦✱

t❡♠✲s❡ 0 < ρ 6 1✳ P♦rt❛♥t♦✱ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ q✉❡ ❛ ♠❛tr✐③ Γ(i) s❡❥❛

❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ é ❞❛❞❛ ♣♦r 0 < ρ < 1✳ ❆ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠ ✈❛❧♦r ❢♦r❛ ❞❡st❛ ❢❛✐①❛

✐♥❞✐❝❛ q✉❡ ❛ ♠❛tr✐③ Γ(i) ♣❡r❞❡✉ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✳

❖ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ(i) t❡♠ s✐❞♦ t❛♠❜é♠ ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ✉♠❛

r❛③ã♦ ❡♥tr❡ ♦s ❡rr♦s ❞❡ ♣r❡❞✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❡ ❛ ♣r✐♦r✐ ❛ss♦❝✐❛❞♦s à ❡st✐♠❛t✐✈❛

❞♦ ♣❛râ♠❡tr♦ θ✱ ✈❡❥❛ ♣♦r ❡①❡♠♣❧♦ ✭❘♦♠❛♥♦✱ ✶✾✾✺✮✱ ❡♠ q✉❡ ❡❧❡ é ✉t✐❧✐③❛❞♦ ♣❛r❛

♣r❡✈❡r ❛ ♦❝♦rrê♥❝✐❛ ❞❛ ❞✐✈❡r❣ê♥❝✐❛ ♣r♦✈♦❝❛❞❛ ♣♦r ❡rr♦s ❞❡ q✉❛♥t✐③❛çã♦ ✭❡rr♦s ❞❡

❛rr❡❞♦♥❞❛♠❡♥t♦✮✳

P❛r❛ ❡st❛❜❡❧❡❝❡r ❛ r❡❧❛çã♦ ❡♥tr❡ ❡ss❡s ❞♦✐s ❡rr♦s ❞❡ ❡st✐♠❛t✐✈❛✱ ❝♦♠❡ç❛✲s❡ ❝♦♠ ❛

❞❡✜♥✐çã♦ ❞♦ ❡rr♦ ❛ ♣♦st❡r✐♦r✐ ❞❛ ❊q✉❛çã♦ ✭✹✳✶✾✮ s✉❜st✐t✉✐♥❞♦ ♦ ✈❛❧♦r ❞❡ ❛t✉❛❧✐③❛çã♦

♣❡❧❛ ❊q✉❛çã♦ ❞❡ ❛t✉❛❧✐③❛çã♦ ❡♠ ✭✹✳✶✼✮✱ ♦❜tê♠✲s❡
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e(i) = d(i)− [θ̂(i− 1) + L(i)ξ∗(i)]H x̄(i)

= d(i)− θ̂H(i− 1)x̄(i)− LH(i)x̄(i)ξ(i) ✭✺✳✺✮

= (1− LH(i)x̄(i))ξ(i),

♦♥❞❡✱ ♥❛ ú❧t✐♠❛ ❧✐♥❤❛✱ ❢❛③✲s❡ ♦ ✉s♦ ❞❛ ❞❡✜♥✐çã♦ ❞❛❞❛ ♥❛ ❊q✉❛çã♦ ✭✹✳✶✽✮✳ ❆ r❛③ã♦

❡♥tr❡ ❛ ❡st✐♠❛t✐✈❛ ❛ ♣♦st❡r✐♦r✐ ❝♦♠ ❛ ❡st✐♠❛t✐✈❛ ❛ ♣r✐♦r✐✱ é ❝❤❛♠❛❞♦ ♦ ❢❛t♦r ❞❡

❝♦♥✈❡rsã♦✱ ❞❡♥♦t❛❞♦ ♣♦r ρ✳ q✉❡ ♣♦❞❡✱ ❛ss✐♠✱ ❡s❝r❡✈❡r

ρ(i) =
e(i)

ξ(i)

= 1− LH(i)x̄(i)

✭✺✳✻✮

❝✉❥♦ ✈❛❧♦r é ❞❡t❡r♠✐♥❛❞♦ ❡①❝❧✉s✐✈❛♠❡♥t❡ ♣❡❧♦ ✈❡t♦r ❞❡ ❣❛♥❤♦ L(i) ❡ ♦ ✈❡t♦r ❞❡

❞❡r✐✈❛çã♦ ❞❡ ❡♥tr❛❞❛ x̄(i)

✺✳✷✳✸ ❚❡♠♣♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛

➱ ♦ t❡♠♣♦ ❞❡❝♦rr✐❞♦ ♥❡❝❡ssár✐♦ ♣❛r❛ ✉♠ ❛❧❣♦r✐t♠♦ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦

❛❝❡✐tá✈❡❧✱ ♦✉ s❡❥❛✱ ♦♥❞❡ ♦ ❡rr♦ ❞❡ r❡❣✐♠❡ t❡♠ ✈❛❧♦r ♠❡♥♦r q✉❡ ♦ ❡rr♦ ❞❡ ♣r♦❥❡t♦✳ ❖

t❡♠♣♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡stá ❞✐r❡t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❛ ❝❛♣❛❝✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧

❞❛ ♠áq✉✐♥❛ q✉❡ ❡stá ❡①❡❝✉t❛♥❞♦ ❡ss❡ ❛❧❣♦r✐t♠♦✱ ♣♦r ✐ss♦ ❡♠ ❝❛s♦s q✉❡ ♥ã♦ s❡

♣♦❞❡ ❝♦♥tr♦❧❛r ❡ss❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❡ss❡ ♣❛râ♠❡tr♦ ❞❡✈❡ s❡r ♠❡❞✐❞♦

♣♦r ✐♥t❡r❛çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ❡♥❝♦♥tr❛r ❛ s♦❧✉çã♦✳

❆ss✐♠✱ q✉❛♥t♦ ♠❡♥♦s ✐t❡r❛çõ❡s ♦ ❛❧❣♦r✐t♠♦ ♣r❡❝✐s❛r ♣❛r❛ ❡♥❝♦♥tr❛r ❛ s♦❧✉✲

çã♦✱ ♠❡♥♦r s❡rá s❡✉ t❡♠♣♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ♠❛✐s rá♣✐❞♦ s❡rá s✉❛ r❡s♣♦st❛ ♣❛r❛

♦ s✐st❡♠❛✳ ❈♦♥t❛♥❞♦ ❝♦♠ s✐st❡♠❛s q✉❡ ❡♥❝♦♥tr❛♠ r❛♣✐❞❛♠❡♥t❡ ❛ s♦❧✉çã♦ ♣❛r❛

♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ♣♦❞❡✲s❡✱ ❡♥tã♦✱ ❛❧♠❡❥❛r r❡❛❧✐③❛r ❝♦♥tr♦❧❡ ❡♠ t❡♠♣♦ r❡❛❧✳

◆❛ ❝✐ê♥❝✐❛ ❞❛ ❝♦♠♣✉t❛çã♦✱ ❛ ❡①♣r❡ssã♦ ❡♠ t❡♠♣♦ r❡❛❧✱ s❡ r❡❢❡r❡ ❛ s✐st❡♠❛s

❡♠ q✉❡ ♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ t❛r❡❢❛ é rí❣✐❞♦ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛

❝❛r❣❛ ❞♦ s✐st❡♠❛✳ ❖ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞❡ ✉♠❛ ♦♣❡r❛çã♦ ♣♦❞❡ s❡r ♠✉✐t♦ ❝✉rt♦

♦✉ ♥ã♦✳ ❖ q✉❡ ✐♠♣♦rt❛ ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ s✐st❡♠❛ é q✉❡ ❛ t❛r❡❢❛ s❡❥❛ ❡①❡❝✉t❛❞❛✳
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✺✳✸ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

◆❡st❡ ❈❛♣ít✉❧♦ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ❝♦♥❝❡✐t♦s ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❝♦♠

❡♥❢♦q✉❡ ♥♦ ❡st✉❞♦ ❞♦s ♣❛râ♠❡tr♦s ❞❡ ❛✈❛❧✐❛çã♦✿ ❈✉st♦ ❈♦♠♣✉t❛❝✐♦♥❛❧✱ ❊st❛❜✐❧✐✲

❞❛❞❡ ♥✉♠ér✐❝❛ ❡ ❚❡♠♣♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛✱ q✉❡ s❡r✈✐r❛♠ ❞❡ ♠étr✐❝❛ ♣❛r❛ ❛ ❛♥❛❧✐s❡

❞♦s ❛❧❣♦r✐t♠♦s ❛♣r❡s❡♥t❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✹✱ ✈✐s❛♥❞♦ ❛ss✐♠✱ q✉❡ ❡ss❡s ❛❧❣♦r✐t♠♦s

t❡♥❤❛♠ ❝❛r❛❝t❡ríst✐❝❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❡♠ t❡♠♣♦ r❡❛❧ ❡♠ s✐st❡♠❛s ♠✐✲

❝r♦♣r♦❝❡ss❛❞♦s ❝♦♠♦✿ ❋P●❆✬s ✭❋✐❡❧❞ Pr♦❣r❛♠♠❛❜❧❡ ●❛t❡ ❆rr❛②✮✱ ❉❙P✬s ✭❉✐❣✐t❛❧

❙✐❣♥❛❧ Pr♦❝❡ss♦r✮ ❡ P❙♦❈✬s ✭Pr♦❣r❛♠♠❛❜❧❡ ❙②st❡♠✲♦♥✲❈❤✐♣✮✳



❈❛♣ít✉❧♦ ✻

❚❡st❡ ❈♦♠♣✉t❛❝✐♦♥❛❧

✻✳✶ ■♥tr♦❞✉çã♦

❖s ♣r♦❝❡❞✐♠❡♥t♦s ♣❛r❛ ❛✈❛❧✐❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❘▲❙λ✲❍❉P✲❉▲◗❘

❡ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ ♦ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❛❞♦r❡s ✈✐❛ ❍❉P sã♦ ❡st❛❜❡❧❡✲

❝✐❞❛s ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛ ✐♥✐❝✐❛❧✐③❛çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ❜❡♠ ❝♦♠♦ ❛

♣♦❧ít✐❝❛ ❞❡ r❡❢❡rê♥❝✐❛✱ q✉❡ é ❡st❛❜❡❧❡❝✐❞❛ ♣❡❧❛ s♦❧✉çã♦ ♦✤✐♥❡ ❞❡ ❙❝❤✉r ❞❛ ❡q✉❛✲

çã♦ ❍❏❇✲❘✐❝❝❛t✐✳ ❆s ❛✈❛❧✐❛çõ❡s ✈❡r✐✜❝❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s

❡st✐♠❛❞♦r❡s ❘▲❙✲❍❉P✱ t❡♥❞♦ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡ ❛

❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛✱ ❜❡♠ ❝♦♠♦ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ♣♦❧❛r✐③❛çã♦ ❡ ❛ ❝♦♥s✐stê♥❝✐❛

❞♦s ❡st✐♠❛❞♦r❡s ❛❝✐♠❛ ♠❡♥❝✐♦♥❛❞♦s✳

❆ss✐♠✱ ♦s t❡st❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❢♦r❛♠ r❡❛❧✐③❛❞♦s ✈✐❛ MATLAB ❘© ♣❛r❛ ♦s

❛❧❣♦r✐t♠♦s ❘▲❙λ✲❍❉P✲❉▲◗❘ ❡ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ❡✱ ❡♠ s❡❣✉✐❞❛✱ ❢♦r❛♠ r❡✲

❛❧✐③❛❞❛s ❝♦♠♣❛r❛çõ❡s ♣❛r❛ ❛✈❛❧✐❛r ❛ ♣r❡❝✐sã♦ ❞❛s s♦❧✉çõ❡s ❢♦r♥❡❝✐❞❛s ♣♦r ❡ss❡s

❛❧❣♦r✐t♠♦s✳ P❛r❛ ✈ár✐❛s s✐♠✉❧❛çõ❡s r❡❛❧✐③❛❞❛s✱ ✈❡r✐✜❝♦✉✲s❡ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ ❢❛t♦r ❞❡

❡sq✉❡❝✐♠❡♥t♦ λ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ♥❛ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ❞♦s ❛❧✲

❣♦r✐t♠♦s ❘▲❙λ✲❍❉P✲❉▲◗❘ ❡ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦

❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ λ✳

❆ ✜♠ ❞❡ ❛ss❡❣✉r❛r q✉❡ ❛ ❝♦♠♣❛r❛çã♦ ❞♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❘▲❙λ✲

❍❉P✲❉▲◗❘ ❡ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ s❡❥❛ ✧❥✉st❛✧♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛ ✈❛r✐❛çõ❡s

♥♦ ✈❛❧♦r ❞♦ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦✱ ♦s ♦✉tr♦s ♣❛râ♠❡tr♦s ❢♦r❛♠ ♠❛♥t✐❞♦s ❝♦♥st❛♥✲

t❡s ❡ ✐❣✉❛✐s ♣❛r❛ ❛♠❜♦s ♦s ❛❧❣♦r✐t♠♦s✳ P♦r ❡①❡♠♣❧♦✱ ♦s ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ❞❛s ♠❛tr✐③❡s

❞❡ ❝♦rr❡❧❛çã♦ ❡ ❞❡ ❝♦rr❡❧❛çã♦ ✐♥✈❡rs❛ ✭❝♦✈❛r✐â♥❝✐❛✮ sã♦ ♠❛♥t✐❞♦s ❡q✉✐✈❛❧❡♥t❡s ❞❡

✼✸
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❛❝♦r❞♦ ❝♦♠ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

Γ(i) → Φ1/2(i).

❖s ❛❧❣♦r✐t♠♦s tê♠ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ r❡✈✐t❛❧✐③❛çã♦ ❞❡ ❡st❛❞♦ ❞❡✈✐❞♦ ❛♦s ♣r♦❜❧❡✲

♠❛s ❞❡ ❡st❛❞♦ ♥✉❧♦ q✉❡ ❧❡✈❛♠ ❛ ✉♠❛ ♠❛tr✐③ ❞❡ r❡❣r❡ss♦r❡s ❝♦♠ r❛♥❦ ♥✉❧♦✳ ◆❡st❡

❝❛s♦✱ ❛ r❡✈✐t❛❧✐③❛çã♦ é ❛♣❧✐❝❛❞❛ ♣❡r✐♦❞✐❝❛♠❡♥t❡ ❛♣ós ❝❛❞❛ ✐♥t❡r✈❛❧♦ nrevit✱ q✉❡ é

❞❛❞❛ ♣❡❧❛ ❞✐♠❡♥sã♦ ❞♦ ✈❡t♦r ❞❡ r❡❣r❡ssã♦ x̄✱ q✉❡ ♠✉❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♦r❞❡♠

❞♦ s✐st❡♠❛✳

❖s ❡①♣❡r✐♠❡♥t♦s ❞❡ s✐♠✉❧❛çã♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♣❛r❛ três s✐st❡♠❛s ❞✐♥â♠✐❝♦s

▼■▼❖ q✉❡ ❛✈❛❧✐❛♠ ❛ ❢✉♥❝✐♦♥❛❧✐❞❛❞❡ ❞♦s ❡st✐♠❛❞♦r❡s ❘▲❙ ❜❛s❡❛❞♦s ❡♠ ❞❡❝♦♠✲

♣♦s✐çã♦ QR ❞❡ ❢✉♥çõ❡s ✈❛❧♦r ❞❡ ❡st❛❞♦ ♣❛r❛ ♦ ♣r♦❥❡t♦ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧❡

♦♥❧✐♥❡ ❍❉P✲❉▲◗❘✱ ❡ ✈❡r✐✜❝❛✲s❡ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❛❧❣♦r✐t♠♦s

❘▲❙λ✲❍❉P✲❉▲◗❘ ❡ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✳ ◆♦ ♣r✐♠❡✐r♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦✱ ♦s

r❡s✉❧t❛❞♦s s❡rã♦ ❡①♣❧♦r❛❞♦s ♥♦ s✐st❡♠❛ ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠ ♣❛r❛ ✉♠ ♣r♦❥❡t♦ ❞❡ ♣✐✲

❧♦t♦ ❛✉t♦♠át✐❝♦ ❞❡ ✉♠❛ ❛❡r♦♥❛✈❡ ❋✲✶✻ ❞❛❞♦ ♣♦r ✭▲❡✇✐s ❛♥❞ ❱r❛❜✐❡ ✷✵✵✾❝✮✳ ◆♦

s❡❣✉♥❞♦ s✐st❡♠❛✱ ♦s r❡s✉❧t❛❞♦s ❞♦ ❝♦♥tr♦❧❡ ❞❛s t❡♥sõ❡s ❛tr❛✈és ❞♦s ❝❛♣❛❝✐t♦r❡s

❡ ❞❛s ❝♦rr❡♥t❡s q✉❡ ♣❛ss❛♠ ❛tr❛✈és ❞♦s ✐♥❞✉t♦r❡s ♣❡❧❛ ✈❛r✐❛çã♦ ❞❛s t❡♥sõ❡s ♥❛s

❢♦♥t❡s ❞❡ ❛❧✐♠❡♥t❛çã♦ ❞❡ ✉♠ ❝✐r❝✉✐t♦ ❡❧é❝tr✐❝♦ ❞❡ q✉❛rt❛ ♦r❞❡♠ sã♦ ♠♦str❛❞♦s✱

✈❡r ✭❋♦♥s❡❝❛ ◆❡t♦ ❡t ❛❧✳ ✷✵✶✵✮✳ ❋✐♥❛❧♠❡♥t❡✱ ✉♠ ♠♦❞❡❧♦ ❞❡ s❡①t❛ ♦r❞❡♠ ♣❛r❛ ♦

❝♦♥tr♦❧❡ ❞❡ ✉♠ ❉❋■● ✭●❡r❛❞♦r ❞❡ ■♥❞✉çã♦ ❉✉♣❧❛♠❡♥t❡ ❆❧✐♠❡♥t❛❞♦✮ ❡♠ ♣❧❛♥t❛s

❡ó❧✐❝❛s é ❛♣r❡s❡♥t❛❞♦✱ ✭❱✐❛♥❛ ❞❛ ❋♦♥s❡❝❛ ◆❡t♦ ❡t ❛❧✳ ✷✵✶✸✮✳

✻✳✷ ▼♦❞❡❧♦ ❞❛ ❆❡r♦♥❛✈❡ ❋✲✶✻

❖ ♠♦❞❡❧♦ ❞❛ ❛❡r♦♥❛✈❡ ♣♦❞❡ s❡r ✈✐st♦ ❡♠ ✭▲❡✇✐s ❛♥❞ ▲✐✉ ✶✾✾✷✮✱ ❡st❡ ♠♦❞❡❧♦

❧✐♥❡❛r✐③❛❞♦ ❝♦rr❡s♣♦♥❞❡ à ❞✐♥â♠✐❝❛ ❧♦♥❣✐t✉❞✐♥❛❧✳ ◆❡st❡ ♠♦❞❡❧♦✱ ❛s ❡q✉❛çõ❡s ❞❛

❞✐♥â♠✐❝❛ ❢♦r❛♠ ♠♦❞✐✜❝❛❞❛s ♣❛r❛ ✐♥❝❧✉✐r ✉♠❛ s❡❣✉♥❞❛ ❛çã♦ ❞❡ ❝♦♥tr♦❧❡✳ ❆ss✐♠✱ ❛

❞✐♥â♠✐❝❛ ❧♦♥❣✐t✉❞✐♥❛❧ ❞❛ ❛❡r♦♥❛✈❡ ❢♦r❛♠ tr❛♥s❢♦r♠❛❞❛s ❡♠ ✉♠ s✐st❡♠❛ ▼■▼❖✳

❆ ❋✐❣✉r❛ ✭✻✳✶✮ ♠♦str❛ ❛s ✈❛r✐á✈❡✐s ❞❡ ❡st❛❞♦ q✉❡ ❞❡s❝r❡✈❡♠ ❛ ❞✐♥â♠✐❝❛ ❧♦♥❣✐✲

t✉❞✐♥❛❧ ❞❛ ❛❡r♦♥❛✈❡ ❡ q✉❡ sã♦ ❞❡✜♥✐❞❛s ❝♦♠♦

• ❆ t❛①❛ ❞❡ ✐♥❝❧✐♥❛çã♦ q✱ s❡♥❞♦ q = β̇ ❛ ❞❡r✐✈❛❞❛ ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ ❞♦

â♥❣✉❧♦ ❞❡ ✐♥❝❧✐♥❛çã♦ ✭β✮❀
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• ❖ â♥❣✉❧♦ ❞❡ ❛t❛q✉❡ α✱ q✉❡ é ♦ â♥❣✉❧♦ ❢♦r♠❛❞♦ ❡♥tr❡ ❛ tr❛❥❡tór✐❛ ❞❛ ❛❡r♦♥❛✈❡

❡ ♦ s❡♥t✐❞♦ ❞❛ ❧✐♥❤❛ ❞❛ ❛s❛❀

• ❖ â♥❣✉❧♦ ❞❡ ❞❡✢❡①ã♦ ❞❡ ❡❧❡✈❛çã♦ ✭δe✮✳

❆s s❛í❞❛s sã♦ ♦s ♣ró♣r✐♦s ❡st❛❞♦s✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❋✐❣✉r❛ ✭✻✳✶✮✱ ❛ r❡♣r❡s❡♥✲

t❛çã♦ ❞❛s ✈❛r✐á✈❡✐s ❞♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦ ❞♦ ♠♦❞❡❧♦ ❞❛ ❛❡r♦♥❛✈❡✱ é ❞❛❞❛ ♣♦r

xk =
[
α q δe

]T
=
[
x1 x2 x3

]T
✭✻✳✶✮

❆s ❛çõ❡s ❞❡ ❝♦♥tr♦❧❡ sã♦ ❞❛❞❛s ♣❡❧♦ s✐♥❛❧ uk = [ u1 u2 ]T q✉❡ é ❡♥✈✐❛❞♦ ♣❛r❛

♦ s✐st❡♠❛ ❞❡ ❡❧❡✈❛çã♦ ❡ ♦ s✐st❡♠❛ ❞❡ ❛t✉❛çã♦ ❛❞✐❝✐♦♥❛❧ ✭✢❛♣❡r♦♥✮✳

❋✐❣✉r❛ ✻✳✶✿ ▼♦✈✐♠❡♥t♦ ❧♦♥❣✐t✉❞✐♥❛❧ ❞❛ ❛❡r♦♥❛✈❡✱ ❧❡✈❛♥t❛r ❡ ❜❛✐①❛r ♦ ♥❛r✐③

❖ ♠♦❞❡❧♦ ❡♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦ ❞❡ t❡♠♣♦ ❞✐s❝r❡t♦ ❞❛ ❞✐♥â♠✐❝❛ ❞❛ ❛❡r♦♥❛✈❡

é ✉♠❛ ✈❡rsã♦ ❞✐s❝r❡t✐③❛❞❛ ❞♦ ♠♦❞❡❧♦ ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦✱ ❡♥❝♦♥tr❛❞♦ ❡♠ ✭▲❡✇✐s

❛♥❞ ❱r❛❜✐❡ ✷✵✵✾❝✮✱ ♦♥❞❡ ❛s ♠❛tr✐③❡s ❞♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ sã♦

A =




−1.10188 0.90528 −0.00212

4.0639 −0.77013 −0.16919

0 0 −10


 e B =




0 0

0 10

10 0


 . ✭✻✳✷✮

❆s ♠❛tr✐③❡s ❞♦ s✐st❡♠❛ ❞✐s❝r❡t✐③❛❞♦ ♣❛r❛ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❛♠♦str❛❣❡♠ Tamost =

0.1 sã♦ ♦❜t✐❞❛s ♣❡❧♦ ♠ét♦❞♦ ❞❡ s❡❣✉r❛❞♦r ❞❡ ♦r❞❡♠ ③❡r♦✳

✻✳✷✳✶ ❙✐♠✉❧❛çã♦ ❝♦♠ λ = .55

❘▲❙λ✲❍❉P✲❉▲◗❘

❆ ❋✐❣✉r❛ ✻✳✷ ♠♦str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲

❍❉P✲❉▲◗❘ ♣❛r❛ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦
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λ = 0.55✳ P♦❞❡ s❡r ♦❜s❡r✈❛❞♦ q✉❡ ♦ ♣❛râ♠❡tr♦ P ❝♦♥✈❡r❣❡✱ ♥♦ ♠á①✐♠♦✱ ❛♥t❡s

❞❡ 100 ✐t❡r❛çõ❡s✱ ❡ ❞❡♣♦✐s ❞❡ ❝♦♥✈❡r❣✐r ❡❧❡ ♥ã♦ s♦❢r❡ ♥❡♥❤✉♠❛ ♣❡rt✉r❜❛çã♦✳ ◆♦

❡♥t❛♥t♦✱ ♦ ❡st✐♠❛❞♦r ❝❛✉s❛ ✉♠ ❣r❛♥❞❡ ♦✈❡rs❤♦♦t ♥♦ ✐♥í❝✐♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦✳

❋✐❣✉r❛ ✻✳✷✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p33✱ p13 ❡ p23 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.55 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘✳

◆♦t❛✲s❡ ♥❛ ❋✐❣✉r❛ ✻✳✸ q✉❡ ❞✉r❛♥t❡ ♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ❞❡ ❛❥✉st❡ ❞♦ ♣❛râ♠❡tr♦

P ✱ q✉❡ ♥♦s ❞♦✐s ❝❛s♦s ❛ ♠❛tr✐③ Γ ♠♦str❛ ✉♠ ❜♦♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❡♠ r❡❧❛çã♦

à ♣♦s✐t✐✈✐❞❛❞❡ ♣❛râ♠❡tr♦ ρ✱ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ q✉❡ ♦s ✈❛❧♦r❡s ❞❡ ρ ❞❡✈❡♠ ❡st❛r ♥♦

✐♥t❡r✈❛❧♦ 0 < ρ < 1✱ s❛t✐s❢❛③❡♥❞♦ ❛ss✐♠ ❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡✳

❆❧é♠ ❞✐ss♦✱ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ♥ã♦ ❛♣r❡s❡♥t❛ ♠✉❞❛♥ç❛s ❜r✉s❝❛s ❞❡ s❡✉s ✈❛❧♦r❡s✱

q✉❡ sã♦ ♠❛♥t✐❞♦s ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ✐♥t❡r✈❛❧♦ ❛♣ós ♦ ♣❡rí♦❞♦ tr❛♥s✐tór✐♦✳
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❋✐❣✉r❛ ✻✳✸✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ Γ ❡ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈✐❞❛❞❡ ρ✱ ❝♦♠

❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.55 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✳

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■❱❊◆❙✮

◗✉❛♥t♦ ❛♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❡st✐♠❛❞♦r ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

♣❛r❛ ♦ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.55✱ ♣♦❞❡ s❡ ♦❜s❡r✈❛r q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦

♣r♦❝❡ss♦ ❞❡ ❡st✐♠❛çã♦ ❞♦ ♣❛râ♠❡tr♦ P é ❛t✐♥❣✐❞♦ ❡♠ t♦r♥♦ ❞❛ ✐t❡r❛çã♦ 50✱ t❛❧

❝♦♠♦ ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✻✳✹✱ ❞❡♣♦✐s ❞❡ t❡r ✉♠ rá♣✐❞♦ ♦✈❡rs❤♦♦t ♥♦ ✐♥í❝✐♦ ❞♦

♣❡rí♦❞♦ tr❛♥s✐tór✐♦✱ ♣♦ré♠✱ ❡ss❡ ♦✈❡rs❤♦♦t ❢♦✐ ♠✉✐t♦ ♠❡♥♦r ❞♦ q✉❡ ♦ ❡♥❝♦♥tr❛❞♦

♥♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✼✽

❋✐❣✉r❛ ✻✳✹✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p33✱ p13 ❡ p23 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.55 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✳

❖❜s❡r✈❛♥❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ♣❛râ♠❡tr♦ ρ✱ ◆❛ ❋✐❣✉r❛ ✻✳✺✱ ✈❡r✐✜❝❛✲s❡ q✉❡

♦s ✈❛❧♦r❡s ❞❡ ρ t❛♠❜é♠ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ❞✉r❛♥t❡

t♦❞♦ ♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ❞❡ ♣❛râ♠❡tr♦ P ✱ q✉❡ é✱ 0 < ρ < 1✱ ❝♦♥✜r♠❛♥❞♦ ❛

❜♦❛ ❡st❛❜✐❧✐❞❛❞❡ ❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✱ ❡ tr❛❜❛❧❤❛r ❝♦♠ ♦ ❢❛t♦r

❞❡ ❈❤♦❧❡s❦② ❞❛ ♠❛tr✐③ ❞❡ ❝♦rr❡❧❛çã♦ Φ(i)✱ Φ1/2(i)✱ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞♦ ♥ú♠❡r♦

❞❡ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❢♦✐ r❡❞✉③✐❞♦ ❛ ♠❡t❛❞❡✱ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛ ❞♦ ❛❧❣♦r✐t♠♦

❘▲❙λ✲❍❉P✲❉▲◗❘✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✼✾

❋✐❣✉r❛ ✻✳✺✿ ◆ú♠❡r♦ ❞❛ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ Φ ✭❢❛t♦r ❞❡ ❈❤♦❧❡s❦②✮ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡

ρ✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.55 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✳

✻✳✷✳✷ ❙✐♠✉❧❛çã♦ ❝♦♠ λ = .92

❘▲❙λ✲❍❉P✲❉▲◗❘

❆ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐ é

♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✻✳✻✱ ♥♦ ❝❛s♦ λ = 0.92✱ q✉❛♥❞♦ ♦ ❡st✐♠❛❞♦r ❘▲❙λ✲❍❉P✲❉▲◗❘

❢♦✐ ✉s❛❞♦✳ ❖❜s❡r✈❛✲s❡ q✉❡ ♦ ♣❛râ♠❡tr♦ P ❛❧❝❛♥ç❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛♥t❡s ❞❛ ✐t❡r❛çã♦

✷✵✵✱ ❞❡♣♦✐s ❞❡ ♣❛ss❛r ♣♦r ✉♠ ♦✈❡rs❤♦♦t ♥♦ ✐♥í❝✐♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✽✵

❋✐❣✉r❛ ✻✳✻✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p33✱ p13 ❡ p23 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.92 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘✳

❆ ♣❛rt✐r ❞❛ ❋✐❣✉r❛s ✻✳✼ ♣❡r❝❡❜❡✲s❡ q✉❡ ❞✉r❛♥t❡ ♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ❞❡ ❛❥✉st❡

❞♦ ♣❛râ♠❡tr♦ P ✱ q✉❡ ♥♦s ❞♦✐s ❝❛s♦s ❛ ♠❛tr✐③ Γ ♠♦str❛ ✉♠ ❜♦♠ ❝♦♠♣♦rt❛♠❡♥t♦

❡♠ r❡❧❛çã♦ à ♣♦s✐t✐✈✐❞❛❞❡ ♣❛râ♠❡tr♦ ρ✱ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ q✉❡ ♦s ✈❛❧♦r❡s ❞❡ ρ ❞❡✲

✈❡♠ ❡st❛r ♥♦ ✐♥t❡r✈❛❧♦ 0 < ρ < 1✱ s❛t✐s❢❛③❡♥❞♦ ❛ss✐♠ ❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❞❡

♣♦s✐t✐✈✐❞❛❞❡✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ♥ã♦ ❛♣r❡s❡♥t❛ ♠✉❞❛♥ç❛s ❜r✉s❝❛s

❞❡ s❡✉s ✈❛❧♦r❡s✱ q✉❡ sã♦ ♠❛♥t✐❞♦s ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ✐♥t❡r✈❛❧♦ ❛♣ós ♦ ♣❡rí♦❞♦

tr❛♥s✐tór✐♦✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✽✶

❋✐❣✉r❛ ✻✳✼✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ Γ ❡ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈✐❞❛❞❡ ρ✱ ❝♦♠

❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.92 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✳

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■❱❊◆❙✮

❆ ❋✐❣✉r❛ ✻✳✽ ♠♦str❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♣❛râ♠❡tr♦ P ♣❛r❛ ♦ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = 0.92 ✉t✐❧✐③❛♥❞♦ ♦ ❡st✐♠❛❞♦r ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✳ ◆❡st❛ s✐♠✉❧❛çã♦✱

♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢♦✐ ❞❡ ❝❡r❝❛ ❞❡ 400 ✭♠❛✐♦r

❞♦ q✉❡ ❛ ❞♦ ❛❧❣♦r✐t♠♦ ♣❛❞rã♦✮✱ ❝♦♠ ✉♠ ♦✈❡rs❤♦♦t ✐♥✐❝✐❛❧ s✐❣♥✐✜❝❛t✐✈♦✱ ♠❛s ♠❡♥♦r

❞♦ q✉❡ ♦ ❛♣r❡s❡♥t❛❞♦ ♣❡❧♦ ❡st✐♠❛❞♦r ❘▲❙λ✲❍❉P✲❉▲◗❘✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✽✷

❋✐❣✉r❛ ✻✳✽✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p33✱ p13 ❡ p23 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.92 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✳

P♦❞❡ s❡r ✈✐st♦ ❛ ♣❛rt✐r ❞❛ ❋✐❣✉r❛ ✻✳✾ q✉❡ ♦s ✈❛❧♦r❡s ❞❡ ρ✱ ♥♦✈❛♠❡♥t❡✱ ❡♥❝♦♥tr❛♠✲

s❡ ❞❡♥tr♦ ❞❡ ✭0 < ρ < 1✮ ♣❛r❛ ♦ ❡st✐♠❛❞♦r✱ ♠♦str❛♥❞♦ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲

QR✲❍❉P✲❉▲◗❘ ✭●■❱❊◆❙✮ ❢♦r♥❡❝❡ ✉♠❛ ❜♦❛ ❡st❛❜✐❧✐❞❛❞❡ ♣❛r❛ ❡st✐♠❛r ❛ ❢✉♥çã♦

❞❡ ✈❛❧♦r ❉▲◗❘ ♣❛r❛ ♦ s✐st❡♠❛ ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠✱ ❡ ♠❛✐s ✉♠❛ ✈❡③ ♦ ❡st✐♠❛❞♦r

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■❱❊◆❙✮ t❡✈❡ ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠

♦ ❡st✐♠❛❞♦r ❘▲❙λ✲❍❉P✲❉▲◗❘✳

❋✐❣✉r❛ ✻✳✾✿ ◆ú♠❡r♦ ❞❛ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ Φ ✭❢❛t♦r ❞❡ ❈❤♦❧❡s❦②✮ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡

ρ✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.92 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✽✸

✻✳✸ ▼♦❞❡❧♦ ❞♦ ❈✐r❝✉✐t♦ ❊❧étr✐❝♦ ▼■▼❖

❖ ❝✐r❝✉✐t♦ ❡❧étr✐❝♦ ❞❡ q✉❛rt❛ ♦r❞❡♠ ✉s❛❞♦ ♣❛r❛ ❛✈❛❧✐❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞❛ ♠❡✲

t♦❞♦❧♦❣✐❛ ♣r♦♣♦st❛ é ♠♦str❛❞♦ ♥♦ ❞✐❛❣r❛♠❛ ❞❛ ❋✐❣✉r❛ ✻✳✶✵✳ ❖ ❝✐r❝✉✐t♦ é ✉♠

s✐st❡♠❛ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❡❧étr✐❝♦s ♣❛ss✐✈♦s ❝♦♥st✐t✉í❞♦ ♣♦r ❝❛♣❛❝✐t♦r❡s✱ ✐♥❞✉t♦r❡s

❡ r❡s✐st♦r❡s✳

❋✐❣✉r❛ ✻✳✶✵✿ ❈✐r❝✉✐t♦ ❘▲❈ ❞❡ ✹❛ ♦r❞❡♠

❆s ❧❡✐s ❞❡ ❑✐r❝❤♦✛ ❞❛s ❝♦rr❡♥t❡s ❡ ❞❛s t❡♥sõ❡s sã♦ ❛♣❧✐❝❛❞❛s ♣❛r❛ r❡❧❛❝✐♦♥❛r

❛s ✈❛r✐á✈❡✐s ❞❡ t❡♥sã♦ ❡ ❝♦rr❡♥t❡✱ ❛s ❢♦♥t❡s ❞❡ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛ ❡ ♦s ❡❧❡♠❡♥t♦s

❞♦ ❝✐r❝✉✐t♦ ❛ ♣❛râ♠❡tr♦s ❝♦♥❝❡♥tr❛❞♦s✳ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ s✐st❡♠❛ é ♠♦❞❡❧❛❞♦

♣❡❧♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳

C
dx1

dt
+

x1

R✶
− x3 = 0 ✭✻✳✸✮

C
dx2

dt
+

x2

R1

− x4 = 0 ✭✻✳✹✮

L
dx3

dt
+ x1 +R2(x3 + x4)− u1 = 0 ✭✻✳✺✮

L
dx4

dt
+ x2 +R2(x3 + x4)− u2 = 0, ✭✻✳✻✮

❡♠ q✉❡ x1 ❡ x2 sã♦ ✈❛r✐á✈❡✐s ❞❡ ❡st❛❞♦ q✉❡ r❡♣r❡s❡♥t❛♠ ❛s t❡♥sõ❡s ♥♦s ❝❛♣❛✲

❝✐t♦r❡s✳ ❆s ✈❛r✐á✈❡✐s ❞❡ ❡st❛❞♦ x3 ❡ x4 sã♦ ❛s ❝♦rr❡♥t❡s ♥♦s ✐♥❞✉t♦r❡s✳
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❆ ❞❡s❝r✐çã♦ ❡♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♠♦❞❡❧♦ ❞❛s ❊q✉❛çõ❡s

✭✻✳✸✮ ❛ ✭✻✳✻✮ é ❞❛❞❛ ♣♦r✿

ẋ = Ax+Bu, t > t0. ✭✻✳✼✮

s❡♥❞♦ A ❛ ♠❛tr✐③ ❞❡ ❡st❛❞♦✱

A =




−1/CR1 0 1/C 0

0 −1/CR1 0 −1/C

−1/L 0 −R2/L −R2/L

0 1/L −R2/L −R2/L




✭✻✳✽✮

❆ ♣♦♥❞❡r❛çã♦ B ❞♦ ✈❡t♦r ❞❡ ❡♥tr❛❞❛ ❡ ❛ ♠❛tr✐③ ❞❡ s❛í❞❛ C sã♦ ❞❛❞❛s✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✱ ♣♦r

B =




0 0

0 0

1/L 0

0 1/L




✭✻✳✾✮

❡

C =

[
1 0 0 0

0 1 0 0

]
✭✻✳✶✵✮

❆s ♠❛tr✐③❡s ❞♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ♣❛r❛ ♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s L = 10✱

C = 10−1✱ R1 = 104 ❡ R2 = 102 sã♦ ❞❛❞❛s ♣♦r

Ac =




−0.001 0 10 0

0 −0.001 0 −10

−0.1 0 −10 −10

0 0.1 −10 −10




✭✻✳✶✶✮

❡
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Bc =




0 0

0 0

0.1 0

0 0.1




✭✻✳✶✷✮

❆s ♠❛tr✐③❡s ❞♦ s✐st❡♠❛ ❞✐s❝r❡t✐③❛❞♦ ♣❛r❛ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❛♠♦str❛❣❡♠ Tamost =

0.1 sã♦ ♦❜t✐❞❛s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❞✐s❝r❡t✐③❛çã♦ ■♠♣✉❧s❡✲✐♥✈❛r✐❛♥t✳

✻✳✸✳✶ ❙✐♠✉❧❛çã♦ ❝♦♠ λ = .72

❘▲❙λ✲❍❉P✲❉▲◗❘

◆❛s ❋✐❣✉r❛s ✻✳✶✶✱ ✻✳✶✷ ❡ ✻✳✶✸✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .72✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✶✶ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✶✷ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✶✸✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳
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❋✐❣✉r❛ ✻✳✶✶✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .72 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘

❋✐❣✉r❛ ✻✳✶✷✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .72 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘
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❋✐❣✉r❛ ✻✳✶✸✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .72 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘

◆❛ ❋✐❣✉r❛ ✻✳✶✹✱ é ♦❜s❡r✈❛❞♦ q✉❡✱ ♠❡s♠♦ q✉❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡

❛ss✉♠❛ ✈❛❧♦r❡s ❢♦r❛ ❞❛ s✉❛ ❣❛♠❛ ❞❡ ✈❛❧✐❞❛❞❡ ✭0 < ρ < 1✮ ❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐✲

çã♦ ❛♣r❡s❡♥t❛r ✈❛r✐❛çõ❡s ❞rást✐❝❛s ❡♠ s❡✉s ✈❛❧♦r❡s ❛♣ós ♦ ❡st✐♠❛❞♦r t❡r ❛t✐♥❣✐❞♦

♦ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡✱ ❡st❡s ❝♦♠♣♦rt❛♠❡♥t♦s ❥á ♥ã♦ t❡♠ q✉❛❧q✉❡r ❡❢❡✐t♦ s♦❜r❡ ❛

♣❡r❞❛ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❞♦ ♣❛râ♠❡tr♦ P ✳ Pr✐♠❡✐r❛♠❡♥t❡✱ é ♥❡❝❡ssár✐♦ ❝♦♥s✐❞❡r❛r

❝♦♠♦ ❤✐♣ót❡s❡ q✉❡ ♦s t❡r♠♦s Liξi ❛ss✉♠❡♠ ✈❛❧♦r❡s ♠✉✐t♦ ♣❡q✉❡♥♦s ✭♣ró①✐♠♦ ❛

③❡r♦✮✱ ❡ ❝♦♠♦ ♦ ❡rr♦ ❞❡ ❡st✐♠❛çã♦ ξi t❡♥❞❡♥❞♦ ❛ ③❡r♦✱ ❛ ♥♦r♠❛ ❞♦ ✈❡t♦r Li ♣♦❞❡

❛ss✉♠✐r ✉♠❛ ❣❛♠❛ ♠✉✐t♦ ❛♠♣❧❛ ❞❡ ✈❛❧♦r❡s✱ s❡♠ ❣r❛♥❞❡s ❛❧t❡r❛çõ❡s ♥♦s ❝♦♠♣♦✲

♥❡♥t❡s ❞♦ ♣❛râ♠❡tr♦ P ✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ ♦ ♣r♦❞✉t♦ Liξi ♣❡r♠❛♥❡ç❛ ❝♦♠ ❧✐♠✐t❡s

r❡❧❛t✐✈❛♠❡♥t❡ ❛❝❡✐tá✈❡✐s✱ ♠❛♥t❡♥❞♦ ♦s ❡st✐♠❛❞♦r❡s ✐♥❞❡✜♥✐❞❛♠❡♥t❡ ❡stá✈❡✐s✳
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❋✐❣✉r❛ ✻✳✶✹✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ ♠❛tr✐③ Γ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ ❞♦ ❛❧❣♦r✐t♠♦

❘▲❙λ✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.72

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■❱❊◆❙✮

◆❛s ❋✐❣✉r❛s ✻✳✶✺✱ ✻✳✶✻ ❡ ✻✳✶✼✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .72✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✶✺ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✶✻ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✶✼✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✽✾

❋✐❣✉r❛ ✻✳✶✺✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠

❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .72 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭●■❱❊◆❙✮

❋✐❣✉r❛ ✻✳✶✻✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .72 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■✲

❱❊◆❙✮



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✾✵

❋✐❣✉r❛ ✻✳✶✼✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .72 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■✲

❱❊◆❙✮

▼♦str❛✲s❡ ♥❛ ❋✐❣✉r❛ ✻✳✶✽✱ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞♦ ❢❛t♦r ❈❤♦❧❡s❦② ❞❛ ♠❛tr✐③

❞❡ ❝♦rr❡❧❛çã♦ Φ(i)✱ Φ1/2(i)✱ ❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ ❞♦ ♣r♦❝❡ss♦ ❘▲❙λ✲

QR✲❍❉P✲❉▲◗❘ ♣❛r❛ ❡st✐♠❛çã♦ ❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐✳ ❖❜s❡r✈❛✲s❡

q✉❡ ♦s ✈❛❧♦r❡s ❞❡ ρ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦✲

s✐t✐✈❛ ❞✉r❛♥t❡ t♦❞♦ ♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ❞❡ ♣❛râ♠❡tr♦ P ✱ ♦✉ s❡❥❛✱ 0 < ρ < 1✳

◗✉❛♥t♦ ❛♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦✱ ♥♦t❛✲s❡ ✈❛❧♦r s✉❜st❛♥❝✐❛❧♠❡♥t❡ ♠❛✐s ❜❛✐①♦ ❝♦♠✲

♣❛r❛❞♦ ❛♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❞♦ ❡st✐♠❛❞♦r ♣❛❞rã♦

❘▲❙λ✲❍❉P✲❉▲◗❘✳ ❆❧é♠ ❞✐ss♦✱ s❡✉s ✈❛❧♦r❡s sã♦ ♠❛♥t✐❞♦s ❧✐♠✐t❛❞♦s ❛ ✉♠ ❞❡t❡r✲

♠✐♥❛❞♦ ✐♥t❡r✈❛❧♦ ❛♣ós ✉♠ ♣❡rí♦❞♦ ❞❡ t❡♠♣♦ à tr❛♥s✐çã♦✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✾✶

❋✐❣✉r❛ ✻✳✶✽✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ r❛✐③ q✉❛❞r❛❞❛ ❞❛ ♠❛tr✐③ Φ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ

❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.72

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❍❖❯❙❊❍❖▲❉❊❘✮

◆❛s ❋✐❣✉r❛s ✻✳✶✾✱ ✻✳✷✵ ❡ ✻✳✷✶✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .72✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✶✾ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✷✵ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✷✶✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✾✷

❋✐❣✉r❛ ✻✳✶✾✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠

❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .72 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭❍❖❯❙❊❍❖▲❉❊❘✮

❋✐❣✉r❛ ✻✳✷✵✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .72 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❍❖❯✲

❙❊❍❖▲❉❊❘✮



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✾✸

❋✐❣✉r❛ ✻✳✷✶✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .72 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❍❖❯✲

❙❊❍❖▲❉❊❘✮

◆❛ ❋✐❣✉r❛ ✻✳✷✷ ♠♦str❛✲s❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞♦ ❢❛t♦r ❈❤♦❧❡s❦② ❞❛ ♠❛tr✐③

❞❡ ❝♦rr❡❧❛çã♦ Φ(i)✱ Φ1/2(i)✱ ❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ ❞♦ ♣r♦❝❡ss♦ ❘▲❙λ✲QR✲

❍❉P✲❉▲◗❘ ♣❛r❛ ❡st✐♠❛çã♦ ❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐✳ ❖❜s❡r✈❛✲s❡ q✉❡

♦s ✈❛❧♦r❡s ❞❡ ρ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛

❞✉r❛♥t❡ t♦❞♦ ♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ❞❡ ♣❛râ♠❡tr♦ P ✱ ♦✉ s❡❥❛✱ 0 < ρ < 1✳

❋✐❣✉r❛ ✻✳✷✷✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ r❛✐③ q✉❛❞r❛❞❛ ❞❛ ♠❛tr✐③ Φ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ

❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.72



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✾✹

❆♥❛❧✐s❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .72✱ ♣❡r❝❡❜❡✲s❡ q✉❡

♦s três ❛❧❣♦r✐t♠♦s ❛❧❝❛♥ç❛r❛♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛✱ ♣♦ré♠✱ ♦s ❛❧❣♦r✐t♠♦s ❘▲❙λ✲QR✲

❍❉P✲❉▲◗❘ ✭●■❱❊◆❙✮ ❡ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❍❖❯❙❊❍❖▲❉❊❘✮ ❛♣r❡s❡♥t❛✲

r❛♠ ❝♦♠♣♦rt❛♠❡♥t♦s ✐❞ê♥t✐❝♦s✱ ❛t✐♥❣✐♥❞♦ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛♦ ♠❡s♠♦ t❡♠♣♦✱ ❥á ♦

❛❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ ❝♦♥✈❡r❣✐✉ s♦♠❡♥t❡ ❞❡♣♦✐s ❞❡ ❛❧❣✉♠❛s ✐t❡r❛çõ❡s✳

✻✳✸✳✷ ❙✐♠✉❧❛çã♦ ❝♦♠ λ = .82

❘▲❙λ✲❍❉P✲❉▲◗❘

◆❛s ❋✐❣✉r❛s ✻✳✷✸✱ ✻✳✷✹ ❡ ✻✳✷✺✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .82✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✷✸ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✷✹ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✷✺✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✻✳✷✸✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .82 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✾✺

❋✐❣✉r❛ ✻✳✷✹✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .82 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘

❋✐❣✉r❛ ✻✳✷✺✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .82 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘

❖❜s❡r✈❛✲s❡ ♥❛ ❋✐❣✉r❛ ✻✳✷✻✱ q✉❡✱ ❡♠❜♦r❛ ♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ❛ss✉♠❛

✈❛❧♦r❡s ❢♦r❛ ❞❛ s✉❛ ❣❛♠❛ ❞❡ ✈❛❧✐❞❛❞❡ ✭0 < ρ < 1✮ ❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❛♣r❡✲

s❡♥t❛r ✈❛r✐❛çõ❡s ❞rást✐❝❛s ❡♠ s❡✉s ✈❛❧♦r❡s ❛♣ós ♦ ❡st✐♠❛❞♦r t❡r ❛t✐♥❣✐❞♦ ♦ r❡❣✐♠❡

♣❡r♠❛♥❡♥t❡✱ ❡st❡s ❝♦♠♣♦rt❛♠❡♥t♦s ❥á ♥ã♦ t❡♠ q✉❛❧q✉❡r ❡❢❡✐t♦ s♦❜r❡ ❛ ♣❡r❞❛ ❞❡

❡st❛❜✐❧✐❞❛❞❡ ❞♦ ♣❛râ♠❡tr♦ P ✳ Pr✐♠❡✐r❛♠❡♥t❡✱ é ♥❡❝❡ssár✐♦ ❝♦♥s✐❞❡r❛r ❝♦♠♦ ❤✐♣ó✲

t❡s❡ q✉❡ ♦s t❡r♠♦s Liξi ❛ss✉♠❡♠ ✈❛❧♦r❡s ♠✉✐t♦ ♣❡q✉❡♥♦s ✭♣ró①✐♠♦ ❛ ③❡r♦✮✱ ❡ ❝♦♠♦



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✾✻

♦ ❡rr♦ ❞❡ ❡st✐♠❛çã♦ ξi t❡♥❞❡♥❞♦ ❛ ③❡r♦✱ ❛ ♥♦r♠❛ ❞♦ ✈❡t♦r Li ♣♦❞❡ ❛ss✉♠✐r ✉♠❛

❣❛♠❛ ♠✉✐t♦ ❛♠♣❧❛ ❞❡ ✈❛❧♦r❡s✱ s❡♠ ❣r❛♥❞❡s ❛❧t❡r❛çõ❡s ♥♦s ❝♦♠♣♦♥❡♥t❡s ❞♦ ♣❛râ✲

♠❡tr♦ P ✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ ♦ ♣r♦❞✉t♦ Liξi ♣❡r♠❛♥❡ç❛ ❝♦♠ ❧✐♠✐t❡s r❡❧❛t✐✈❛♠❡♥t❡

❛❝❡✐tá✈❡✐s✱ ♠❛♥t❡♥❞♦ ♦s ❡st✐♠❛❞♦r❡s ✐♥❞❡✜♥✐❞❛♠❡♥t❡ ❡stá✈❡✐s✳

❋✐❣✉r❛ ✻✳✷✻✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ ♠❛tr✐③ Γ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ ❞♦ ❛❧❣♦r✐t♠♦

❘▲❙λ✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.82

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■❱❊◆❙✮

◆❛s ❋✐❣✉r❛s ✻✳✷✼✱ ✻✳✷✽ ❡ ✻✳✷✾✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .82✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✷✼ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✷✽ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✷✾✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✾✼

❋✐❣✉r❛ ✻✳✷✼✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠

❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .82 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭●■❱❊◆❙✮

❋✐❣✉r❛ ✻✳✷✽✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .82 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■✲

❱❊◆❙✮



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✾✽

❋✐❣✉r❛ ✻✳✷✾✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .82 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■✲

❱❊◆❙✮

❆ ❋✐❣✉r❛ ✻✳✸✵ ♠♦str❛ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞♦ ❢❛t♦r ❈❤♦❧❡s❦② ❞❛ ♠❛tr✐③ ❞❡

❝♦rr❡❧❛çã♦ Φ(i)✱ Φ1/2(i)✱ ❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ ❞♦ ♣r♦❝❡ss♦ ❘▲❙λ✲QR✲

❍❉P✲❉▲◗❘ ♣❛r❛ ❡st✐♠❛çã♦ ❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐✳ ❖❜s❡r✈❛✲s❡ q✉❡

♦s ✈❛❧♦r❡s ❞❡ ρ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛

❞✉r❛♥t❡ t♦❞♦ ♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ❞❡ ♣❛râ♠❡tr♦ P ✱ ♦✉ s❡❥❛✱ 0 < ρ < 1✳ ◗✉❛♥t♦

❛♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦✱ ♥♦t❛✲s❡ ✉♠ ✈❛❧♦r s✉❜st❛♥❝✐❛❧♠❡♥t❡ ♠❛✐s ❜❛✐①♦ ❝♦♠♣❛✲

r❛❞♦ ❛♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❞♦ ❡st✐♠❛❞♦r ♣❛❞rã♦ ❘▲❙λ✲

❍❉P✲❉▲◗❘✳ ❆❧é♠ ❞✐ss♦✱ s❡✉s ✈❛❧♦r❡s sã♦ ♠❛♥t✐❞♦s ❧✐♠✐t❛❞♦s ❛ ✉♠ ❞❡t❡r♠✐♥❛❞♦

✐♥t❡r✈❛❧♦ ❛♣ós ✉♠ ♣❡rí♦❞♦ ❞❡ t❡♠♣♦ à tr❛♥s✐çã♦✳✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✾✾

❋✐❣✉r❛ ✻✳✸✵✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ r❛✐③ q✉❛❞r❛❞❛ ❞❛ ♠❛tr✐③ Φ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ

❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.82

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❍❖❯❙❊❍❖▲❉❊❘✮

◆❛s ❋✐❣✉r❛s ✻✳✸✶✱ ✻✳✸✷ ❡ ✻✳✸✸✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .82✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✸✶ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✸✷ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✸✸✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✵✵

❋✐❣✉r❛ ✻✳✸✶✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠

❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .82 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭❍❖❯❙❊❍❖▲❉❊❘✮

❋✐❣✉r❛ ✻✳✸✷✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .82 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❍❖❯✲

❙❊❍❖▲❉❊❘✮
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❋✐❣✉r❛ ✻✳✸✸✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .82 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❍❖❯✲

❙❊❍❖▲❉❊❘✮

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❡ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈✐❞❛❞❡ ρ ❡stã♦

✐❧✉str❛❞♦s ♥❛ ❋✐❣✉r❛ ✻✳✸✹✱ ♦❜s❡r✈❛✲s❡ q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ρ ♥ã♦ ♠♦str❛ ✐rr❡✲

❣✉❧❛r✐❞❛❞❡s✱ ❡st❛❜✐❧✐③❛♥❞♦ ❡♠ ✶✺✵✵ ✐t❡r❛çõ❡s✱ ❜❡♠ ❝♦♠♦✱ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛

♠❛tr✐③ Φ1/2(i) ❡①✐❜❡ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ s❡♠ ♠✉❞❛♥ç❛s ❛❜r✉♣t❛s✱ ❡ ❝♦♠ ✈❛❧♦r❡s

♣❛r❡❝✐❞♦s ❛♦s ❞❛ ❞❡❝♦♠♣♦s✐çã♦ QR ✭●■❱❊◆❙✮ ❝♦♠ ✉♠ ♣❡q✉❡♥♦ ❛tr❛s♦✳

❋✐❣✉r❛ ✻✳✸✹✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ r❛✐③ q✉❛❞r❛❞❛ ❞❛ ♠❛tr✐③ Φ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ

❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.82



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✵✷

❆♥❛❧✐s❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .82✱ ♣❡r❝❡❜❡✲s❡ q✉❡

♦s ❞♦✐s ❛❧❣♦r✐t♠♦s ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ❝❤❡❣❛r❛♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛✱ ♥♦ ❡♥t❛♥t♦✱

♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ ❝❤❡❣♦✉ ❛ ❡ss❛ ♠❛✐s rá♣✐❞♦ ❡ ❞❡ ❢♦r♠❛ ♠❛✐s s✉❛✈❡

❡♠ ❝♦♠♣❛r❛çã♦ ❛♦s ❛❧❣♦r✐t♠♦s ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✳

✻✳✸✳✸ ❙✐♠✉❧❛çã♦ ❝♦♠ λ = .874

❯t✐❧✐③❛♥❞♦ ♦ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ ❞❡ λ = .874

❘▲❙λ✲❍❉P✲❉▲◗❘

◆❛s ❋✐❣✉r❛s ✻✳✸✺✱ ✻✳✸✻ ❡ ✻✳✸✼✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .874✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✸✺ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✸✻ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✸✼✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✻✳✸✺✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .874 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✵✸

❋✐❣✉r❛ ✻✳✸✻✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .874 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘

❋✐❣✉r❛ ✻✳✸✼✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .874 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘

❆♥♦r♠❛❧✐❞❛❞❡ ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❢♦r❛♠ ❡✈✐❞❡♥❝✐❛❞♦s

♣♦✉❝♦ ❞❡♣♦✐s ❞❛ ✐t❡r❛çã♦ 1000✱ ❡♠ t♦r♥♦ ❞❡ ✐t❡r❛çã♦ 1112✱ q✉❛♥❞♦ ♦ ✈❛❧♦r ❞♦ ♣❛râ✲

♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ❡①tr❛♣♦❧♦✉ ❛ ❣❛♠❛ ❞❡ ✈❛❧✐❞❛❞❡✱ ❝♦♠ ❞✉❛s ❣r❛♥❞❡s ✈❛r✐❛çõ❡s

❡♠ t♦r♥♦ ❞❛s ✐t❡r❛çõ❡s 1550 ❡ 4700✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✻✳✸✽✳ t❛♠❜é♠ é

✈✐st♦ ♥❛ ♠❡s♠❛ ✜❣✉r❛✱ ❣r❛♥❞❡s ✈❛❧♦r❡s ♥❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ Γ✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✵✹

❋✐❣✉r❛ ✻✳✸✽✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ ♠❛tr✐③ Γ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ ❞♦ ❛❧❣♦r✐t♠♦

❘▲❙λ✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.874

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■❱❊◆❙✮

◆❛s ❋✐❣✉r❛s ✻✳✸✾✱ ✻✳✹✵ ❡ ✻✳✹✶✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .874✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✸✾ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✹✵ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✹✶✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳
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❋✐❣✉r❛ ✻✳✸✾✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .874 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

❋✐❣✉r❛ ✻✳✹✵✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .874 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✵✻

❋✐❣✉r❛ ✻✳✹✶✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .874 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

❖❜s❡r✈❛✲s❡ ♥❛ ❋✐❣✉r❛ ✻✳✹✷ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ Φ1/2(i) ❛♣r❡✲

s❡♥t❛ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ s❡♠ ✈❛r✐❛çõ❡s ❜r✉s❝❛s ❞❡ s❡✉s ✈❛❧♦r❡s✱ ❡ q✉❡✱ ♠❛✐s ✉♠❛

✈❡③✱ sã♦ ♠❛♥t✐❞♦s ❧✐♠✐t❛❞♦s ♣❛r❛ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ✐♥t❡r✈❛❧♦ ❛♣ós ✉♠ ♣❡rí♦❞♦ ❞❡

❝♦♥✈❡r❣ê♥❝✐❛✱ ❡ ❝♦♠ ✈❛❧♦r❡s ♥♦t❛✈❡❧♠❡♥t❡ ✐♥❢❡r✐♦r❡s q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦s ❝♦♠ ♦

♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❞♦ ❡st✐♠❛❞♦r ♣❛❞rã♦ ❘▲❙λ✲❍❉P✲

❉▲◗❘✳

❋✐❣✉r❛ ✻✳✹✷✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ r❛✐③ q✉❛❞r❛❞❛ ❞❛ ♠❛tr✐③ Φ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ

❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.874



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✵✼

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❍❖❯❙❊❍❖▲❉❊❘✮

◆❛s ❋✐❣✉r❛s ✻✳✹✸✱ ✻✳✹✹ ❡ ✻✳✹✺✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .874✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✹✸ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✹✹ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✹✺✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✻✳✹✸✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠

❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .874 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭❍❖❯❙❊❍❖▲❉❊❘✮
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❋✐❣✉r❛ ✻✳✹✹✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .874 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭❍❖❯❙❊❍❖▲❉❊❘✮

❋✐❣✉r❛ ✻✳✹✺✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .874 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭❍❖❯❙❊❍❖▲❉❊❘✮

❆ ❋✐❣✉r❛ ✻✳✹✻ ♠♦str❛ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞♦ ❢❛t♦r ❈❤♦❧❡s❦② ❞❛ ♠❛tr✐③ ❞❡

❝♦rr❡❧❛çã♦ Φ(i)✱ Φ1/2(i)✱ ❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ ❞♦ ♣r♦❝❡ss♦ ❘▲❙λ✲QR✲

❍❉P✲❉▲◗❘ ♣❛r❛ ❡st✐♠❛çã♦ ❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐✳ ❖❜s❡r✈❛✲s❡ q✉❡

♦s ✈❛❧♦r❡s ❞❡ ρ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛

❞✉r❛♥t❡ t♦❞♦ ♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ❞❡ ♣❛râ♠❡tr♦ P ✱ ♦✉ s❡❥❛✱ 0 < ρ < 1✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✵✾

❋✐❣✉r❛ ✻✳✹✻✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ r❛✐③ q✉❛❞r❛❞❛ ❞❛ ♠❛tr✐③ Φ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ

❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.874

❆♥❛❧✐s❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .874✱ ♣❡r❝❡❜❡✲

s❡ q✉❡ ❛♣❡♥❛s ♦s ❛❧❣♦r✐t♠♦s ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ❛❧❝❛♥ç❛r❛♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛✱

❛♥t❡s ❞❡ ✶✷✵✵ ✐t❡r❛çõ❡s✱ ❡ ❞❡ ❢♦r♠❛ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ s✉❛✈❡✱ ❝♦♠ ❍♦✉s❡❤♦❧❞❡r

❛♣r❡s❡♥t❛♥❞♦ ♠❛✐s ✈❛r✐❛çõ❡s ❞✉r❛♥t❡ ♦ tr❡✐♥❛♠❡♥t♦✱ ❥á ♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲

❉▲◗❘ ❛♣ós ✸✵✵✵ ✐t❡r❛çõ❡s ♣❡r❞❡✉ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛ ❡st❛❜✐❧✐❞❛❞❡✱ ✐ss♦ ♣♦❞❡ t❡r

s✐❞♦ ❝❛✉s❛❞♦ ♣❡❧❛ ❢❛❧t❛ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛

✐♥✈❡rs❛ ❞♦ ❘▲❙✳

✻✳✸✳✹ ❙✐♠✉❧❛çã♦ ❝♦♠ λ = .905

❯t✐❧✐③❛♥❞♦ ♦ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ ❞❡ λ = .905

❘▲❙λ✲❍❉P✲❉▲◗❘

◆❛s ❋✐❣✉r❛s ✻✳✹✼✱ ✻✳✹✽ ❡ ✻✳✹✾✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .905✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✹✼ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✹✽ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✶✵

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✹✾✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✻✳✹✼✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .905 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘

❋✐❣✉r❛ ✻✳✹✽✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .905 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✶✶

❋✐❣✉r❛ ✻✳✹✾✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .905 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘

◆♦t❛✲s❡ t❛♠❜é♠ ♥❛ ❋✐❣✉r❛ ✻✳✺✵✱ ✈❛r✐❛çõ❡s s✐❣♥✐✜❝❛t✐✈❛s ♥♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦

❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛✱ ❜❡♠ ❝♦♠♦ ✐rr❡❣✉❧❛r✐❞❛❞❡s ♥♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡

ρ✳ ❆♥♦r♠❛❧✐❞❛❞❡ ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡st❡ ♣❛râ♠❡tr♦ ❢♦✐ ❡✈✐❞❡♥❝✐❛❞❛ ❛♥t❡s ♠❡s♠♦

❞❛ ✐t❡r❛çã♦ 3300✱ ❡ ❧♦❣♦ ❛♣ós✱ ♦s ✈❛❧♦r❡s ❞❡ ρ s♦❢r❡r❛♠ ✈❛r✐❛çõ❡s ❝♦♠ ✉♠ ❣r❛♥❞❡

✈❛❧♦r ♥❡❣❛t✐✈♦ ♥❛ ✐t❡r❛çã♦ 4250✳

❋✐❣✉r❛ ✻✳✺✵✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ ♠❛tr✐③ Γ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ ❞♦ ❛❧❣♦r✐t♠♦

❘▲❙λ✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.905



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✶✷

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■❱❊◆❙✮

◆❛s ❋✐❣✉r❛s ✻✳✺✶✱ ✻✳✺✷ ❡ ✻✳✺✸✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .905✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✺✶ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✺✷ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✺✸✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✻✳✺✶✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠

❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .905 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭●■❱❊◆❙✮



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✶✸

❋✐❣✉r❛ ✻✳✺✷✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .905 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭●■❱❊◆❙✮

❋✐❣✉r❛ ✻✳✺✸✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .905 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭●■❱❊◆❙✮

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❡ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈✐❞❛❞❡ ρ ❡stã♦

✐❧✉str❛❞♦s ♥❛ ❋✐❣✉r❛ ✻✳✺✹✱ ♦❜s❡r✈❛✲s❡ q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ρ ♥ã♦ ♠♦str❛ ✐r✲

r❡❣✉❧❛r✐❞❛❞❡s✱ ❜❡♠ ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ Φ1/2(i) ❡①✐❜❡ ✉♠ ❝♦♠✲

♣♦rt❛♠❡♥t♦ s❡♠ ♠✉❞❛♥ç❛s ❛❜r✉♣t❛s✱ ❡ ❝♦♠ ♠❡♥♦r❡s ✈❛❧♦r❡s ❡♠ r❡❧❛çã♦ ❛♦s ❛♣r❡✲

s❡♥t❛❞♦s ♣❡❧♦ ❡st✐♠❛❞♦r ❘▲❙λ✲❍❉P✲❉▲◗❘✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✶✹

❋✐❣✉r❛ ✻✳✺✹✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ r❛✐③ q✉❛❞r❛❞❛ ❞❛ ♠❛tr✐③ Φ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ

❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.905

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❍❖❯❙❊❍❖▲❉❊❘✮

◆❛s ❋✐❣✉r❛s ✻✳✺✺✱ ✻✳✺✻ ❡ ✻✳✺✼✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .905✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✺✺ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✺✻ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✺✼✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳
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❋✐❣✉r❛ ✻✳✺✺✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠

❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .905 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭❍❖❯❙❊❍❖▲❉❊❘✮

❋✐❣✉r❛ ✻✳✺✻✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .905 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭❍❖❯❙❊❍❖▲❉❊❘✮



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✶✻

❋✐❣✉r❛ ✻✳✺✼✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .905 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭❍❖❯❙❊❍❖▲❉❊❘✮

▼❛✐s ✉♠❛ ✈❡③✱ ♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ ❞♦ ♣r♦❝❡ss♦ ❘▲❙λ✲QR✲❍❉P✲

❉▲◗❘ ♣❛r❛ ❡st✐♠❛çã♦ ❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐ ❞❛ ❋✐❣✉r❛ ✻✳✺✽✱ r❡s♣❡✐✲

t♦✉ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ ❞✉r❛♥t❡ t♦❞♦ ♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ❞❡ ♣❛râ♠❡✲

tr♦ P ✱ ♦✉ s❡❥❛✱ 0 < ρ < 1✳

❋✐❣✉r❛ ✻✳✺✽✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ r❛✐③ q✉❛❞r❛❞❛ ❞❛ ♠❛tr✐③ Φ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ

❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.905

❆♥❛❧✐s❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .905✱ ♣♦❞❡ s❡ ❞✐③❡r



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✶✼

q✉❡ ♦s ❞♦✐s ❛❧❣♦r✐t♠♦s ❝❤❡❣❛r❛♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♣♦ré♠✱ ♥❡ss❡ ❡①❡♠♣❧♦ ♠♦str❛✲s❡

❛ ✈❛♥t❛❣❡♠ ❞♦s ❛❧❣♦r✐t♠♦s ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ❡♠ r❡❧❛çã♦ ❛♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲

❍❉P✲❉▲◗❘✱ ♦s ❛❧❣♦r✐t♠♦s ❝♦♠ ❞❡❝♦♠♣♦s✐çã♦ ❝❤❡❣❛r❛♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛♥t❡s

❞❡ ✶✵✵✵ ✐t❡r❛çõ❡s ❡ ❛♣ós ❛ ❝♦♥✈❡r❣ê♥❝✐❛ q✉❛s❡ ♥ã♦ s♦❢r❡r❛♠ ♣❡rt✉❜❛çõ❡s✱ ✐ss♦ é

❞❡✈✐❞♦ ❛ ✉♠❛ ♠❛tr✐③ ❜❡♠ ❝♦♥❞✐❝✐♦♥❛❞❛ ♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ QR✳ ❏á ♦ ❛❧❣♦r✐t♠♦

s❡♠ ❞❡❝♦♠♣♦s✐çã♦ s♦❢r❡✉ ❝♦♠ ♣❡rt✉❜❛çõ❡s ❞❡♣♦✐s ❞♦ tr❛♥s✐tór✐♦ ❝♦♥s❡❣✉✐♥❞♦ ❛

❝♦♥✈❡r❣ê♥❝✐❛ ♣❧❡♥❛ ❛♣ós ❛ ✐t❡r❛çã♦ ✹✵✵✵✳

✻✳✸✳✺ ❙✐♠✉❧❛çã♦ ❝♦♠ λ = .915

❯t✐❧✐③❛♥❞♦ ♦ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ ❞❡ λ = .915

❘▲❙λ✲❍❉P✲❉▲◗❘

◆❛s ❋✐❣✉r❛s ✻✳✺✾✱ ✻✳✻✵ ❡ ✻✳✻✶✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .915✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✺✾ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✻✵ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✻✶✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳
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❋✐❣✉r❛ ✻✳✺✾✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘

❋✐❣✉r❛ ✻✳✻✵✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✶✾

❋✐❣✉r❛ ✻✳✻✶✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡

✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘

❖ ♥ú♠❡r♦s ❞❡ ❝♦♥❞✐çã♦ ❡ ♦ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦ ❡st✐♠❛❞♦r ❘▲❙λ✲❍❉P✲

❉▲◗❘ é ❛♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✻✳✻✷✳ ❖❜s❡r✈❛✲s❡ q✉❡ ♦ ♣❛râ♠❡tr♦s ❞❡ ♣♦s✐t✐✈✐❞❛❞❡

❛♣r❡s❡♥t❛ ✐rr❡❣✉❧❛r✐❞❛❞❡s q✉❛♥❞♦ ρ ❛ss✉♠❡ ✈❛❧♦r❡s ❢♦r❛ ❞♦ ✐♥t❡r✈❛❧♦ 0 < ρ < 1

♣❛r❛ ❛❧❣✉♠❛s ✐t❡r❛çõ❡s ❞♦ ♣r♦❝❡ss♦ ❞❡ ❡st✐♠❛t✐✈❛ ❞♦ ♣❛râ♠❡tr♦ P ✱ ✐♥❞✐❝❛♥❞♦ ♣❡r❞❛

❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ Γ✳ ◆♦t❛✲s❡ q✉❡ ♦s ♥ú♠❡r♦s ❞❡ ❝♦♥❞✐çã♦

❞❡ Γ(i) sã♦ ♠✉✐t♦ ❣r❛♥❞❡s✱ ♦ q✉❡ ♣♦❞❡ ❧❡✈❛r ❛ ❡rr♦s ♥✉♠ér✐❝♦s ♠❛✐s ❛❧t♦s✳

❋✐❣✉r❛ ✻✳✻✷✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ ♠❛tr✐③ Γ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ ❞♦ ❛❧❣♦r✐t♠♦

❘▲❙λ✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.915



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✷✵

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭●■❱❊◆❙✮

◆❛s ❋✐❣✉r❛s ✻✳✻✸✱ ✻✳✻✹ ❡ ✻✳✻✺✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .915✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✻✸ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✻✹ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✻✺✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✻✳✻✸✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠

❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭●■❱❊◆❙✮



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✷✶

❋✐❣✉r❛ ✻✳✻✹✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭●■❱❊◆❙✮

❋✐❣✉r❛ ✻✳✻✺✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭●■❱❊◆❙✮

❖ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❡ ♦s ♣❛râ♠❡tr♦s ♣♦s✐t✐✈✐❞❛❞❡ ❞♦ ♣r♦❝❡ss♦ ❞❡ ❡st✐♠❛çã♦

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ é ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✻✳✻✻✱ ❈♦♠ r❡s♣❡✐t♦ ❛♦s ♣❛râ♠❡✲

tr♦s ❞❡ ♣♦s✐t✐✈✐❞❛❞❡✱ ♦❜s❡r✈❛✲s❡ q✉❡ ♦s ✈❛❧♦r❡s ❞❡ ρ ❡♥❝♦♥tr❛♠✲s❡ ♥♦ ✐♥t❡r✈❛❧♦ ❞❡

✈❛❧✐❞❛❞❡ ❞✉r❛♥t❡ t♦❞♦ ♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✷✷

❋✐❣✉r❛ ✻✳✻✻✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ r❛✐③ q✉❛❞r❛❞❛ ❞❛ ♠❛tr✐③ Φ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ

❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.915

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✭❍❖❯❙❊❍❖▲❉❊❘✮

◆❛s ❋✐❣✉r❛s ✻✳✻✼✱ ✻✳✻✽ ❡ ✻✳✻✾✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❞❛ s♦❧✉çã♦ ❞❛ ❍❏❇✲❘✐❝❝❛t✐ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐✲

♠❡♥t♦ λ = .915✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✳✻✼ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33 ❡ p44 ❞❛ ♠❛tr✐③ P ❝♦rr❡s♣♦♥❞❡♥t❡s às

❝♦♠♣♦♥❡♥t❡s θ1✱ θ5✱ θ8 ❡ θ10 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s

✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✻✽ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ ❞♦s ❡❧❡♠❡♥t♦s p12✱ p13✱ ❡ p14 ❞❛ ♠❛tr✐③

P q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s θ2✱ θ3 ❡ θ4 ❞♦ ✈❡t♦r θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s p23✱ p24 ❡ p34 ❛ss♦❝✐❛❞♦s ❛♦s

❡❧❡♠❡♥t♦s θ6✱ θ7 ❡ θ9 é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❝✉r✈❛s ✭❛✮✲✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✳✻✾✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✷✸

❋✐❣✉r❛ ✻✳✻✼✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44 ♣❛r❛ ✉♠

❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭❍❖❯❙❊❍❖▲❉❊❘✮

❋✐❣✉r❛ ✻✳✻✽✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p12✱ p13✱ p14 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭❍❖❯❙❊❍❖▲❉❊❘✮



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✷✹

❋✐❣✉r❛ ✻✳✻✾✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p23✱ p24✱ p34 ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

✭❍❖❯❙❊❍❖▲❉❊❘✮

❆♥♦r♠❛❧✐❞❛❞❡ ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ♠❛tr✐③ ❝♦✈❛r✐â♥❝✐❛ ❢♦r❛♠ ❡✈✐❞❡♥❝✐❛❞♦s

♣♦✉❝♦ ❞❡♣♦✐s ❞❛ ✐t❡r❛çã♦ 1000✱ ❡♠ t♦r♥♦ ❞❡ ✐t❡r❛çã♦ 1200✱ q✉❛♥❞♦ ♦ ✈❛❧♦r ❞♦

♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ❡①tr❛♣♦❧❛❞❛ ❛ ❣❛♠❛ ❞❡ ✈❛❧✐❞❛❞❡✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛

❋✐❣✉r❛ ✻✳✼✵✳ t❛♠❜é♠ é ✈✐st♦ ♥❛ ♠❡s♠❛ ✜❣✉r❛✱ ❣r❛♥❞❡s ✈❛❧♦r❡s ♥♦ ♥✉♠❡r♦ ❞❡

❝♦♥❞✐çõ❡s ❞♦ ❢❛t♦r ❈❤♦❧❡s❦② ❞❡ Φ ✳

❋✐❣✉r❛ ✻✳✼✵✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❛ r❛✐③ q✉❛❞r❛❞❛ ❞❛ ♠❛tr✐③ Φ ❡ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ

❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ λ = 0.915



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✷✺

❆♥❛❧✐s❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = .915✱ ♣♦❞❡✲s❡ ❞✐✲

③❡r q✉❡ ♦s ❞♦✐s ❛❧❣♦r✐t♠♦s ❝❤❡❣❛r❛♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ♠❛✐s ✉♠❛ ✈❡③ ♦ ❛❧❣♦r✐t♠♦

❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ t❡✈❡ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ ❡♠ r❡❧❛çã♦ ❛♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲

❍❉P✲❉▲◗❘✱ ❛♠❜♦s ❝❤❡❣❛r❛♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♣ró①✐♠♦ ❞❛ ✐t❡r❛çã♦ ✶✵✵✵✱ ♣♦ré♠✱ ♦

❛❧❣♦r✐t♠♦ ❝♦♠ ❞❡❝♦♠♣♦s✐çã♦ ❝❤❡❣♦✉ ❛♦ r❡s✉❧t❛❞♦ ❞❡ ❢♦r♠❛ ♠❛✐s s✉❛✈❡✱ ❡♥q✉❛♥t♦

♦ ❛❧❣♦r✐t♠♦ s❡♠ ❞❡❝♦♠♣♦s✐çã♦ s♦❢r❡✉ ✉♠❛ ♣❡rt✉❜❛çã♦ ❛♥t❡s ❞❡ ❛❧❝❛♥ç❛r ❛ ❝♦♥✈❡r✲

❣ê♥❝✐❛ ♣❧❡♥❛✳

◆❛ ♣ró①✐♠❛ s❡çã♦ s❡rã♦ ❛✈❛❧✐❛❞♦s✿ ❖ ♥✉♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ✭♥♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲

❍❉P✲❉▲◗❘ ❛ ♠❛tr✐③ ❛ s❡r ❛♥❛❧✐s❛❞❛ é Γ✱ ❥á ♥♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘

é ❛ r❛✐③ q✉❛❞r❛❞❛ ❞❡ Φ✮ ❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ✳ ❊ss❡s ❞♦✐s ♣❛râ♠❡tr♦s

s❡rã♦ ❛♥❛❧✐s❛❞♦s ❛ ✜♠ ❞❡ ❡st✉❞❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ❞♦s ❛❧❣♦r✐t♠♦s✳

✻✳✹ ▼♦❞❡❧♦ ❞♦ ●❡r❛❞♦r ❉❋■●

❖ ❣❡r❛❞♦r ❞❡ ✐♥❞✉çã♦ ❞✉♣❧❛♠❡♥t❡ ❛❧✐♠❡♥t❛❞♦ ❉❋■● é ✉♠❛ ♠áq✉✐♥❛ ❡❧étr✐❝❛

❞❡ ✐♥❞✉çã♦ ❝♦♠ r♦t♦r ❜♦❜✐♥❛❞♦ ❛❧✐♠❡♥t❛❞❛ ❝♦♠ t❡♥sã♦ ❛❧t❡r♥❛❞❛ t❛♥t♦ ♥♦ r♦✲

t♦r q✉❛♥t♦ ♥♦ ❡st❛t♦r✱ ✉t✐❧✐③❛♥❞♦ ❞♦✐s ❝♦♥✈❡rs♦r❡s ✐♥t❡r❧✐❣❛❞♦s ♣♦r ✉♠ ❝✐r❝✉✐t♦

❝❛♣❛❝✐t✐✈♦✱ s❡♥❞♦ ✉♠ ❝♦♥✈❡rs♦r ❝♦♥❡❝t❛❞♦ à r❡❞❡ ❡ ♦✉tr♦ ❛♦s t❡r♠✐♥❛✐s ❞♦ r♦t♦r✳

❊st❡ t✐♣♦ ❞❡ ❣❡r❛❞♦r ♣♦ss✉✐ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ♣❛rt✐❝✉❧❛r✳ ◗✉❛♥❞♦ ♦ ❣❡r❛❞♦r

♦♣❡r❛ ❛❜❛✐①♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ sí♥❝r♦♥❛ ❞❛ ♠❛q✉✐♥❛✱ ♥♦ ❡st❛t♦r é ❣❡r❛❞❛ ♣♦tê♥❝✐❛

❡♥q✉❛♥t♦ ♥♦ r♦t♦r é ❝♦♥s✉♠✐❞❛ ♣♦tê♥❝✐❛✳ ◗✉❛♥❞♦ ♦ ❣❡r❛❞♦r ♦♣❡r❛ ❛❝✐♠❛ ❞❛

✈❡❧♦❝✐❞❛❞❡ sí♥❝r♦♥❛✱ é ❣❡r❛❞❛ ♣♦tê♥❝✐❛ t❛♥t♦ ♣❡❧♦ ❡st❛t♦r q✉❛♥t♦ ♣❡❧♦ r♦t♦r✳

❖ ❝♦♥✈❡rs♦r ❞♦ ❧❛❞♦ ❞❛ ♠áq✉✐♥❛✱ ✐♥t❡r❧✐❣❛❞♦ ❛♦ r♦t♦r✱ ❝♦♥tr♦❧❛ ❛ ✈❡❧♦❝✐❞❛❞❡

❞♦ r♦t♦r ❡ ❛ ♣♦tê♥❝✐❛ r❡❛t✐✈❛ ♥♦ ❡st❛t♦r✱ ❡♥q✉❛♥t♦ ♦ ❝♦♥✈❡rs♦r ✐♥t❡r❧✐❣❛❞♦ ❛♦ ❧❛❞♦

❞❛ r❡❞❡ ❝♦♥tr♦❧❛ ❛ t❡♥sã♦ ♥♦ ❜❛rr❛♠❡♥t♦ ❝❝ ❡ ❛ ♣♦tê♥❝✐❛ r❡❛t✐✈❛ q✉❡ é tr♦❝❛❞❛

❡♥tr❡ ♦ ❝♦♥✈❡rs♦r ❡ ❛ r❡❞❡ ✭❇♦❧❞❡❛ ✷✵✵✻✮✳
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❋✐❣✉r❛ ✻✳✼✶✿ ❊sq✉❡♠❛ ❊❧étr✐❝♦ ❞♦ ●❡r❛❞♦r ❞❡ ✐♥❞✉ç❛♦ ❞✉♣❧❛♠❡♥t❡ ❛❧✐♠❡♥t❛❞♦

❖ ♠♦❞❡❧♦ ❞❡ ❡s♣❛ç♦✲❡st❛❞♦ ♥♦ t❡♠♣♦ ❝♦♥t✐♥✉♦ ❞❛ ❞✐♥â♠✐❝❛ ❞♦ ❉❋■● ♣♦❞❡ s❡r

❡♥❝♦♥tr❛❞♦ ❡♠ ✭P✐♥t♦ ✷✵✵✼✮✱ ❡ ❛s ♠❛tr✐③❡s ❞❡ s✐st❡♠❛ ❞✐♥â♠✐❝♦s sã♦✿

A =




−101.49 193.74 0 0 0 0

−193.74 −101.49 0 0 0 0

0 0 −0.15 0 0 0

0 0 0 −250 377 0

0 0 0 −377 250 0

0 0 0 −767.72 0 22.73




✭✻✳✶✸✮

B =




33.97 0 0 0 0 0

0 33.97 0 0 0 0

0 0 100 0 0 0

0 0 0 −83.33 0 0

0 0 0 0 −83.33 0

0 0 0 0 0 454.54




. ✭✻✳✶✹✮

❆s ♠❛tr✐③❡s ❞♦ s✐st❡♠❛ ❞✐s❝r❡t✐③❛❞♦ ♣❛r❛ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❛♠♦str❛❣❡♠ Tamost =

0.1 sã♦ ♦❜t✐❞❛s ❛tr❛✈és ❞♦ ♠ét♦❞♦ r❡t❡♥t♦r✲❞❡✲♦r❞❡♠✲③❡r♦✳
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P❛r❛ ❡st❛ ♣❧❛♥t❛ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❛ ✜♠ ❞❡ ♠❛♥t❡r ♦ ✈❡t♦r ❞❡ r❡❣r❡ssã♦ x̄ ♣❡rs✐s✲

t❡♥t❡♠❡♥t❡ ❡①❝✐t❛❞♦✱ ❛ r❡✈✐t❛❧✐③❛çã♦ ❞❡ ❡st❛❞♦ é ❣❡r❛❞❛ ❛tr❛✈és ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛

♣s❡✉❞♦✲❛❧❡❛tór✐❛ ✉♥✐❢♦r♠❡♠❡♥t❡ ❞✐str✐❜✉í❞❛✳ ❖ ❛❧❣♦r✐t♠♦ t❡♠ ❛ ♦♣çã♦ ❞❡ ❛❧t❡r❛r

❛ s❡♠❡♥t❡ ❞♦ ❣❡r❛❞♦r ❞❡ ♥ú♠❡r♦s ♣s❡✉❞♦✲❛❧❡❛tór✐♦s ✉t✐❧✐③❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦ ♣r♦✲

❝❡ss♦ ❞❡ ❡st✐♠❛t✐✈❛ ❞♦ ♣❛râ♠❡tr♦ P ✳ ❆ ♠❡s♠❛ s❡♠❡♥t❡ ❢♦✐ t♦♠❛❞❛ ♥❛ ❡①❡❝✉çã♦

❞♦s ❞♦✐s ❛❧❣♦r✐t♠♦s ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ❛ ❢✉♥çã♦ ♣s❡✉❞♦✲❛❧❡❛tór✐♦s ❢♦r♥❡ç❛ ❛ ♠❡s♠❛

s❡q✉ê♥❝✐❛ ❞❡ r❡✈✐t❛❧✐③❛çã♦ ❞❡ ❡st❛❞♦ ♣❛r❛ ❛♠❜♦s ♦s ❛❧❣♦r✐t♠♦s✳ ❖s s❡❣✉✐♥t❡s r❡s✉❧✲

t❛❞♦s sã♦ ❛♣r❡s❡♥t❛❞♦s ♣❛r❛ ❛s ❞✉❛s s❡♠❡♥t❡s ❞✐❢❡r❡♥t❡s ♣❛r❛ ❛ ❣❡r❛çã♦ ❞♦ ✈❡t♦r

❞❡ r❡❣r❡ssã♦ x̄ ❝♦♠ ❛ r❡✈✐t❛❧✐③❛çã♦ ❞❡ ❡st❛❞♦✳

✻✳✹✳✶ ❙❡q✉ê♥❝✐❛ ❞❡ ❘❡✈✐t❛❧✐③❛çã♦ ❞❡ ❊st❛❞♦ 1

❆ ❡✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐ ❞♦

❛❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ é ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✻✳✼✷ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵

✐t❡r❛çõ❡s✱ ❝♦♠ ♦ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0, 983✳ ❆s ❝✉r✈❛s ✭❛✮✲✭❢✮ r❡♣r❡s❡♥t❛♠ ♦

❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s p11✱ p22✱ p33✱ p44✱ p55 ❡ p66 ❞❛ ♠❛tr✐③

P ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦s ❝♦♠♣♦♥❡♥t❡s θ1✱ θ7✱ θ12✱ θ16✱ θ19 ❡ θ21 ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s

θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖❜s❡r✈❛✲s❡ q✉❡ ❤♦✉✈❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♣❛râ♠❡tr♦ θ ❝♦♠

❡st❛ s❡q✉ê♥❝✐❛✱ ♠❛s ❝♦♠ ❣r❛♥❞❡s ♦s❝✐❧❛çõ❡s ❞✉r❛♥t❡ ♦ ♣❡rí♦❞♦ tr❛♥s✐tór✐♦✱ ❡ ❛

♥❡❝❡ss✐❞❛❞❡ ❞❡ ✈ár✐❛s ✐t❡r❛çõ❡s ♣❛r❛ ❛❧❝❛♥ç❛r ❛ ❝♦♥✈❡r❣ê♥❝✐❛✳

❋✐❣✉r❛ ✻✳✼✷✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44✱ p55 ❡ p66 ♣❛r❛

✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.983 ❡ s❡q✉ê♥❝✐❛ ❞❡ r❡✈✐t❛❧✐③❛çã♦ ❞❡

❡st❛❞♦ 1 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘✳
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❚❛❧ ❝♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ❛s ❝✉r✈❛s ✭❛✮✲✭❢✮ ❞❛ ❋✐❣✉r❛ ✻✳✼✸ r❡♣r❡s❡♥t❛ ♦ ❝♦♠✲

♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❡st✐♠❛❞♦r ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ ✉♠ ❝✐❝❧♦

❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ✉s❛♥❞♦ ❛ ♠❡s♠❛ s❡♠❡♥t❡✳ ❱❡r✐✜❝♦✉✲s❡ q✉❡ ♦s ♣❛râ♠❡tr♦s θ

❝♦♥✈❡r❣✐r❛♠ ♣❛r❛ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ✈❛❧♦r ✈❡r❞❛❞❡✐r♦✱ ❝♦♠ ✉♠❛ s♦❧✉çã♦ ❡stá✈❡❧ ❡

❛❝❡✐tá✈❡❧ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ♦ r❡❣✐♠❡ ❞❡ ❡rr♦ ❢♦✐ ❞❛❞♦ ♣♦r
∣∣∣θ0 − θ̂0

∣∣∣ < 10−3✳

❋✐❣✉r❛ ✻✳✼✸✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44✱ p55 ❡ p66 ♣❛r❛

✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.983 ❡ s❡q✉ê♥❝✐❛ ❞❡ r❡✈✐t❛❧✐③❛çã♦ ❞❡

❡st❛❞♦ 1 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✳

❖s ♥ú♠❡r♦s ❞❡ ❝♦♥❞✐çã♦ ❡ ♦s ♣❛râ♠❡tr♦s ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦s ❡st✐♠❛❞♦r❡s

❘▲❙λ✲❍❉P✲❉▲◗❘ ❡ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛s ❋✐❣✉r❛s ✻✳✼✹ ❡

✻✳✼✺✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖❜s❡r✈❛✲s❡ q✉❡✱ ♣❛r❛ ❛♠❜♦s ♦s ❡st✐♠❛❞♦r❡s✱ ♦s ✈❛❧♦r❡s ❞♦

♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ ♦s❝✐❧❛r❛♠ ✐♥❞❡✜♥✐❞❛♠❡♥t❡ ♥❛ ❢❛✐①❛ (0, 1)✱ ♠♦str❛♥❞♦

✐rr❡❣✉❧❛r✐❞❛❞❡ ❛❝❡♥t✉❛❞❛ ♣❛r❛ ♦ ❡st✐♠❛❞♦r ❘▲❙λ✲❍❉P✲❉▲◗❘ q✉❛♥❞♦ ♦ ♣❛râ♠❡✲

tr♦ ρ ❛ss✉♠❡ ♣❡r✐♦❞✐❝❛♠❡♥t❡ ♦ ✈❛❧♦r ✐❣✉❛❧ ❛ ✶ ❛té ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❛ ✐t❡r❛çã♦

✷✵✵✵✳
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❋✐❣✉r❛ ✻✳✼✹✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ Γ ❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ✱

❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ❂ ✵✱✾✽✸ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ✲ ❙❡q✉❡♥❝✐❛ ❞❡ ❘❡✈✐t❛❧✐③❛çã♦

❊st❛❞♦ 1✳

❋✐❣✉r❛ ✻✳✼✺✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ Φ ✭❋❛t♦r ❈❤♦❧❡s❦✮ ❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ✱

❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ❂ ✵✱✾✽✸ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ✲ ❙❡q✉❡♥❝✐❛ ❞❡ ❘❡✈✐t❛❧✐③❛çã♦

❊st❛❞♦ 1✳

✻✳✹✳✷ ❙❡q✉ê♥❝✐❛ ❞❡ ❘❡✈✐t❛❧✐③❛çã♦ ❞❡ ❊st❛❞♦ 2

❆ ❋✐❣✉r❛ ✻✳✼✻ ♠♦str❛ ❛ ❡✈♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ❞❛ s♦❧✉çã♦ ❞❛

❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐ ❛tr❛✈és ❞♦ ❡st✐♠❛❞♦r ❘▲❙λ✲❍❉P✲❉▲◗❘ ♣❛r❛ ♦s ♣❛râ♠❡✲
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tr♦s p11✱ p22✱ p33✱ p44✱ p55 ❡ p66 ❞❛ ♠❛tr✐③ P ✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.983✳

❖❜s❡r✈♦✉✲s❡ q✉❡ ♥ã♦ ❡①✐st❡ ✉♠❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦ P ✱ ♦ q✉❛❧ ❡①✐❜❡ ✉♠

❝♦♠♣♦rt❛♠❡♥t♦ ❝♦♠ ♣❡rt✉r❜❛çõ❡s ❛❜r✉♣t❛s ❞✉r❛♥t❡ t♦❞♦ ♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦✳

❋✐❣✉r❛ ✻✳✼✻✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44✱ p55 ❡ p66 ♣❛r❛

✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.983 ❡ s❡q✉ê♥❝✐❛ ❞❡ r❡✈✐t❛❧✐③❛çã♦ ❞❡

❡st❛❞♦ 2 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘✳

❆ ❋✐❣✉r❛ ✻✳✼✼ ♠♦str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❡st✐♠❛❞♦r ❘▲❙λ✲

QR✲❍❉P✲❉▲◗❘ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✳ ❖❜s❡r✈♦✉✲s❡ q✉❡ ♦s ♣❛râ♠❡tr♦s

❞❛ ♠❛tr✐③ P ❝♦♥✈❡r❣✐r❛♠ ❝♦♠ ♠❡♥♦s ❞❡ ✶✵✵✵ ✐t❡r❛çõ❡s✱ ♠❛s t✐✈❡r❛♠ ♦✈❡rs❤♦♦ts

s✐❣♥✐✜❝❛t✐✈♦s ♥♦ ✐♥í❝✐♦ ❞♦ ♣❡rí♦❞♦ tr❛♥s✐tór✐♦✳



❈❆P❮❚❯▲❖ ✻✳ ❚❊❙❚❊ ❈❖▼P❯❚❆❈■❖◆❆▲ ✶✸✶

❋✐❣✉r❛ ✻✳✼✼✿ ❊✈♦❧✉çã♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s p11✱ p22✱ p33✱ p44✱ p55 ❡ p66 ♣❛r❛

✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s✱ ❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ = 0.983 ❡ s❡q✉ê♥❝✐❛ ❞❡ r❡✈✐t❛❧✐③❛çã♦ ❞❡

❡st❛❞♦ 2 ✲ ❆❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✳

❆s ❋✐❣✉r❛s ✻✳✼✽ ❡ ✻✳✼✾ ❛♣r❡s❡♥t❛♠ ♦s ♥ú♠❡r♦s ❞❡ ❝♦♥❞✐çã♦ ❡ ♦s ♣❛râ♠❡tr♦s

❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦s ♣r♦❝❡ss♦s ❞❡ ❡st✐♠❛çã♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ ❡ ❘▲❙λ✲QR✲❍❉P✲

❉▲◗❘✳ ▼❛✐s ✉♠❛ ✈❡③✱ ♦s ✈❛❧♦r❡s ❞♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ ♦s❝✐❧❛r❛♠ ✐♥❞❡✲

✜♥✐❞❛♠❡♥t❡ ♥❛ ❢❛✐①❛ 0 < ρ < 1 ♣❛r❛ ♦s ❞♦✐s ❡st✐♠❛❞♦r❡s✱ ♦♥❞❡ ♦ ❡st✐♠❛❞♦r ❘▲❙λ✲

❍❉P✲❉▲◗❘ ♠♦str♦✉ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♠❛✐s ✐rr❡❣✉❧❛r✱ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠

♦ ❡st✐♠❛❞♦r ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ✉♠❛ ✈❡③ q✉❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ♣❛r❛

♦ ♣r✐♠❡✐r♦ ❡st✐♠❛❞♦r ❧❡✈❛ ♣❡r✐♦❞✐❝❛♠❡♥t❡ ✈❛❧♦r ✐❣✉❛❧ ❛ ✶ ❞✉r❛♥t❡ t♦❞♦ ♦ ♣r♦❝❡ss♦

✐t❡r❛t✐✈♦✱ ❡♥q✉❛♥t♦ q✉❡ ❛ ❞♦ s❡❣✉♥❞♦ ❡st✐♠❛❞♦r ❛♣r❡s❡♥t❛ t❛❧ ✈❛❧♦r s♦♠❡♥t❡ ♥❛s

♣r✐♠❡✐r❛s ✐t❡r❛çõ❡s ❞♦ ♣r♦❝❡ss♦ ❞❡ ❡st✐♠❛çã♦ ❞❡ ♣❛râ♠❡tr♦ P ✳
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❋✐❣✉r❛ ✻✳✼✽✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ Γ ❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ✱

❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ❂ ✵✱✾✽✸ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ✲ ❙❡q✉❡♥❝✐❛ ❞❡ ❘❡✈✐t❛❧✐③❛çã♦

❊st❛❞♦ 2✳

❋✐❣✉r❛ ✻✳✼✾✿ ◆ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛ ♠❛tr✐③ Φ ✭❋❛t♦r ❈❤♦❧❡s❦✮ ❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ρ✱

❝♦♠ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦ λ❂ ✵✱✾✽✸ ♣❛r❛ ✉♠ ❝✐❝❧♦ ❞❡ ✺✵✵✵ ✐t❡r❛çõ❡s ✲ ❙❡q✉❡♥❝✐❛ ❞❡ ❘❡✈✐t❛❧✐③❛çã♦

❊st❛❞♦ 2✳

❖s r❡s✉❧t❛❞♦s ❞❛s s✐♠✉❧❛çõ❡s ♠♦str❛♠ ❝❧❛r❛♠❡♥t❡ q✉❡ ❛s ❡st✐♠❛t✐✈❛s ❞❛❞❛s

♣❡❧♦s ❛❧❣♦r✐t♠♦s ❘▲❙λ✲❍❉P✲❉▲◗❘ ❡ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ ♣❛r❛ ♦ s✐st❡♠❛ ❞❡

t❡r❝❡✐r❛ ♦r❞❡♠ ❛♣r❡s❡♥t❛♠✱ ❡♠ ❣❡r❛❧✱ ♠❡♥♦r t❡♠♣♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ✭♥ú♠❡r♦ ❞❡
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✐t❡r❛çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ❝❤❡❣❛r ❛ ✉♠❛ ❞❛❞❛ ♣r❡❝✐sã♦✮ ❡ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ r❡✲

❞✉③✐❞♦ ♣♦r ✐t❡r❛çã♦ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦s ❝♦♠ ♦s s✐st❡♠❛s ❞❡ q✉❛rt❛ ❡ s❡①t❛ ♦r❞❡♠✳

❊ss❡s r❡s✉❧t❛❞♦s ✐♥✐❝✐❛✐s s❡♠❡❧❤❛♥t❡s ♣❛r❛ ♦s ❞♦✐s ❛❧❣♦r✐t♠♦s ♣♦❞❡♠ s❡r ❡①♣❧✐❝❛✲

❞♦s ♣❡❧♦ ♠♦❞❡❧♦ ❛♣r❡s❡♥t❛❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ s❡r ❞❡ ♣❡q✉❡♥❛ ♦r❞❡♠✱ t❡♥❞♦ ❛♣❡♥❛s

s❡✐s ♣❛râ♠❡tr♦s ❛ s❡r❡♠ ❡st✐♠❛❞♦s✳ ❆ss✐♠✱ é ♥❡❝❡ssár✐♦ s❛❧✐❡♥t❛r q✉❡✱ ♣❛r❛ ❛s

♣❧❛♥t❛s ❞❡ ♦r❞❡♠ ♠❛✐s ❛❧t❛✱ ♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ é ♠❛✐♦r ❡ ♦ ❡st✐♠❛❞♦r t❡♥❞❡

❛ ❛♣r❡s❡♥t❛r ♠❛✐♦r❡s s❡♥s✐❜✐❧✐❞❛❞❡s ❛ ♣❡rt✉r❜❛çõ❡s ♣r♦✈♦❝❛❞❛s ♣♦r ♣r♦❜❧❡♠❛s ♥✉✲

♠ér✐❝♦s✱ s❡♥❞♦ ❛ss✐♠ ♥❡❝❡ssár✐♦ ♦ ✉s♦ ❞❡ ♠ét♦❞♦s ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ♣❛r❛ ♠❡❧❤♦r❛r

♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ s✐st❡♠❛✳

✻✳✺ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

◆❡st❡ ❈❛♣ít✉❧♦ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ♦s r❡s✉❧t❛❞♦s ❞♦s ❛❧❣♦r✐t♠♦s ♣r♦♣♦st♦s ♥♦

❈❛♣ít✉❧♦ ✹ ❡♠ r❡❧❛çã♦ ❛ três ❞✐❢❡r❡♥t❡s ♣❧❛♥t❛s✱ t❛✐s ❝♦♠♦✿ ❆❡r♦♥❛✈❡ ❋✶✻✱ ❈✐r❝✉✐t♦

❘▲❈ ❡ ●❡r❛❞♦r ❉❋■●✳ ❖s r❡s✉❧t❛❞♦s ♠♦str❛r❛♠ q✉❡ ♦s ❛❧❣♦r✐t♠♦s t❡♠ s✉❛ ❢✉♥❝✐✲

♦♥❛❧✐❞❛❞❡ ❝♦♠♣r♦✈❛❞❛✱ ♣❛r❛ ❝❛❞❛ ❝❛s♦ ♣♦❞❡ ❛♣r❡s❡♥t❛r ✈❛♥t❛❣❡♥s ❡ ❞❡s✈❛♥t❛❣❡♥s✳

▲❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♦s três ♣❛râ♠❡tr♦s ❞❡ ❛✈❛❧✐❛çã♦ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡

❝♦♠♣✉t❛❝✐♦♥❛❧ tê♠✲s❡✿

❈✉st♦ ❈♦♠♣✉t❛❝✐♦♥❛❧✿ ❈♦♥❢♦r♠❡ ♠♦str❛❞♦ ♥♦ ❈❛♣✐t✉❧♦ ✺✱ ❖ ❛❧❣♦r✐t♠♦ q✉❡

♥❡❝❡ss✐t❛ ❞❡ ♠❡♥♦r q✉❛♥t✐❞❛❞❡ ❞❡ ✢♦♣s ♣❛r❛ s✉❛ ❡①❡❝✉çã♦ é ♦ ❘▲❙λ✲QR✲❍❉P✲

❉▲◗❘✱ ✐ss♦ ❣❛r❛♥t❡ ❛♦ ❡①❡❝✉t❛r ✉♠❛ ✐t❡r❛çã♦ ❞❡ss❡ ❛❧❣♦r✐t♠♦ ❧❡✈❛✲s❡ ♠❡♥♦s t❡♠♣♦

❞♦ q✉❡ ❛ ❞♦ ❛❧❣♦r✐t♠♦ ♣❛❞rã♦✳

❊st❛❜✐❧✐❞❛❞❡ ◆✉♠ér✐❝❛✿ ◆❡st❡ ♣❛râ♠❡tr♦ ♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘✱

♠❛✐s ✉♠❛ ✈❡③✱ ❧❡✈♦✉ ✈❛♥t❛❣❡♠✱ ❣❛r❛♥t✐♥❞♦ ❡♠ q✉❛s❡ t♦❞♦s ♦s ❝❛s♦s✱ ❢❛t♦r ❞❡

♣♦s✐t✐✈✐❞❛❞❡ ρ ❞❡♥tr♦ ❞❛ ❢❛✐①❛ ❞❡ ✵ ❛ ✶✱ ❡ ♦ ♥✉♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦

❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘ ♠♦str❛r❛♠✲s❡ s❡♠♣r❡ ♠❡♥♦r❡s✳

❚❡♠♣♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛✿ ◆❡st❡ r❡q✉✐s✐t♦ ♦s ❞♦✐s ❛❧❣♦r✐t♠♦s t❡st❛❞♦s ♠♦str❛✲

r❛♠ ❞❡s❡♠♣❡♥❤♦ ♣❛r❡❝✐❞♦s✱ ❡♠ r❡❧❛çã♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐t❡r❛çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛

❡♥❝♦♥tr❛r ❛ s♦❧✉çã♦ ❞❡s❡❥❛❞❛✱ ❝♦♥t✉❞♦✱ ❞❡✈❡ s❡ ❧❡♠❜r❛r q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲

❍❉P✲❉▲◗❘ é ♠❛✐s rá♣✐❞♦ ♣♦r ✐t❡r❛çã♦✱ ♦ q✉❡ ❧❤❡ ❞❛ ✈❛♥t❛❣❡♠ ♥♦ ❝á❧❝✉❧♦ r❡❛❧

❞❡ss❡ ♣❛râ♠❡tr♦✳

❆ss✐♠ ♣♦❞❡✲s❡ ❝♦♥❝❧✉✐r q✉❡ ❛s ✈❛♥t❛❣❡♥s ♥❛ ❡①❡❝✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲

❍❉P✲❉▲◗❘ sã♦ ♠❛✐♦r❡s ❞♦ q✉❡ ❛s ❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲❍❉P✲❉▲◗❘✳



❈❛♣ít✉❧♦ ✼

❈♦♥❝❧✉sõ❡s

✼✳✶ ❈♦♥❝❧✉sõ❡s ●❡r❛✐s

◆♦ tr❛❜❛❧❤♦ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ✉♠ ♠ét♦❞♦ ❛❧t❡r♥❛t✐✈♦ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ♣♦❧ít✐❝❛s

❞❡ ❝♦♥tr♦❧❡ ót✐♠❛s✱ ❜❛s❡❛❞❛s ♥❛ ❢♦r♠❛ ❍❏❇ ❞❛ ❡q✉❛çã♦ ❛❧❣é❜r✐❝❛ ❞❡ ❘✐❝❝❛t✐✱ ❇❡♠

❝♦♠♦ ❛ t❡♦r✐❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ♣♦r r❡❢♦rç♦ ❛♣❧✐❝❛❞❛ ❛ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛✱

❧❡✈❛♥❞♦ ❛♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛ ❤❡✉ríst✐❝❛ ♣❛r❛ ❛ s♦❧✉çã♦

♦♥❧✐♥❡ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ❞✐s❝r❡t♦ ❞♦ t✐♣♦ ❧✐♥❡❛r q✉❛❞rát✐❝♦✳

❊ ♥❛ t❡♥t❛t✐✈❛ ❞❡ ❛♣r♦①✐♠❛r ❡ss❡s ♠ét♦❞♦s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ♠♦❞❡r♥♦ ❛♦

♠✉♥❞♦ r❡❛❧✱ ❜✉s❝♦✉✲s❡ ♦t✐♠✐③❛r ❛ ❡①❡❝✉çã♦ ❞♦s ❛❧❣♦r✐t♠♦s ❣❡r❛❞♦s ♣♦r ❡ss❛s té❝✲

♥✐❝❛s ❞❡ ❝♦♥tr♦❧❡ ❛ ✜♠ ❞❡ t♦r♥❛r ♣♦ssí✈❡❧ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡♠ t❡♠♣♦ r❡❛❧ ❡♠ ♠✐❝r♦✲

❝♦♥tr♦❧❛❞♦r❡s✱ ♣r❡s❡♥t❡s ❡♠ t♦❞♦ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ❛✉t♦♠át✐❝♦✳

◆❛ ❛✈❛❧✐❛çã♦ ❞♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❘▲❙µ✲❍❉P✲❉▲◗❘ ❡ ❘▲❙µ✲QR✲

❍❉P✲❉▲◗❘✱ ❡♠ r❡❧❛çã♦ à ❡s❝♦❧❤❛ ❞♦ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦✱ ♦❜s❡r✈♦✉✲s❡ ✉♠❛

❣r❛♥❞❡ ✐♥✢✉ê♥❝✐❛ ❞❡ss❡ ❢❛t♦r ♥♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛

♥❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐✳ ❱❡r✐✜❝♦✉✲s❡ t❛♠❜é♠ q✉❡ ❛ ❡s❝♦❧❤❛ ❛♣r♦♣r✐❛❞❛

❞♦ ❢❛t♦r ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❞❡❝♦♠♣♦s✐çã♦ QR ♣♦❞❡♠ ❝♦♥tr✐❜✉✐r s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡

♣❛r❛ ♠❡❧❤♦r✐❛ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐✱ ❛ss❡❣✉r❛♥❞♦

❛♦ ♠❡s♠♦ t❡♠♣♦ ✉♠ ❧✐♠✐t❡ ❛❝❡✐tá✈❡❧ ♣❛r❛ ❛ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ❞♦s ❡st✐♠❛❞♦r❡s

❘▲❙✲❍❉P✳

❖s r❡s✉❧t❛❞♦s ❞❛s s✐♠✉❧❛çõ❡s ♠♦str❛r❛♠✲s❡ ♣r♦♠✐ss♦r❡s ♣❛r❛ ♦s três ♠♦❞❡❧♦s

❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ▼■▼❖✱ ✉♠❛ ✈❡③ q✉❡ ❛ ✐♥s❡rçã♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ QR ♥♦

♣r♦❝❡ss♦ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❘▲❙ ❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❍❏❇✲❘✐❝❝❛t✐ ✈✐❛ ❍❉P ❝♦♥✲

✶✸✹



❈❆P❮❚❯▲❖ ✼✳ ❈❖◆❈▲❯❙Õ❊❙ ✶✸✺

tr✐❜✉✐✉ ♣❛r❛ r❡s♦❧✈❡r ♦s ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ♣♦r

✉♠❛ ❡s❝♦❧❤❛ ♣❧❛✉sí✈❡❧ ❞♦ ❢❛t♦r ❞❡ ❡sq✉❡❝✐♠❡♥t♦✳ ▲❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♦s r❡✲

s✉❧t❛❞♦s ❞❛ s✐♠✉❧❛çã♦ ❛♣r❡s❡♥t❛❞♦s✱ ❢✉t✉r♦s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ❡♠ ♣❧❛♥t❛s

❞♦ ♠✉♥❞♦ r❡❛❧ sã♦ ❡♥❝♦r❛❥❛❞♦r❡s✳

Pr♦✈❛♥❞♦ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲QR✲❍❉P✲❉▲◗❘ é ✉♠❛ ❜♦❛ ♣r♦♣♦st❛ ♣❛r❛

✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❈♦♥tr♦❧❡ Ót✐♠♦ ❆❞❛♣t❛t✐✈♦ q✉❡ ♣♦ss✉❛ t♦t❛❧ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ✐♠✲

♣❧❡♠❡♥t❛çã♦ ❡♠ ❛♠❜✐❡♥t❡ ✐♥❞✉str✐❛❧✳

✼✳✷ Pr✐♥❝✐♣❛✐s ❈♦♥tr✐❜✉✐çõ❡s

❉❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❈♦♥tr♦❧❡ Ót✐♠♦ ❆❞❛♣t❛t✐✈♦ q✉❡ ♣♦ss✉✐

❡s♣❡❝✐✜❝❛çõ❡s ❛❞❡q✉❛❞❛s ♣❛r❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♥♦ ♠✉♥❞♦ r❡❛❧✳

✼✳✸ ❚r❛❜❛❧❤♦s ❋✉t✉r♦s

❈♦♠♦ tr❛❜❛❧❤♦s ❢✉t✉r♦s ♣♦❞❡✲s❡ ❝✐t❛r ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ ❘▲❙λ✲

QR✲❍❉P✲❉▲◗❘ s✐stó❧✐❝♦ ❛tr❛✈és ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ té❝♥✐❝❛s ❞❡ ❝♦♠♣✉t❛çã♦ ♣❛r❛❧❡❧❛

♣❛r❛ ♠❡❧❤♦r❛r ❞♦ ❞❡s❡♠♣❡♥❤♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦ ♠❡s♠♦✱ ❜❡♠ ❝♦♠♦ ❛ ✐♠♣❧❡♠❡♥t❛✲

çã♦ ❡♠ ❤❛r❞✇❛r❡ ✭▼✐❝r♦❝♦♥tr♦❧❛❞♦r❡s✮ ❞♦s ❛❧❣♦r✐t♠♦s ❞❡ ❝♦♥tr♦❧❡ ❛q✉✐ ♣r♦♣♦st♦s✳



❈❛♣ít✉❧♦ ✽

P✉❜❧✐❝❛çõ❡s

✽✳✶ ❈♦♥❣r❡ss♦s

✶✳ ❈♦♠♣✉t❛t✐♦♥❛❧ P❡r❢♦r♠❛♥❝❡ ♦❢ ❙t❛t❡✲❱❛❧✉❡ ❋✉♥❝t✐♦♥ ❆♣♣r♦①✐♠❛✲

t♦rs ❜❛s❡❞ ♦♥ ❘▲❙✲❍❉P ❊st✐♠❛t♦rs ❢♦r ❖♥❧✐♥❡ ❉▲◗❘ ❈♦♥tr♦❧

❙②st❡♠ ❉❡s✐❣♥✱ ❯❑❙✐♠✲❆▼❙❙ 18th ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ▼♦❞❡❧✲

❧✐♥❣ & ❙✐♠✉❧❛t✐♦♥✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② ✲ ❯❑ ✭P✉❜❧✐❝❛❞♦✮✳

✽✳✷ ❘❡✈✐st❛s

✶✳ ❆❞❛♣t❛❜✐❧✐t② ♦❢ ❍❉P✲❜❛s❡❞ ❉▲◗❘ ❈♦♥tr♦❧❧❡rs ❉❡s✐❣♥ ❢♦r ▼■▼❖

❉②♥❛♠✐❝ ❙②st❡♠s✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❆❞✈❛♥❝❡❞ ❘❡s❡❛r❝❤ ✐♥ ❈♦♠✲

♣✉t❡r ❙❝✐❡♥❝❡ ❛♥❞ ❙♦❢t✇❛r❡ ❊♥❣✐♥❡❡r✐♥❣✱ ❱♦❧✉♠❡ ✺✱ ■ss✉❡ ✶✶✱ ◆♦✈❡♠❜❡r ✷✵✶✺✱

■❙❙◆✿ ✷✷✼✼ ✶✷✽❳ ✭P✉❜❧✐❝❛❞♦✮✳

✷✳ ◆✉♠❡r✐❝❛❧ ❙t❛❜✐❧✐t② ■♠♣r♦✈❡♠❡♥ts ♦❢ ❙t❛t❡✲❱❛❧✉❡ ❋✉♥❝t✐♦♥ ❆♣♣r♦✲

①✐♠❛t✐♦♥s ❜❛s❡❞ ♦♥ ❘▲❙ ▲❡❛r♥✐♥❣ ❢♦r ❖♥❧✐♥❡ ❍❉P✲❉▲◗❘ ❈♦♥tr♦❧

❙②st❡♠ ❉❡s✐❣♥✱ ❊♥❣✐♥❡❡r✐♥❣ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡✱ ■❙❙◆✿

✵✾✺✷✲✶✾✼✻ ✭❙✉❜♠❡t✐❞♦✮✳

✶✸✻



❆♣ê♥❞✐❝❡ ❆

▲❡♠❛s

❆✳✶ ▲❡♠❛ ❞❛ ❋❛t♦r❛çã♦ ❞❛ ▼❛tr✐③

❉❛❞❛ ❞✉❛s ♠❛tr✐③❡s A ❡ B✱ N ×M ✱ s❡♥❞♦ N ≤ M ✱ ♦ ▲❡♠❛ ❞❛ ❋❛t♦r❛çã♦ ❞❡

▼❛tr✐③ ❡st❛❜❡❧❡❝✐❞♦ ♣♦r ✭❙t❡✇❛rt ✶✾✼✸✮✱ ✭●♦❧✉❜ ✶✾✽✾✮ ❡ ✭❙❛②❡❞ ✶✾✾✹✮ ❞❡❝❧❛r❛ q✉❡

AAH = BBH ✭❆✳✶✮

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st✐r ✉♠❛ ♠❛tr✐③ ✉♥✐tár✐❛ Θ t❛❧ q✉❡

B = AΘ ✭❆✳✷✮

❆ss✉♠✐♥❞♦ q✉❡ ❛ ❝♦♥❞✐çã♦ ✭❆✳✷✮ é ♠❛♥t✐❞❛✱ ♣r♦♥t❛♠❡♥t❡ s❡ ❡♥❝♦♥tr❛ q✉❡

BBH = AΘΘHAH ✭❆✳✸✮

❆ ♣❛rt✐r ❞❛ ❞❡✜♥✐çã♦ ❞❡ ✉♠❛ ♠❛tr✐③ ✉♥✐tár✐❛✱ t❡♠✲s❡

ΘΘH = I ✭❆✳✹✮

♦♥❞❡ I é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✳ P♦rt❛♥t♦✱ ❛ ❊q✉❛çã♦ ✭❆✳✸✮ r❡❞✉③✲s❡ ✐♠❡❞✐❛t❛♠❡♥t❡

❛ ❊q✉❛çã♦ ✭❆✳✶✮✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ✐❣✉❛❧❞❛❞❡ ❞❡s❝r✐t❛ ♥❛ ❊q✉❛çã♦ ✭❆✳✶✮ ✐♠♣❧✐❝❛ q✉❡ ❛s ♠❛tr✐③❡s

A ❡ B ❞❡✈❡♠ s❡r r❡❧❛❝✐♦♥❛❞❛s✳ P♦❞❡✲s❡ ♣r♦✈❛r ❛ ✐♠♣❧✐❝❛çã♦ ❞❛ r❡❝í♣r♦❝❛ ❞♦ ▲❡♠❛

❞❛ ❢❛t♦r❛çã♦ ❞❛ ♠❛tr✐③ ✐♥✈♦❝❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ✈❛❧♦r s✐♥❣✉❧❛r✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❡st❡ t❡♦r❡♠❛✱ ❛ ♠❛tr✐③ A✱ ♣♦❞❡ s❡r t✐❞❛ ❝♦♠♦ s❡ s❡❣✉❡

✶✸✼
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A = UAΣAV
H
A ✭❆✳✺✮

♦♥❞❡ UA ❡ VA r❡♣r❡s❡♥t❛♠ ♠❛tr✐③❡s ✉♥✐tár✐❛s N ×N ❡ M ×M ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❡ ΣA é ✉♠❛ ♠❛tr✐③ N ×N ❞❡✜♥✐❞❛ ♣❡❧♦s ✈❛❧♦r❡s s✐♥❣✉❧❛r❡s ❞❛ ♠❛tr✐③ A✳ ❙✐♠✐❧❛r✲

♠❡♥t❡✱ ❛ s❡❣✉♥❞❛ ♠❛tr✐③ B ♣♦❞❡ s❡r ♦❜t✐❞❛ ❝♦♠♦ s❡ s❡❣✉❡

B = UBΣBV
H
B ✭❆✳✻✮

❆ ✐❞❡♥t✐❞❛❞❡ AAH = BBH ✐♠♣❧✐❝❛ q✉❡

UA = UB ✭❆✳✼✮

❡

ΣA = ΣB ✭❆✳✽✮

❆❣♦r❛ t❡♠✲s❡

Σ = VAV
H
B ✭❆✳✾✮

❊♠ s❡❣✉✐❞❛✱ s✉❜st✐t✉✐♥❞♦ ❛s ❊q✉❛çõ❡s ✭❆✳✺✮ ❡ ✭❆✳✼✮ ♥❛ ❊q✉❛çã♦ ✭❆✳✾✮ ♥♦ ♣r♦✲

❞✉t♦ ♠❛tr✐❝✐❛❧ AΘ ♣r♦❞✉③ ✉♠ r❡s✉❧t❛❞♦ ✐❣✉❛❧ ❛ ♠❛tr✐③ B ❡♠ ✈✐rt✉❞❡ ❞❛ ❊q✉❛çã♦

✭❆✳✻✮✱ q✉❡ é ♣r❡❝✐s❛♠❡♥t❡ ❛ ✐♠♣❧✐❝❛çã♦ r❡❝í♣r♦❝❛ ❞♦ ❧❡♠❛ ❞❛ ❢❛t♦r❛çã♦ ❞❡ ♠❛tr✐③✳

❆✳✷ ▲❡♠❛ ❞❛ ■♥✈❡rsã♦ ❞❡ ▼❛tr✐③

❙❡❥❛♠ A ❡ B ❞✉❛s ♠❛tr✐③❡s M ×M ❞❡✜♥✐❞❛s ♣♦s✐t✐✈❛s r❡❧❛❝✐♦♥❛❞❛s ♣♦r

A = B−1 + CD−1CH ✭❆✳✶✵✮

❡♠ q✉❡ D é ✉♠❛ ♦✉tr❛ ♠❛tr✐③ N×M ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ ❡ C é ✉♠❛ ♠❛tr✐③ M×N ✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❧❡♠❛ ❞❛ ✐♥✈❡rsã♦ ❞❡ ♠❛tr✐③❡s✱ ♣♦❞❡✲s❡ ❡①♣r❡ss❛r ❛ ✐♥✈❡rs❛

❞❛ ♠❛tr✐③ A ❝♦♠♦ s❡❣✉❡✿

A−1 = B − BC(D + CHBC)−1CHB ✭❆✳✶✶✮

❆ ♣r♦✈❛ ❞❡st❡ ❧❡♠❛ é ❡st❛❜❡❧❡❝✐❞❛ ♠✉❧t✐♣❧✐❝❛♥❞♦✲s❡ ❛ ❊q✉❛çã♦ ✭❆✳✶✵✮ ♣❡❧❛

❊q✉❛çã♦ ✭❆✳✶✶✮ ❡ r❡❝♦♥❤❡❝❡♥❞♦ q✉❡ ♦ ♣r♦❞✉t♦ ❞❡ ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ ♣❡❧❛ s✉❛
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✐♥✈❡rs❛ é ✐❣✉❛❧ ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✳ ❖ ▲❡♠❛ ❞❛ ✐♥✈❡rsã♦ ❞❛ ♠❛tr✐③ ❞❡❝❧❛r❛ q✉❡

❞❛❞❛ ✉♠❛ ♠❛tr✐③ A ❝♦♠♦ ❞❡✜♥✐❞❛ ♥❛ ❊q✉❛çã♦ ✭❆✳✶✵✮✱ ❛ ✐♥✈❡rs❛ A−1 ♣♦❞❡ s❡r

❞❡t❡r♠✐♥❛❞❛ ✉s❛♥❞♦ ❛ r❡❧❛çã♦ ❞❛ ❊q✉❛çã♦ ✭❆✳✶✶✮✳



❆♣ê♥❞✐❝❡ ❇

❉❡❝♦♠♣♦s✐çã♦ QR

❇✳✶ ■♥tr♦❞✉çã♦

◆❡st❛ s❡çã♦ s❡ ❞✐s❝✉t✐r❛ ✉♠ t✐♣♦ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ♠❛tr✐③❡s✱ q✉❡ s❡rá ✉t✐❧✐✲

③❛❞❛ ♥❛ ♦❜t❡♥çã♦ ❞❡ s♦❧✉çõ❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s✳

❆ ❞❡❝♦♠♣♦s✐çã♦ QR é ✉♠❛ ♦♣❡r❛çã♦ ❡❧❡♠❡♥t❛r ❡stá✈❡❧✱ q✉❡ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛

❛ q✉❛❧q✉❡r t✐♣♦ ❞❡ ♠❛tr✐③ ❡ ❝♦♥s✐st❡ ♥❛ ❢❛t♦r❛çã♦ ❞❡ ✉♠❛ ♠❛tr✐③ ❞❛❞❛ ❡♠ ❞✉❛s

♠❛tr✐③❡s✱ ✉♠❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧ ❡ ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r✳ ❆ss✐♠✱ ❛ ❞❡✲

❝♦♠♣♦s✐çã♦ QR ❞❡ ✉♠❛ ♠❛tr✐③ é ❛♣r❡s❡♥t❛❞❛ ❝♦♠♦ ♦ ♣r♦❞✉t♦ ❞❡ ✉♠❛ ♠❛tr✐③

♦rt♦❣♦♥❛❧ Q ♣♦r ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r R✳

❚❡♦r❡♠❛ ✶

❙❡❥❛ A ✉♠❛ ♠❛tr✐③ m×n ❝✉❥❛s ❝♦❧✉♥❛s sã♦ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳

❊♥tã♦✱ A ♣♦❞❡ s❡r ❢❛t♦r❛❞❛ ❝♦♠♦✿

A = QR,

s❡♥❞♦ Q ✉♠❛ ♠❛tr✐③ m× n ❝✉❥❛s ❝♦❧✉♥❛s ❢♦r♠❛♠ ✉♠ ❝♦♥❥✉♥t♦ ♦rt♦♥♦r♠❛❧✱ ❡ R é

✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r ✐♥✈❡rsí✈❡❧ n× n✳

❉❡♠♦♥str❛çã♦

❙❡❥❛

✶✹✵



❆P✃◆❉■❈❊ ❇✳ ❉❊❈❖▼P❖❙■➬➹❖ QR ✶✹✶

A =




a11 a12 . . . a1n

a21 a22 . . . a1n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

am1 am2 · · · amn




❉❡♥♦t❛✲s❡ ♣♦r a1✱ a2✱ ✳✳✳✱ an ❛s ❝♦❧✉♥❛s ❞❡ A✳ ❈♦♠♦ ❡❧❛s sã♦ ❧✐♥❡❛r♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡s✱ ❡❧❛s ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ❡s♣❛ç♦ ❝♦❧✉♥❛ ❞❡ A✳

P♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♦ ♣r♦❝❡ss♦ ❞❡ ●r❛♠✲❙❝❤♠✐❞t ♣❛r❛ s❡ ♦❜t❡r ✉♠ ❝♦♥❥✉♥t♦

{q1, q2, ..., qn} ❞❡ ✈❡t♦r❡s ♦rt♦♥♦r♠❛✐s ❛ ♣❛rt✐r ❞❛s ❝♦❧✉♥❛s ❞❡ A✳

❙❡❥❛ Q ❛ ♠❛tr✐③ ❝✉❥❛s ❝♦❧✉♥❛s sã♦ q1✱ q2✱ ...✱ qn ✱ ✐st♦ é✱

Q = [q1, q2, . . . , qn]

❆s ❝♦❧✉♥❛s q1✱ q2✱ ...✱ qn ❞❡ Q ❢♦r♠❛♠ ✉♠ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ♣❛r❛ ♦ ❡s♣❛ç♦ ❝♦❧✉♥❛

❞❡ A✳

❚❡♦r❡♠❛ ✷

❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡ v ✉♠ ✈❡t♦r ❡♠ V ✳ ❙❡❥❛

B = {v1, v2, ..., vn} ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ ❞❡ V ✳ ❊♥tã♦ t♦❞♦ ✈❡t♦r v ∈ V ♣♦❞❡ s❡r

❡s❝r✐t♦ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❛ ❜❛s❡ B ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

v =
〈v, v1〉

〈v1, v1〉
v1 +

〈v, v2〉

〈v2, v2〉
v2 + . . .+

〈v, vn〉

〈vn, vn〉
vn.

❖s ❝♦❡✜❝✐❡♥t❡s aj =
〈v,vj〉
〈vj ,vj〉 ✱ j = 1, 2, ..., n, sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡

❋♦✉r✐❡r ❞❡ v✳

❆ss✐♠ t♦❞❛ ❝♦❧✉♥❛ ai i = 1, 2, ..., n✱ é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s ✈❡t♦r❡s ❞❛ ❜❛s❡

{q1, q2, ..., qn}✿

a1 = 〈a1, q1〉 q1 + 〈a1, q2〉 q2 + . . .+ 〈a1, qn〉 qn

a2 = 〈a2, q1〉 q1 + 〈a2, q2〉 q2 + . . .+ 〈a2, qn〉 qn
✳✳✳

an = 〈an, q1〉 q1 + 〈an, q2〉 q2 + . . .+ 〈an, qn〉 qn

P❛r❛ q✉❡ s❡ ♣♦ss❛ r❡♣r❡s❡♥t❛r ❡st❡ s✐st❡♠❛ ♠❛tr✐❝✐❛❧♠❡♥t❡✱ t❡rá q✉❡ ❡①✐st✐r

✉♠❛ t❡r❝❡✐r❛ ♠❛tr✐③ R ∈ R
n×n ♣❛r❛ ❝♦♥❡❝t❛r ❛s ♠❛tr✐③❡s A ❡ Q✳ ❆ss✐♠ s❡♥❞♦

t♦♠❛✲s❡✿
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R =




〈a1, q1〉 〈a2, q1〉 . . . 〈an, q1〉

〈a1, q2〉 〈a2, q2〉 . . . 〈an, q2〉
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

〈a1, qn〉 〈a2, qn〉 · · · 〈an, qn〉




P❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♠❛tr✐③❡s✱ t❡♠ s❡✿

QR = [Qr1 Qr2 . . . Qrn]

s❡♥❞♦ r1✱ r2✱ ...✱ rn ❛s ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ R✳

P♦rt❛♥t♦✱

Qri = 〈ai, q1〉 q1 + 〈ai, q2〉 q2 + . . .+ 〈ai, qn〉 qn

s❡♥❞♦

i = 1, 2, . . . , n.

❆ss✐♠✱

Qri = ai

▲♦❣♦✱

QR = A

P♦ré♠✱ R é ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r✱ ♣♦✐s ❞♦ ♣r♦❝❡ss♦ ❞❡ ●r❛♠✲❙❝❤♠✐❞t✱

t❡♠♦s q✉❡ qn é ♦rt♦❣♦♥❛❧ ❛♦s ✈❡t♦r❡s a1✱ a2✱ . . .✱ a(n−1)✱ s❡ n > 2✳ ▲♦❣♦✿

R =




〈a1, q1〉 〈a2, q1〉 . . . 〈an, q1〉

0 〈a2, q2〉 . . . 〈an, q2〉
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · 〈an, qn〉




P♦rt❛♥t♦✱

A = QR,
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s❡♥❞♦ Q ✉♠❛ ♠❛tr✐③ m × n ❝♦♠ ❝♦❧✉♥❛s ♦rt♦♥♦r♠❛✐s ❡ R ✉♠❛ ♠❛tr✐③ n × n

tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r✳

▼♦str❛✲s❡ q✉❡ R é ✐♥✈❡rsí✈❡❧✳

❙❡❥❛

x =




x1

x2

✳✳✳

xn




✉♠❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ Rx = 0

❙❡❣✉❡✲s❡ q✉❡ QRx = Q0✱ ♦✉ s❡❥❛✱ Ax = 0✳ ▼❛s✱ Ax = x1a1 + x2a2 + ...+ xnan✳

❊♥tã♦✿

x1a1 + x2a2 + ...+ xnan = 0 ✭❇✳✶✮

❈♦♠♦ ❛s ❝♦❧✉♥❛s ai✱ i = 1, ..., n✱ sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♥tã♦

x1 = x2 = ... = xn = 0 ✭❇✳✷✮

▲♦❣♦✱ x = 0

❈♦♠♦ x = 0 é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❤♦♠♦❣ê♥❡♦ Rx = 0✱ ❡♥tã♦✱ R é

✐♥✈❡rsí✈❡❧✳

❚❡♦r❡♠❛ ✸

❙❡❥❛♠ ✉♠❛ ♠❛tr✐③ A ∈ R
n×n✱ x✱ A ∈ R

n ❡ Ax = b ✉♠ s✐st❡♠❛ ❧✐♥❡❛r✳ ❊♥tã♦

❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

• A é ✐♥✈❡rsí✈❡❧ (det(A) 6= 0)✳

• Col(A) = R
n✳

❆s ❝♦❧✉♥❛s ❞❡ A sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ❣❡r❛♠ R
n✱ ❡ ♣♦rt❛♥t♦ ❢♦r♠❛♠

✉♠❛ ❜❛s❡ ❞❡ R
n✳

• Ax = 0 t❡♠ ❛♣❡♥❛s ❛ s♦❧✉çã♦ tr✐✈✐❛❧✳

• Ax = b é ❝♦♠♣❛tí✈❡❧ ♣❛r❛ q✉❛❧q✉❡r ✈❡t♦r b ∈ R
n✳

• Ax = b t❡♠ ❡①❛t❛♠❡♥t❡ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ q✉❛❧q✉❡r ✈❡t♦r b ∈ R
n✳

❆ss✐♠ ♣♦❞❡✲s❡ ❝♦♥❝❧✉✐r q✉❡ R é ✐♥✈❡rsí✈❡❧
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❇✳✷ ❘♦t❛çã♦ ❞❡ ●✐✈❡♥s

❯♠❛ r♦t❛çã♦ ❞❡ ●✐✈❡♥s é ✉♠❛ ♠❛tr✐③ ❞❛ ❢♦r♠❛✿

Gij =




1 0
✳ ✳ ✳

c · · · −s
✳✳✳

✳ ✳ ✳
✳✳✳

s · · · c
✳ ✳ ✳

0 1




♦♥❞❡ ❛ ❧✐♥❤❛ ❝♦♠ −s é ❛ ❧✐♥❤❛ j✱ ❛ ❧✐♥❤❛ ❝♦♠ s é ❛ ❧✐♥❤❛ i ❡ c2 + s2 = 1✳ ◆♦t❡ q✉❡

❛ ✐♥t❡rs❡❝çã♦ ❞❛s ❧✐♥❤❛s i ❡ j ❝♦♠ ❛s ❝♦❧✉♥❛s i ❡ j ❞❡ Gij ❢♦r♠❛

[
c −s

s c

]

❊st❛ ♠❛tr✐③ é ♦rt♦❣♦♥❛❧✱ ♣♦✐s

[
c −s

s c

]
∗

[
c s

−s c

]
=

[
c2 + s2 0

0 c2 + s2

]
=

[
1 0

0 1

]

P♦❞❡✲s❡ ❝♦♥❝❧✉✐r✱ ❛ss✐♠✱ q✉❡ ❛s ♠❛tr✐③❡s Gij sã♦ ♦rt♦❣♦♥❛✐s✳ ❊ss❛s ♠❛tr✐③❡s

sã♦ ❝❤❛♠❛❞❛s ❞❡ r♦t❛çõ❡s ♣♦✐s✱ s❡ x ❡ y s❛t✐s❢❛③❡♠✿

[
y1

y2

]
=

[
cosφ − sinφ

sinφ cosφ

]
∗

[
x1

x2

]

❡♥tã♦ y é ♦ ✈❡t♦r x ❣✐r❛❞♦ ❞♦ â♥❣✉❧♦ φ✳

❋✐❣✉r❛ ❇✳✶✿ ❘♦t❛çã♦ ❞❡ ●✐✈❡♥s
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❆ss✐♠✱ ♠✉❧t✐♣❧✐❝❛r ✉♠ ✈❡t♦r ♣♦r Gij é ❡q✉✐✈❛❧❡♥t❡ ❛ ❣✐r❛r ❞✉❛s ❝♦♠♣♦♥❡♥t❡s

❞♦ ✈❡t♦r ❞♦ â♥❣✉❧♦ φ = arctan s
c
✱ ❞❡✐①❛♥❞♦ ❛s ❞❡♠❛✐s ❝♦♠♣♦♥❡♥t❡s ✐♥t❛❝t❛s✳

❙❡❥❛ x ✉♠ ✈❡t♦r ❝♦♠ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s s❡ ❞❡✜♥✐

c =
x1√

x2
1 + x2

2

❡

s = −
x2√

x2
1 + x2

2

❖❜s❡r✈❡ q✉❡ c2 + s2 = 1 ❡

(
c −s

s c

)(
x1

x2

)
=

( √
x2
1 + x2

2

0

)

❘❡s✉❧t❛♥❞♦ ❡♠ ✉♠ ♣r♦❝❡ss♦ ✐♥t❡r❛t✐✈♦ q✉❡ ❜✉s❝❛ ♦ ③❡r❛♠❡♥t♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❛

♠❛tr✐③ ❛tr❛✈és ❞❡ ♠✉❧t✐♣❧✐❝❛çõ❡s ❝♦♠♦ ✈✐st♦ ♥❛ ✜❣✉r❛

❋✐❣✉r❛ ❇✳✷✿ ❘♦t❛çã♦ ❞❡ ●✐✈❡♥s ♣❛r❛ ❢♦r♠❛çã♦ ❞❡ ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r

❇✳✸ ❘❡✢❡①ã♦ ❞❡ ❍♦✉s❡❤♦❧❞❡r

❖ ❛❧❣♦r✐t♠♦ ❞❡ ❍♦✉s❡❤♦❧❞❡r ♣❛r❛ ❛ ❞❡❝♦♠♣♦s✐çã♦ ◗❘ ❝♦♥s✐st❡ ❡♠ ❝♦♥str✉✐r

✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r ❛tr❛✈és ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♠❛tr✐③❡s ♦rt♦♥♦r♠❛✐s✳ ■st♦

é✱ ❛ ✐❞❡✐❛ é ❡♥❝♦♥tr❛r ♠❛tr✐③❡s ♦rt♦♥♦r♠❛✐s H1✱ H2✱ ✳✳✳✱ Hn t❛✐s q✉❡ ♦ ♣r♦❞✉t♦

Hn...H2H1 s❡❥❛ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r✳ ◆♦ ❦✲és✐♠♦ ♣❛ss♦ ❞♦ ❛❧❣♦r✐t♠♦✱ ❛ ♠❛tr✐③ Hk

é ❡s❝♦❧❤✐❞❛ ❞❡ ❢♦r♠❛ q✉❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❛❜❛✐①♦ ❞❛ ❞✐❛❣♦♥❛❧ ♥❛ ❦✲és✐♠❛ ❝♦❧✉♥❛

s❡❥❛♠ ③❡r❛❞♦s✳ ❖✉ s❡❥❛✱ ♦ q✉❡ s❡ ♣r♦❝✉r❛ ♥♦ ❦✲és✐♠♦ ♣❛ss♦✱ é ✉♠❛ tr❛♥s❢♦r♠❛çã♦

q✉❡ ③❡r❡✱ ❡♠ ✉♠ ✈❡t♦r x ∈ R
m−k+1✱ t♦❞❛s ❛s ❡♥tr❛❞❛s ❝♦♠ ❡①❝❡çã♦ ❞❛ ♣r✐♠❡✐r❛

●❡♦♠❡tr✐❝❛♠❡♥t❡✱ ✐ss♦ ♣♦❞❡ s❡r ❢❡✐t♦ r♦t❛❝✐♦♥❛♥❞♦ ♦✉ r❡✢❡t✐♥❞♦ ♦ ✈❡t♦r x ❞❡

❢♦r♠❛ q✉❡ ❡❧❡ ❝♦✐♥❝✐❞❛ ❝♦♠ ♦ ❡✐①♦ e1✳

❯♠ r❡✢❡t♦r ❞❡ ❍♦✉s❡❤♦❧❞❡r r❡✢❡t❡ ♦ ❡s♣❛ç♦ ∈ R
m−k+1 ❛tr❛✈és ❞♦ ❤✐♣❡r♣❧❛♥♦

♦rt♦❣♦♥❛❧ ❛♦ ✈❡t♦r ❞❡ ❍♦✉s❡❤♦❧❞❡r v = ‖x‖ e1 − x✱ ❝♦♥❢♦r♠❡ ❋✐❣✉r❛ ❇✳✹✳
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❋✐❣✉r❛ ❇✳✸✿ ❆♣❧✐❝❛çã♦ ❞❡ s✉❝❡ss✐✈❛s r❡✢❡①õ❡s ❞❡ ❍♦✉s❡❤♦❧❞❡r ❛ ✉♠❛ ▼❛tr✐③

❆ss✐♠✱ q✉❛♥❞♦ ♦ r❡✢❡t♦r é ❛♣❧✐❝❛❞♦✱ ❛ ✐♠❛❣❡♠ ❞❡ x é ♠❛♣❡❛❞❛ ❡♠ ‖x‖ e1✳

❆❧❣❡❜r✐❝❛♠❡♥t❡✱ ♦ r❡✢❡t♦r ❞❡ ❍♦✉s❡❤♦❧❞❡r é ❞❛❞♦ ♣♦r

H = I − 2
vvT

vTv
✭❇✳✸✮

P❛r❛ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❍♦✉s❡❤♦❧❞❡r✱ ❝♦♥s✐✲

❞❡r❡ q✉❛❧q✉❡r ✈❡t♦r x M × 1 ♣r❡ ♠✉❧t✐♣❧✐❝❛❞♦ ♣❡❧❛ ♠❛tr✐③ H✱ ❞❡♠♦♥str❛❞❛ ♣♦r✿

Hx = (I − 2
vvT

vTv
)x ✭❇✳✹✮

H é ♦rt♦❣♦♥❛❧✱ ✉♠❛ ✈❡③ q✉❡

HTH = (I − 2vvT

vT v
)T (I − 2vvT

vT v
)

= I − 2 ∗ 2vvT

vT v
+ 2vvT

vT v
2vvT

vT v

= I − 4(vv
T

vT v
− vvT

vT v
)

HTH = I

P❛r❛ q✉❡ ♦s ③❡r♦s ♦❜t✐❞♦s ♥❛s ✐t❡r❛çõ❡s ❛♥t❡r✐♦r❡s s❡❥❛♠ ♣r❡s❡r✈❛❞♦s✱ ❝❛❞❛

tr❛♥s❢♦r♠❛çã♦ Hk é ❛♣❧✐❝❛❞❛ ❞❛ ❝♦❧✉♥❛ ❦ ❡♠ ❞✐❛♥t❡✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ s✉♣♦♥❤❛

q✉❡ s❡ t❡♥❤❛ ❝❛❧❝✉❧❛❞♦ ❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❍♦✉s❡❤♦❧❞❡r H1✱✳✳✳✱ Hk−1 t❛✐s q✉❡

❆ss✐♠ ♣❛r❛ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛✱ é ✐♠♣♦rt❛♥t❡ ❡s❝♦❧❤❡r ❛ r❡✢❡①ã♦ q✉❡ ♠♦✈❛

♦ ✈❡t♦r ❛ ♠❛✐♦r ❞✐stâ♥❝✐❛✳

HK−1...H1A =

[
R11 r1k R1,k+1

0 akk Ak,k+1

]

♦♥❞❡ R11 é tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r✳ ❙❡❥❛♠ v = ‖akk‖ e1 − akk ❡ Ĥk = I − 2vvT

vT v
✳

❚♦♠❛✲s❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r



❆P✃◆❉■❈❊ ❇✳ ❉❊❈❖▼P❖❙■➬➹❖ QR ✶✹✼

❋✐❣✉r❛ ❇✳✹✿ ❘❡✢❡①ã♦ ❞❡ ❍♦✉s❡❤♦❧❞❡r

HK =

[
IK−1 0

0 ĤK

]

❡ ❧♦❣♦

HkHk−1...H1A =

[
R11 r1k R1,k+1

0 Ĥkakk ĤkAk,k+1

]
=




R11 r1k R1,k+1

0 || akk|| rTk ,k+1

0 0 Ak+1,k+1




➱ ❢á❝✐❧ ✈❡r q✉❡ ♦ ♣r♦❝❡ss♦ t❡♥❞❡ à tr✐❛♥❣✉❧❛çã♦✱ ❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ ❛ ♠❛tr✐③

R✳ ❈♦♠♦ ♦ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s ♦rt♦♥♦r♠❛✐s é t❛♠❜é♠ ♦rt♦♥♦r♠❛❧✱ t♦♠❛✲s❡

QT = Hn...H2H1 ❡ ♦❜té♠✲s❡ ♦ ❢❛t♦r Q✳

❇✳✸✳✶ Pr♦♣r✐❡❞❛❞❡s

❆ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❍♦✉s❡❤♦❧❞❡r ❞❡✜♥✐❞❛ ♣❡❧❛ ❊q✉❛çã♦ ✭❇✳✸✮✱ s❡❣✉❡ ❛s s❡❣✉✐♥✲

t❡s ♣r♦♣r✐❡❞❛❞❡s✿

Pr♦♣r✐❡❞❛❞❡ ✶✳

❆ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❍♦✉s❡❤♦❧❞❡r H é ❍❡r♠✐t✐❛♥❛✱ ✐st♦ é✱

HH = H ✭❇✳✺✮
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Pr♦♣r✐❡❞❛❞❡ ✷✳

❆ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❍♦✉s❡❤♦❧❞❡r H é ✉♥✐tár✐❛✱ ✐st♦ é✱

H−1 = HH ✭❇✳✻✮

Pr♦♣r✐❡❞❛❞❡ ✸✳

❆ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❍♦✉s❡❤♦❧❞❡r H ♣r❡s❡r✈❛ ❛ ♥♦r♠❛✱ ✐st♦ é✱

‖Hx‖ = ‖x‖ ✭❇✳✼✮

Pr♦♣r✐❡❞❛❞❡ ✹✳

❙❡ ❞♦✐s ✈❡t♦r❡s s❡ s✉❜♠❡t❡r❡♠ ❛ ♠❡s♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❍♦✉s❡❤♦❧❞❡r✱ s❡✉

♣r♦❞✉t♦ ✐♥t❡r♥♦ ♣❡r♠❛♥❡❝❡ ✐♥❛❧t❡r❛❞❛✳

❈♦♥s✐❞❡r❡ q✉❛❧q✉❡r três ✈❡t♦r❡s✿ x✱ y ❡ u✳ ❙❡❥❛ ❛ ♠❛tr✐③ ❞❡ ❍♦✉s❡❤♦❧❞❡r H

❞❡✜♥✐❞❛ ❡♠ t❡r♠♦s ❞♦ ✈❡t♦r u✱ ❝♦♠♦ ♥❛ ❊q✉❛çã♦ ✭❇✳✸✮✳ ❉❡✐①❡ ♦s r❡st❛♥t❡s ❞♦✐s

✈❡t♦r❡s x ❡ y s❡r tr❛♥s❢♦r♠❛❞♦ ♣♦r H✱ ❢♦r♥❡❝❡♥❞♦ Hx ❡ Hy✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖

♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡st❡s ❞♦✐s ✈❡t♦r❡s é tr❛♥s❢♦r♠❛❞❛s ❡♠✿

(Hx)H(Hy) = xHHHHy ✭❇✳✽✮

= xHy

Pr♦♣r✐❡❞❛❞❡ ✺✳

❉❛❞❛ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❍♦✉s❡❤♦❧❞❡r H✱ ♦ ✈❡t♦r tr❛♥s❢♦r♠❛❞♦ Hx é ✉♠❛

r❡✢❡①ã♦ ❞❡ x ❡♠ r❡❧❛çã♦ ❛♦ ❤✐♣❡r♣❧❛♥♦ ♣❡r♣❡♥❞✐❝✉❧❛r ❞♦ ✈❡t♦r u ❡♥✈♦❧✈✐❞♦ ♥❛

❞❡✜♥✐çã♦ ❞❡ H✳

❊st❛ ♣r♦♣r✐❡❞❛❞❡ é ❛♣❡♥❛s ✉♠❛ r❡❛✜r♠❛çã♦ ❞❛ ❊q✉❛çã♦ ✭❇✳✹✮✳ ❖s ❞♦✐s ❝❛s♦s

❧✐♠✐t❡s s❡❣✉✐♥t❡s ❞❛ Pr♦♣r✐❡❞❛❞❡ ✺ sã♦ ❡s♣❡❝✐❛❧♠❡♥t❡ ♥♦tá✈❡✐s✿

• x é ♦ ✈❡t♦r ❡s❝❛❧❛r ♠ú❧t✐♣❧♦ ❞❡ u✿ ♥❡st❡ ❝❛s♦✱ ❛ ❊q✉❛çã♦ ✭❇✳✹✮ ♣♦❞❡ s❡r

s✐♠♣❧✐✜❝❛❞❛ ❡♠✿

Hx = −x

• ♦ ✈❡t♦r x é ♦rt♦❣♦♥❛❧ ❛ u✿ ✐st♦ é✱ ♦ s❡✉ ♣r♦❞✉t♦ ✐♥t❡r♥♦ é ③❡r♦✿ ♥❡st❡ s❡❣✉♥❞♦

❝❛s♦✱ ❛ ❡q✉❛çã♦ r❡❞✉③✲s❡ ❛✿

Hx = x
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Pr♦♣r✐❡❞❛❞❡ ✻✳

❙❡❥❛ x ✉♠ ✈❡t♦r q✉❛❧q✉❡r ♥ã♦ ♥✉❧♦ M × 1 ❝♦♠ ❛ ♥♦r♠❛ ❊✉❝❧✐❞✐❛♥❛ ‖x‖✳ ❙✉✲

♣♦♥❤❛ q✉❡ ♦ ✈❡t♦r 1 ❞❡♥♦t❡ ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡❀ ✐st♦ é✱

1 = [1, 0, ..., 0]T ✭❇✳✾✮

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❍♦✉s❡❤♦❧❞❡r H ❞❡✜♥✐❞❛ ♣❡❧♦ ✈❡t♦r✿

u = x− ‖x‖ 1 ✭❇✳✶✵✮

❞❡ t❛❧ ♠♦❞♦ q✉❡ ♦ ✈❡t♦r tr❛♥s❢♦r♠❛❞♦ Hx ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ u✱ é ✉♠ ♠ú❧t✐♣❧♦

❧✐♥❡❛r ❞♦ ✈❡t♦r 1✳

❈♦♠ ♦ ✈❡t♦r u ❛tr✐❜✉í❞♦ ♣❡❧♦ ✈❛❧♦r ❞❛ ❊q✉❛çã♦ ✭❇✳✶✵✮✱ t❡♠✲s❡

‖u‖2 = 2 ‖x‖ (‖x‖ − x1) ✭❇✳✶✶✮

❡♠ q✉❡ x1 é ♦ ♣r✐♠❡✐r♦ ❡❧❡♠❡♥t♦ ❞♦ ✈❡t♦r x✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r✿

uHx = ‖x‖ (‖x‖ − x1) ✭❇✳✶✷✮

❆ss✐♠✱ s✉❜st✐t✉✐♥❞♦ ❛s ❊q✉❛çõ❡s ✭❇✳✶✶✮ ❡ ✭❇✳✶✷✮ ♥❛ ❊q✉❛çã♦ ✭❇✳✹✮✱ ❞❡s❝♦❜r✐✲s❡

q✉❡ ♦ ✈❡t♦r tr❛♥s❢♦r♠❛❞♦ Hx ❝♦rr❡s♣♦♥❞❡♥t❡ à ❞❡✜♥✐çã♦ ❞❡ ✈❡t♦r u ❞❛ ❊q✉❛çã♦

✭❇✳✶✵✮ é ❞❛❞❛ ♣♦r✿

Hx = x− u

= x− (x− ‖x‖ 1)

= ‖x‖ 1

q✉❡ ♣r♦✈❛ ❛ Pr♦♣r✐❡❞❛❞❡ ✻✳



❆♣ê♥❞✐❝❡ ❈

▼❡t♦❞♦s ❞❡ ❖t✐♠✐③❛çã♦ ❞♦

❆❧❣♦r✐t♠♦

❈✳✶ ❇❛❝❦ ❙✉❜st✐t✉t✐♦♥

❖ ❛❧❣♦r✐t♠♦ s✐♠✐❧❛r ♣❛r❛ s✐st❡♠❛s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s Ux = B é ❝❤❛♠❛❞♦

❞❡ s✉❜st✐t✉✐çã♦ ♣❛r❛ trás ✭❜❛❝❦✲s✉❜st✐t✉t✐♦♥✮✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❡♥❝♦♥tr❛r x é

❞❡s❝r✐t♦ ♣♦r

xi =

(
bi −

n∑

j=i+1

uijxj

)
/uii

♦♥❞❡ bi ♣♦❞❡ s❡r s✉❜st✐t✉í❞♦ ♣♦r xi✳

✶✺✵



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❆♥❞❡rs♦♥✱ ❇✳❉✳❖✳ ❛♥❞ ❏✳❇✳ ▼♦♦r❡ ✭✶✾✾✵✮✳ ❖♣t✐♠❛❧ ❈♦♥tr♦❧✿ ▲✐♥❡❛r ◗✉❛❞r❛t✐❝

▼❡t❤♦❞s✳ ❉♦✈❡r P✉❜❧✐❝❛t✐♦♥s✱ ■♥❝✳✳ ▼✐♥❡♦❧❛✱ ◆❡✇ ❨♦r❦✳

❆♥❞❡rs♦♥✱ ❈✳❲✳ ✭✶✾✽✽✮✳ ❙tr❛t❡❣② ❧❡❛r♥✐♥❣ ✇✐t❤ ♠✉❧t✐❧❛②❡r ❝♦♥♥❡❝t✐♦♥✐st r❡♣r❡s❡♥✲

t❛t✐♦♥s✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ✽✼✲✺✵✾✳✸✱ ●❚❊ ▲❛❜♦r❛t♦r✐❡s ■♥❝♦r♣♦r❛t❡❞✱ ❈♦♠✲

♣✉t❡r ❛♥❞ ■♥t❡❧❧✐❣❡♥t ❙②st❡♠s ▲❛❜♦r❛t♦r②✳ ✹✵ ❙②❧✈❛♥ ❘♦❛❞✱ ❲❛❧t❤❛♠✱ ▼❆✳

❆r♦r❛✱ ❙❛♥❥❡❡✈ ❛♥❞ ❇♦❛③ ❇❛r❛❦ ✭✷✵✵✻✮✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❈♦♠♣❧❡①✐t②✿ ❆ ▼♦❞❡r♥

❆♣♣r♦❛❝❤✳ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t②✳

❆str♦♠✱ ❑❛r❧ ❏♦❤❛♥ ❛♥❞ ❇❥♦r♥ ❲✐tt❡♥♠❛r❦ ✭✶✾✾✹✮✳ ❆❞❛♣t✐✈❡ ❈♦♥tr♦❧✳ ✷♥❞ ❡❞✳✳

❆❞❞✐s♦♥✲❲❡s❧❡② ▲♦♥❣♠❛♥ P✉❜❧✐s❤✐♥❣ ❈♦✳✱ ■♥❝✳✳ ❇♦st♦♥✱ ▼❆✱ ❯❙❆✳

❇❛rt♦✱ ❆✳●✳✱ ❘✳❙✳ ❙✉tt♦♥ ❛♥❞ ❈✳❲✳ ❆♥❞❡rs♦♥ ✭✶✾✽✸✮✳ ◆❡✉r♦♥✲❧✐❦❡ ❡❧❡♠❡♥ts t❤❛t

❝❛♥ s♦❧✈❡ ❞✐✣❝✉❧t ❧❡❛r♥✐♥❣ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s✳ ■♥✿ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙②s✲

t❡♠s✱ ▼❛♥✱ ❛♥❞ ❈②❜❡r♥❡t✐❝s✳ ♣♣✳ ✽✸✺✕✽✹✻✳

❇❡❧❧♠❛♥✱ ❘✳❊✳ ✭✷✵✵✸✮✳ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣✳ ❉♦✈❡r ❇♦♦❦s ♦♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡

❙❡r✐❡s✳ ❉♦✈❡r P✉❜❧✐❝❛t✐♦♥s✳

❇❡❧❧♠❛♥✱ ❘✳❊✳ ❛♥❞ ❘✳❊✳ ❑❛❧❛❜❛ ✭✶✾✻✺✮✳ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❛♥❞ ▼♦❞❡r♥ ❈♦♥✲

tr♦❧ ❚❤❡♦r②✳ ❆❝❛❞❡♠✐❝ ♣❛♣❡r❜❛❝❦s✳ ❆❝❛❞❡♠✐❝ Pr❡ss✳

❇❡rts❡❦❛s✱ ❉✳P✳ ✭✶✾✽✼✮✳ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣✿ ❉❡t❡r♠✐♥✐st✐❝ ❛♥❞ ❙t♦❝❤❛st✐❝ ▼♦✲

❞❡❧s✳ ❱♦❧✳ ✷✳ Pr❡♥t✐❝❡✲❍❛❧❧✳

❇❡rts❡❦❛s✱ ❉✳P✳ ✭✶✾✾✺✮✳ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❛♥❞ ❖♣t✐♠❛❧ ❈♦♥tr♦❧✳ ❱♦❧✳ ✶✳

❆t❤❡♥❛ ❙❝✐❡♥t✐✜❝✱ ❇❡❧♠♦♥t✱ ▼❛ss❛❝❤✉s❡tts✳

✶✺✶
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❇❡rts❡❦❛s✱ ❉✳P✳ ❛♥❞ ❏✳◆✳ ❚s✐ts✐❦❧✐s ✭✶✾✾✻✮✳ ◆❡✉r♦✲❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣✳ ❆t❤❡♥❛

❙❝✐❡♥t✐✜❝✳ ❇❡❧♠♦♥t✱ ▼❆✳

❇❡rts❡❦❛s✱ ❉✳P✳✱ ▼✳▲✳ ❍♦♠❡r✱ ❉✳❆✳ ▲♦❣❛♥✱ ❙✳❉✳ P❛t❡❦ ❛♥❞ ◆✐❧s ❘✳ ❙❛♥❞❡❧❧ ✭✷✵✵✵✮✳

▼✐ss✐❧❡ ❞❡❢❡♥s❡ ❛♥❞ ✐♥t❡r❝❡♣t♦r ❛❧❧♦❝❛t✐♦♥ ❜② ♥❡✉r♦✲❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳

❙②st❡♠s✱ ▼❛♥ ❛♥❞ ❈②❜❡r♥❡t✐❝s✱ P❛rt ❆✿ ❙②st❡♠s ❛♥❞ ❍✉♠❛♥s✱ ■❊❊❊ ❚r❛♥✲

s❛❝t✐♦♥s ♦♥ ✸✵✭✶✮✱ ✹✷✕✺✶✳

❇♦❧❞❡❛✱ ■✳ ✭✷✵✵✻✮✳ ❱❛r✐❛❜❧❡ ❙♣❡❡❞ ●❡♥❡r❛t♦rs✳ ✶ ❡❞✳✳ ❈r❝ Pr❡ss✳

❇r❛❞t❦❡✱ ❙✳❏✳✱ ❇✳❊✳ ❨❞st✐❡ ❛♥❞ ❆✳●✳ ❇❛rt♦ ✭✶✾✾✹✮✳ ❆❞❛♣t✐✈❡ ❧✐♥❡❛r q✉❛❞r❛t✐❝ ❝♦♥✲

tr♦❧ ✉s✐♥❣ ♣♦❧✐❝② ✐t❡r❛t✐♦♥✳ ■♥✿ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ❉❡♣❛rt♠❡♥t ❯♥✐✈❡rs✐t② ♦❢

▼❛ss❛❝❤✉s❡tts✳ ❆♠❤❡rst✱ ▼❆✳ ♣♣✳ ✸✹✼✺✕✸✹✼✾✳

❇r②s♦♥✱ ❆rt❤✉r ❊✳ ❛♥❞ ❨✉✲❈❤✐♦ ❍♦ ✭✶✾✼✺✮✳ ❆♣♣❧✐❡❞ ❖♣t✐♠❛❧ ❈♦♥tr♦❧✳ ❚❛②❧♦r ❛♥❞

❋r❛♥❝✐s✳ ❯❑✳

❇✉➩♦♥✐✉✱ ▲✳✱ ❉✳ ❊r♥st✱ ❇✳ ❉❡ ❙❝❤✉tt❡r ❛♥❞ ❘✳ ❇❛❜✉➨❦❛ ✭✷✵✶✶✮✳ ❆♣♣r♦①✐♠❛t❡ r❡✐♥✲

❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣✿ ❆♥ ♦✈❡r✈✐❡✇✳ ■♥✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷✵✶✶ ■❊❊❊ ❙②♠♣♦✲

s✐✉♠ ♦♥ ❆❞❛♣t✐✈❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❛♥❞ ❘❡✐♥❢♦r❝❡♠❡♥t ▲❡❛r♥✐♥❣ ✭❆❉✲

P❘▲ ✷✵✶✶✮✳ ♣♣✳ ✶✕✽✳

❈❤✉r❝❤✱ ❆❧♦♥③♦ ✭✶✾✾✻✮✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼❛t❤❡♠❛t✐❝❛❧ ▲♦❣✐❝✳ Pr✐♥❝❡t♦♥ ▲❛♥❞♠❛r❦s

✐♥ ▼❛t❤❡♠❛t✐❝s✳

❞❡ ❈❛♠♣♦s✱ ▼❛r❝❡❧❧♦ ▲✳ ❘✳ ❛♥❞ ●✐❧❜❡rt ❙tr❛♥❣ ✭✷✵✵✾✮✳ ◗❘ ❉❡❝♦♠♣♦s✐t✐♦♥✿ ❆♥

❆♥♥♦t❛t❡❞ ❇✐❜❧✐♦❣r❛♣❤②✳ ❏✳❆✳ ❆♣♦❧✐♥❛r✐♦ ❏r✳ ✭❡❞✳✮✱ ✁ ◗❘❉✲❘▲❙ ❆❞❛♣t✐✈❡ ❋✐❧✲

t❡r✐♥❣✱✳

❉✐❡r❦s✱ ❚✳ ❛♥❞ ❙✳ ❏❛❣❛♥♥❛t❤❛♥ ✭✷✵✶✶✮✳ ❖♥❧✐♥❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♦❢ ♥♦♥❧✐♥❡❛r

❞✐s❝r❡t❡✲t✐♠❡ s②st❡♠s ✉s✐♥❣ ❛♣♣r♦①✐♠❛t❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳ ❏♦✉r♥❛❧ ♦❢

❈♦♥tr♦❧ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✾✭✸✮✱ ✸✻✶✕✸✻✾✳

❉♦✇♥❡②✱ ❘♦❞ ❛♥❞ ▼✐❝❤❛❡❧ ❋❡❧❧♦✇s ✭✶✾✾✾✮✳ P❛r❛♠❡t❡r✐③❡❞ ❝♦♠♣❧❡①✐t②✳ ❙♣r✐♥❣❡r✳

❉✉✱ ❉✐♥❣✲❩❤✉ ❛♥❞ ❑❡r✲■ ❑♦ ✭✷✵✵✵✮✳ ❚❤❡♦r② ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❈♦♠♣❧❡①✐t②✳ ❏♦❤♥

❲✐❧❡② ❛♥❞ ❙♦♥s✳
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❋❛❧❜✱ P❡t❡r ▲✳ ✭✷✵✵✻✮✳ ❖♣t✐♠❛❧ ❈♦♥tr♦❧✿ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❚❤❡♦r② ❛♥❞ ■ts

❆♣♣❧✐❝❛t✐♦♥s✳ ❉♦✈❡r P✉❜❧✐❝❛t✐♦♥s✳

❋❡rr❛r✐✱ ❙✳ ❛♥❞ ❘✳❋✳ ❙t❡♥❣❡❧ ✭✷✵✵✹✮✳ ❖♥❧✐♥❡ ❛❞❛♣t✐✈❡ ❝r✐t✐❝ ✢✐❣❤t ❝♦♥tr♦❧✳ ❏✳ ●✉✐❞✳

❈♦♥tr♦❧ ❉②♥✳ ✷✼✭✺✮✱ ✼✼✼✕✼✽✻✳

❋❡rr❛r✐✱ ❙✳✱ ❏✳ ❊✳ ❙t❡❝❦ ❛♥❞ ❘✳ ❈❤❛♥❞r❛♠♦❤❛♥ ✭✷✵✵✽✮✳ ❆❞❛♣t✐✈❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧

❜② ❝♦♥str❛✐♥❡❞ ❛♣♣r♦①✐♠❛t❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳ ❚r❛♥s✳ ❙②s✳ ▼❛♥ ❈②❜❡r✳

P❛rt ❇ ✸✽✭✹✮✱ ✾✽✷✕✾✽✼✳

❋♦♥s❡❝❛ ◆❡t♦✱ ❏✳❱✳✱ ■✳❙✳ ❆❜r❡✉ ❛♥❞ ❋✳◆✳ ❞❛ ❙✐❧✈❛ ✭✷✵✶✵✮✳ ◆❡✉r❛❧✲❣❡♥❡t✐❝ s②♥t❤❡✲

s✐s ❢♦r st❛t❡✲s♣❛❝❡ ❝♦♥tr♦❧❧❡rs ❜❛s❡❞ ♦♥ ❧✐♥❡❛r q✉❛❞r❛t✐❝ r❡❣✉❧❛t♦r ❞❡s✐❣♥ ❢♦r

❡✐❣❡♥str✉❝t✉r❡ ❛ss✐❣♥♠❡♥t✳ ❙②st❡♠s✱ ▼❛♥✱ ❛♥❞ ❈②❜❡r♥❡t✐❝s✱ P❛rt ❇✿ ❈②❜❡r✲

♥❡t✐❝s✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ✹✵✭✷✮✱ ✷✻✻✕✷✽✺✳

❋r❛♥❦❧✐♥✱ ●❡♥❡ ❋✳✱ ❏✳ ❉❛ P♦✇❡❧ ❛♥❞ ❆❜❜❛s ❊♠❛♠✐✲◆❛❡✐♥✐ ✭✷✵✶✹✮✳ ❋❡❡❞❜❛❝❦ ❈♦♥tr♦❧

♦❢ ❉②♥❛♠✐❝ ❙②st❡♠s✳ Pr❡♥t✐❝❡ ❍❛❧❧✳

❋r✐❡❞❧❛♥❞✱ ❇❡r♥❛r❞ ✭✷✵✵✺✮✳ ❈♦♥tr♦❧ ❙②st❡♠ ❉❡s✐❣♥✿ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ ❙t❛t❡✲

❙♣❛❝❡ ▼❡t❤♦❞s✳ ❉♦✈❡r P✉❜❧✐❝❛t✐♦♥s✳

●❡♥t❧❡♠❛♥✱ ❲✳ ▼✳ ✭✶✾✼✸✮✳ ▲❡❛st sq✉❛r❡s ❝♦♠♣✉t❛t✐♦♥s ❜② ❣✐✈❡♥s tr❛♥s❢♦r♠❛t✐♦♥s

✇✐t❤♦✉t sq✉❛r❡ r♦♦ts✳ ■▼❆ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✳

●❡♥t❧❡♠❛♥✱ ❲✳ ▼✳ ❛♥❞ ❍✳ ❚✳ ❍✉♥❣ ✭✶✾✽✶✮✳ ▼❛tr✐① tr✐❛♥❣✉❧❛r✐③❛t✐♦♥ ❜② s②st♦❧✐❝

❛rr❛②s✳ ❙P■❊ ❘❡❛❧✲❚✐♠❡ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ■❱✳

●♦❧❞r❡✐❝❤✱ ❖❞❡❞ ✭✷✵✵✽✮✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❈♦♠♣❧❡①✐t②✿ ❆ ❈♦♥❝❡♣t✉❛❧ P❡rs♣❡❝t✐✈❡✳

❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✳

●♦❧✉❜✱ ●✳ ❍✳ ✭✶✾✻✺✮✳ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r s♦❧✈✐♥❣ ❧✐♥❡❛r ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠s✳✳

◆✉♠❡r✐s❝❤❡✳

●♦❧✉❜✱ ●✳ ❍✳ ❛♥❞ ❈✳ ❋✳ ❱❛♥ ▲♦❛♥ ✭✶✾✾✻✮✳ ▼❛tr✐① ❈♦♠♣✉t❛t✐♦♥s✳ ✸♥❞ ❡❞✳✳ ❏♦❤♥s

❍♦♣❦✐♥s ❯♥✐✈❡rs✐t② Pr❡ss✳

●♦❧✉❜✱ ●✳ ❍✳ ❡ ❱❛♥ ▲♦❛♥✱ ❈✳ ❋✳ ✭✶✾✽✾✮✳ ▼❛tr✐① ❈♦♠♣✉t❛t✐♦♥s✳ ✷♥❞ ❡❞✳✳ ❚❤❡ ❏♦❤♥s

❍♦♣❦✐♥s ❯♥✐✈❡rs✐t② Pr❡ss✳
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●♦❧✉❜✱ ●❡♥❡ ❍✳ ❛♥❞ ❈❤❛r❧❡s ❋✳ ❱❛♥ ▲♦❛♥ ✭✶✾✾✻✮✳ ▼❛tr✐① ❈♦♠♣✉t❛t✐♦♥s✳ ❚❤❡

❏♦❤♥s ❍♦♣❦✐♥s ❯♥✐✈❡rs✐t② Pr❡ss✳

❍❛②❦✐♥✱ ❙✐♠♦♥ ✭✶✾✾✺✮✳ ❆❞❛♣t✐✈❡ ❋✐❧t❡r ❚❤❡♦r②✳ ✸r❞ ❡❞✳✳ Pr❡♥t✐❝❡✲❍❛❧❧✱ ■♥❝✳✳ ❯♣♣❡r

❙❛❞❞❧❡ ❘✐✈❡r✱ ◆❏✱ ❯❙❆✳

❍❛②❦✐♥✱ ❙✐♠♦♥ ✭✶✾✾✼✮✳ ❆❞❛♣t✐✈❡ ❋✐❧t❡r ❚❤❡♦r②✳ Pr❡♥t✐❝❡ ❍❛❧❧✳

❍❛②❦✐♥✱ ❙✐♠♦♥ ✭✷✵✵✽✮✳ ❘❡❞❡s ◆❡✉r❛✐s Pr✐♥❝í♣✐♦s ❡ ♣rát✐❝❛✳ ❜♦♦❦♠❛♥✳

❍♦r♥✱ ❘♦❣❡r ❆✳ ❛♥❞ ❈❤❛r❧❡s ❘✳ ❏♦❤s♦♥ ✭✶✾✽✼✮✳ ▼❛tr✐① ❆♥❛❧②s✐s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✲

✈❡rs✐t② Pr❡ss✳

❍♦✇❛r❞✱ ❘✳❆✳ ✭✶✾✻✵✮✳ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❛♥❞ ▼❛r❦♦✈ Pr♦❝❡ss❡s✳ ❏♦❤♥ ❲✐❧❡②

❛♥❞ ❙♦♥s✱ ■♥❝✳✳ ◆❡✇ ❨♦r❦✳

❑❤❛♥✱ ❙❛✐❞ ●✳✱ ●✉✐❞♦ ❍❡rr♠❛♥♥✱ ❋r❛♥❦ ▲✳ ▲❡✇✐s✱ ❚♦♥② P✐♣❡ ❛♥❞ ❈❤r✐s ▼❡❧❤✉✐s❤

✭✷✵✶✷✮✳ ❘❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ❛♥❞ ♦♣t✐♠❛❧ ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧✿ ❆♥ ♦✈❡r✈✐❡✇

❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❡①❛♠♣❧❡s✳ ❆♥♥✉❛❧ ❘❡✈✐❡✇s ✐♥ ❈♦♥tr♦❧ ✸✻✭✶✮✱ ✹✷✕✺✾✳

❑❤❛♥✱ ❙✳●✳ ❛♥❞ ❋✳▲✳ ▲❡✇✐s ✭✷✵✶✷✮✳ ❘❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ❛♥❞ ♦♣t✐♠❛❧ ❛❞❛♣✲

t✐✈❡ ❝♦♥tr♦❧✿ ❆♥ ♦✈❡r✈✐❡✇ ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❡①❛♠♣❧❡s✳ ❆♥♥✉❛❧ ❘❡✈✐❡✇s ✐♥

❈♦♥tr♦❧✳

❑✐r❦✱ ❉♦♥❛❧❞ ❊✳ ✭✷✵✵✹✮✳ ❖♣t✐♠❛❧ ❈♦♥tr♦❧ ❚❤❡♦r② ❆♥ ■♥tr♦❞✉❝t✐♦♥✳ ❉♦✈❡r P✉❜❧✐✲

❝❛t✐♦♥s✳

▲❛♥❞❡❧✐✉s✱ ❚✳ ❛♥❞ ❍✳ ❑♥✉tss♦♥ ✭✶✾✾✻✮✳ ●r❡❡❞② ❛❞❛♣t✐✈❡ ❝r✐t✐❝s ❢♦r ❧qr ♣r♦❜❧❡♠s✿

❈♦♥✈❡r❣❡♥❝❡ ♣r♦♦❢s✳ ❉❡♣❛rt♠❡♥t ♦❢ ❊❧❡❝tr✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ❈♦♠♣✉t❡r ❱✐s✐♦♥

▲❛❜♦r❛t♦t②✳ ▲✐♥❦♦♣✐♥❣ ❯♥✐✈❡rs✐t②✱ ✺✽✶ ✽✸ ▲✐♥❦♦♣✐♥❣✱ ❙✇❡❞❡♥✳

▲❛♥❞❡❧✐✉s✱ ❚♦♠❛s ✭✶✾✾✼✮✳ ❘❡✐♥❢♦r❝❡♠❡♥t ▲❡❛r♥✐♥❣ ❛♥❞ ❉✐str✐❜✉t❡❞ ▲♦❝❛❧ ▼♦❞❡❧

❙②♥t❤❡s✐s✳ P❤❉ t❤❡s✐s✳ ▲✐♥❦♦♣✐♥❣ ❯♥✐✈❡rs✐t②✳

▲❡✇✐s✱ ❋✳ ▲✳ ❛♥❞ ❉✳ ▲✐✉ ✭✶✾✾✷✮✳ ❆✐r❝r❛❢t ❝♦♥tr♦❧ ❛♥❞ s✐♠✉❧❛t✐♦♥✳ ❲✐❧❡②✳

▲❡✇✐s✱ ❋✳ ▲✳ ❛♥❞ ❉✳ ❱r❛❜✐❡ ✭✷✵✵✾❛✮✳ ❘❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ❛♥❞ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝

♣r♦❣r❛♠♠✐♥❣ ❢♦r ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧✳ ❈✐r❝✉✐ts ❛♥❞ ❙②st❡♠s ▼❛❣❛③✐♥❡✱ ■❊❊❊

✾✭✸✮✱ ✸✷✕✺✵✳
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▲❡✇✐s✱ ❋✳▲✳ ❛♥❞ ❉✳ ❱r❛❜✐❡ ✭✷✵✵✾❜✮✳ ❘❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ❛♥❞ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝

♣r♦❣r❛♠♠✐♥❣ ❢♦r ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧✳ ❈✐r❝✉✐ts ❛♥❞ ❙②st❡♠s ▼❛❣❛③✐♥❡✱ ■❊❊❊

✾✭✸✮✱ ✸✷✕✺✵✳

▲❡✇✐s✱ ❋r❛♥❦ ▲✳ ❛♥❞ ❉❡r♦♥❣ ▲✐✉ ✭✷✵✶✷✮✳ ❘❡✐♥❢♦r❝❡♠❡♥t ▲❡❛r♥✐♥❣ ❛♥❞ ❆♣♣r♦①✐♠❛t❡

❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❢♦r ❋❡❡❞❜❛❝❦ ❈♦♥tr♦❧✳ ❏♦❤♥ ❲✐❧❡② ❛♥❞ ❙♦♥s✱ ■♥❝✳

▲❡✇✐s✱ ❋r❛♥❦ ▲✳ ❛♥❞ ❉r❛❣✉♥❛ ❱r❛❜✐❡ ✭✷✵✵✾❝✮✳ ❆❞❛♣t✐✈❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣

❢♦r ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧✳ ■♥✿ ❆s✐❛♥ ❈♦♥tr♦❧ ❈♦♥❢❡r❡♥❝❡✱ ✷✵✵✾✳ ❆❙❈❈ ✷✵✵✾✳ ✼t❤✳

♣♣✳ ✶✹✵✷ ✕✶✹✵✾✳

▲❡✇✐s✱ ❋r❛♥❦ ▲✳✱ ❉r❛❣✉♥❛ ▲✳ ❱r❛❜❧❡ ❛♥❞ ❱❛ss✐❧✐s ▲✳ ❙②r♠♦s ✭✷✵✶✷✮✳ ❖♣t✐♠❛❧ ❈♦♥✲

tr♦❧✳ ✸r❞ ❡❞✳✳ ❲✐❧❡②✳

▲✐♥✱ ❈❤✉❛♥✲❑❛✐ ✭✷✵✵✺✮✳ ❆❞❛♣t✐✈❡ ❝r✐t✐❝ ❛✉t♦♣✐❧♦t ❞❡s✐❣♥ ♦❢ ❜❛♥❦✲t♦✲t✉r♥ ♠✐ss✐❧❡s

✉s✐♥❣ ❢✉③③② ❜❛s✐s ❢✉♥❝t✐♦♥ ♥❡t✇♦r❦s✳ ❙②st❡♠s✱ ▼❛♥✱ ❛♥❞ ❈②❜❡r♥❡t✐❝s✱ P❛rt

❇✿ ❈②❜❡r♥❡t✐❝s✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ✸✺✭✷✮✱ ✶✾✼✕✷✵✼✳

▲✐✉✱ ❳✐♥ ❛♥❞ ❙✳◆✳ ❇❛❧❛❦r✐s❤♥❛♥ ✭✷✵✵✵✮✳ ❈♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ♦❢ ❛❞❛♣t✐✈❡ ❝r✐t✐❝

❜❛s❡❞ ♦♣t✐♠❛❧ ❝♦♥tr♦❧✳ ■♥✿ ❆♠❡r✐❝❛♥ ❈♦♥tr♦❧ ❈♦♥❢❡r❡♥❝❡✱ ✷✵✵✵✳ Pr♦❝❡❡❞✐♥❣s

♦❢ t❤❡ ✷✵✵✵✳ ❱♦❧✳ ✸✳ ♣♣✳ ✶✾✷✾✕✶✾✸✸✳

▼❝❲❤✐rt❡r✱ ❏✳ ●✳ ✭✶✾✽✸❛✮✳ ❘❡❝✉rs✐✈❡ ❧❡❛st✲sq✉❛r❡s ♠✐♥✐♠✐③❛t✐♦♥ ✉s✐♥❣ ❛ s②st♦❧✐❝

❛rr❛②✳✳ ❘❡❛❧✲❚✐♠❡ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ❱■✱ ❙P■❊ Pr♦❝❡❡❞✐♥❣s✱✳

▼❝❲❤✐rt❡r✱ ❏✳ ●✳ ✭✶✾✽✸❜✮✳ ❙②st♦❧✐❝ ❛rr❛② ❢♦r r❡❝✉rs✐✈❡ ❧❡❛st✲sq✉❛r❡s ♠✐♥✐♠✐s❛t✐♦♥✳

❊❧❡❝tr♦♥✐❝s ▲❡tt❡rs✳

▼✉rr❛②✱ ❏✳❏✳✱ ❈✳❏✳ ❈♦①✱ ●✳●✳ ▲❡♥❞❛r✐s ❛♥❞ ❘✳ ❙❛❡❦s ✭✷✵✵✷✮✳ ❆❞❛♣t✐✈❡ ❞②♥❛♠✐❝

♣r♦❣r❛♠♠✐♥❣✳ ❙②st❡♠s✱ ▼❛♥✱ ❛♥❞ ❈②❜❡r♥❡t✐❝s✱ P❛rt ❈✿ ❆♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❘❡✲

✈✐❡✇s✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ✸✷✭✷✮✱ ✶✹✵ ✕ ✶✺✸✳

P❛♣❛❞✐♠✐tr✐♦✉✱ ❈❤r✐st♦s ❍✳ ✭✶✾✾✹✮✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❈♦♠♣❧❡①✐t②✳ ❆❞❞✐s♦♥ ❲❡s❧❡②

▲♦♥❣♠❛♥✳

P❛✈❧♦✈✱ ■✳ P✳ ✭✶✾✷✼✮✳ ❈♦♥❞✐t✐♦♥❛❧ r❡✢❡①❡s✿ ❆♥ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ♣❤②s✐♦❧♦❣✐❝❛❧

❛❝t✐✈✐t② ♦❢ t❤❡❝❡r❡❜r❛❧ ❝♦rt❡①✳ ❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✳
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P✐♥t♦✱ ❱❛♥❞✐❧❜❡rt♦ P❡r❡✐r❛ ✭✷✵✵✼✮✳ ▼♦❞❡❧❛❣❡♠ ❡ ❙✐♠✉❧❛çã♦ ❞❡ ✉♠❛ P❧❛♥t❛ ❊❧étr✐❝❛

❈♦♥tr♦❧❛❞❛ ♣♦r ✉♠ ❘❡❣✉❧❛❞♦r ▲✐♥❡❛r ◗✉❛❞r❛t✐❝♦ ❈♦♥❡❝t❛❞❛ ❛♦ ❙✐st❡♠❛ ❞❡

❉✐str✐❜✉✐çã♦ ❞❡ ❊♥❡r❣✐❛ ❊❧étr✐❝❛✳ P❤❉ t❤❡s✐s✳ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ❈❡❛rá✳

◗✐♥❣②❛♥✱ ❲✳ ❙❤✉②❛♥❀ ❲✳ ❘❡♥❜✐❛♦❀ ❙✳ ✭✷✵✵✽✮✳ ❘❡❝✉rs✐✈❡ ❧❡❛st sq✉❛r❡s ❝♦♥st❛♥t

♠♦❞✉❧✉s ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ t❤❡ qr ❞❡❝♦♠♣♦s✐t✐♦♥✳ ■❊❊❊ ■♥t✳ ❈♦♥❢❡r❡♥❝❡

◆❡✉r❛❧ ◆❡t✇♦r❦s ❛♥❞ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✳

◗✉✐r✐♦♥✱ ❏✳P✳✱ ❊✳ ●✉♥♥ ❛♥❞ ❏✳ ●✉ ✭✷✵✵✹✮✳ ❖♣t✐♠❛❧ ❝♦♥tr♦❧ ♦❢ ♣❡r♠❛♥❡♥t ♠❛❣♥❡t

♠♦t♦rs ✉s✐♥❣ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳ ■♥✿ ❘♦❜♦t✐❝s✱ ❆✉t♦♠❛t✐♦♥ ❛♥❞ ▼❡❝❤❛✲

tr♦♥✐❝s✱ ✷✵✵✹ ■❊❊❊ ❈♦♥❢❡r❡♥❝❡ ♦♥✳ ❱♦❧✳ ✶✳ ♣♣✳ ✸✻✹ ✕ ✸✻✾ ✈♦❧✳✶✳

❘♦❜❡rt✱ ❑✳ ❛♥❞ ❙✳ ●❡♦r❣❡ ✭✷✵✵✶✮✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ♦❢ ♣❡r❢♦r♠❛♥❝❡✲❛❞❛♣t✐✈❡

s❡❧❢✲♦r❣❛♥✐③✐♥❣ ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠s✳ ❈❉❈✳

❙❛②❡❞✱ ❆✳ ❍✳ ❡ ❑❛✐❧❛t❤ ❚✳ ✭✶✾✾✹✮✳ ❆ st❛t❡✲s♣❛❝❡ ❛♣♣r♦❛❝❤ t♦ ❛❞❛♣t✐✈❡ r❧s ✜❧t❡r✐♥❣✳

■❊❊❊ ❙✐❣♥❛❧ Pr♦❝❡ss ▼❛❣❛③✐♥❡ ■■✱ ✶✽✕✻✵✳

❙❤♦❛✐❜✱ ❏♦s❡ ❆✳ ❆♣♦❧✐♥❛r✐♦ ❏r❀ ▼♦❜✐❡♥ ✭✷✵✵✻✮✳ ❙♦❧✉t✐♦♥ t♦ t❤❡ ✇❡✐❣❤t ❡①tr❛❝t✐♦♥

♣r♦❜❧❡♠ ✐♥ ❢❛st qr✲❞❡❝♦♠♣♦s✐t✐♦♥ r❧s ❛❧❣♦r✐t❤♠s✳ ■❈❆❙❙P ✷✵✵✻✳

❙✐♣s❡r✱ ▼✐❝❤❛❡❧ ✭✷✵✵✻✮✳ ■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❚❤❡♦r② ♦❢ ❈♦♠♣✉t❛t✐♦♥✳ ❚❤♦♠s♦♥

❈♦✉rs❡ ❚❡❝❤♥♦❧♦❣②✳

❙t❡✇❛rt✱ ●✳ ❲✳ ✭✶✾✼✸✮✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼❛tr✐① ❈♦♠♣✉t❛t✐♦♥s✳ ❆❝❛❞❡♠✐❝ Pr❡ss✳

❙t✐♥❣✉✱ P✳ ❛♥❞ ❋✳ ▲❡✇✐s ✭✷✵✶✵✮✳ ❆❞❛♣t✐✈❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❆♣♣❧✐❡❞ t♦ ❛
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